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Chapter 1 Homework 1

Assignment 1.1 (Exercise 1.4.9)

♠

Show that in polar coordinates, the Cauchy–Riemann equations take the form
∂u

∂r
=

1

r

∂v

∂θ
and 1

r

∂u

∂θ
= −∂v

∂r
.

Use these equations to show that the logarithm function defined by

log z = log r + iθ, where z = reiθ with − π < θ < π

is holomorphic in the region r > 0 and −π < θ < π.

Proof Let x = r cos θ and y = r sin θ, and write f = u+ iv where u = u(x, y), v = v(x, y). Then

ur = uxxr + uyyr = ux cos θ + uy sin θ, uθ = uxxθ + uyyθ = ux(−r sin θ) + uy(r cos θ).

And similarly we have

vr = vx cos θ + vy sin θ, vθ = r(−vx sin θ + vy cos θ).

By the Cauchy-Riemann equations ux = vy and uy = −vx, we get

ur = vy cos θ − vx sin θ =
1

r
vθ,

1

r
uθ = −ux sin θ + uy cos θ = −(vy sin θ + vx cos θ) = −vr.

That is the form we want. Conversely, the above process can be inverted to get ux = vy and uy = −vx,
so the two formulations are equivalent when r > 0.
Now define log z = log r + iθ in the region r > 0 and −π < θ < π. Then we have u(r, θ) = log r

and v(r, θ) = θ. Then

ur =
1

r
, uθ = 0, vr = 0, vθ = 1.

Therefore we have

ur =
1

r
vθ and

1

r
uθ = −vr.

So the Cauchy-Riemann equations hold. Hence log z is holomorphic in this region.

Assignment 1.2 (Exercise 1.4.10)

♠

Show that

4
∂

∂z

∂

∂z
= 4

∂

∂z

∂

∂z
= ∆,

where ∆ is the Laplacian

∆ =
∂2

∂x2
+

∂2

∂y2
.

Proof Firstly, we know that
∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
,
∂

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

Then we have (for any C2 function)

4
∂

∂z

∂

∂z
=

(
∂

∂x
− i

∂

∂y

)(
∂

∂x
+ i

∂

∂y

)
=

∂2

∂x2
+ i

∂2

∂x∂y
− i

∂2

∂y∂x
+

∂2

∂y2
= ∆.



So we are done.

Assignment 1.3 (Exercise 1.4.13)

♠

Suppose that f is holomorphic in an open set Ω. Prove that in any one of the following cases:
(a) Re(f) is constant;
(b) Im(f) is constant;
(c) |f | is constant;
one can conclude that f is constant.

Proof (Assume that Ω is connected.) Write f = u + iv, since f is holomorphic in Ω, then by the
Cauchy-Riemann equations, we have
(a) If Re(f) = u is constant, then ux = uy = 0 in Ω. So, vy = ux = 0 and vx = −uy = 0, hence v is
constant in Ω. Therefore f = u+ iv is constant in Ω.
(b) If Im(f) = v is constant, then vx = vy = 0 in Ω. So, uy = −vx = 0 and ux = vy = 0, hence u is
constant in Ω. Therefore f = u+ iv is constant in Ω.
(c) If |f | is constant, let |f | = c. If c = 0, then u = v = 0, so f ≡ 0. Now assume c > 0, then
we have u2 + v2 = c2, so uux + vvx = 0, uuy + vvy = 0. Since vx = −uy and vy = ux, we have
uux − vuy = 0, vux + uuy = 0. That is(

u −v
v u

)(
ux

uy

)
=

(
0

0

)
.

The determinant of the coefficient matrix is u2 + v2 = c2 > 0. So ux = uy = 0. Then, vy = ux =

0, vx = −uy = 0. So both u and v are constant in Ω. Therefore f = u+ iv is constant in Ω.

Assignment 1.4 (Exercise 1.4.17)

♠

Show that if {an}∞n=0 is a sequence of non-zero complex numbers such that

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = L,

then

lim
n→∞

|an|1/n = L.

In particular, this exercise shows that when applicable, the ratio test can be used to calculate
the radius of convergence of a power series.

Proof ∀ε > 0, there exists N ∈ N such that for all n ⩾ N , we have

L− ε ⩽
∣∣∣∣an+1

an

∣∣∣∣ ⩽ L+ ε.

For any k > N . Multiplying the inequalities for n = N,N + 1, · · · , k − 1, then we can obtain

(L− ε)k−N ⩽
∣∣∣∣ akaN

∣∣∣∣ ⩽ (L+ ε)k−N .

Thus we have

|aN |(L− ε)k−N ⩽ |ak| ⩽ |aN |(L+ ε)k−N .

|aN |1/k(L− ε)
k−N

k ⩽ |an|1/k ⩽ |aN |1/k(L+ ε)
k−N

k .
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Let k → ∞, we have |aN |1/k → 1 and k−N
k

→ 1, so

L− ε ⩽ lim inf
k→∞

|ak|1/k ⩽ lim sup
k→∞

|ak|1/k ⩽ L+ ε.

Since ε > 0 is arbitrary, let ε→ 0, we can obtain

lim
n→∞

|an|1/n = L.

When L = 0, it suffices to replace the left-hand side of the initial inequality by 0.

Assignment 1.5 (Exercise 1.4.18)

♠

Let f be a power series centered at the origin. Prove that f has a power series expansion around
any point in its disc of convergence.
[Hint: Write z = z0 + (z − z0) and use the binomial expansion for zn.]

Proof We can denote that

f(z) =
∞∑
n=0

anz
n.

And it has radius of convergence R > 0 (It’s trivial when R = 0). Fix z0 with |z0| < R. For z near
z0, write z = z0 + w where w = z − z0. Then by the binomial theorem, we have

zn = (z0 + w)n =
n∑
k=0

(
n

k

)
zn−k0 wk.

Hence, formally, we have

f(z0 + w) =
∞∑
n=0

an

n∑
k=0

(
n

k

)
zn−k0 wk =

∞∑
k=0

(
∞∑
n=k

an

(
n

k

)
zn−k0

)
wk.

Define that

bk :=
∞∑
n=k

an

(
n

k

)
zn−k0 .

For each fixed k ⩾ 0, we first show that bk is well-defined. Choose r such that |z0| < r < R. Since R
is the radius of convergence of

∑∞
n=0 anz

n, we have
∞∑
n=0

|an|rn <∞.

Let ρ := |z0|/r ∈ (0, 1). Then for n ⩾ k, we have(
n

k

)
|z0|n−k = rn

1

|z0|k

(
n

k

)
ρn.

Since k is fixed and 0 < ρ < 1,
(
n
k

)
ρn is bounded. Hence there exists a constant Ck > 0 such that(
n

k

)
|z0|n−k ⩽ Ckr

n, n ⩾ k.

Therefore we have
∞∑
n=k

∣∣∣∣an(nk
)
zn−k0

∣∣∣∣ ⩽ Ck

∞∑
n=k

|an|rn <∞.

Thus bk is well-defined. Now we claim that the series
∑∞

k=0 bkw
k converges for |w| < R − |z0| and
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equals f(z0 + w). Choose r′ with |z0|+ |w| < r′ < R. So for each n, we have
n∑
k=0

∣∣∣∣an(nk
)
zn−k0 wk

∣∣∣∣ = |an|(|z0|+ |w|)n < |an|(r′)n.

Because
∑∞

n=0 |an|(r′)n <∞, so the rearrangement above is valid and we can obtain

f(z0 + w) =
∞∑
k=0

bkw
k for |w| < r′ − |z0|.

Since r′ can be chosen arbitrarily with |z0| + |w| < r′ < R, the identity holds for all |w| < R − |z0|,
and z0 is arbitrary, so f has a power series expansion around any point in its disc of convergence.

Assignment 1.6 (Exercise 1.4.19)

♠

Prove the following:
(a) The power series

∑
nzn does not converge on any point of the unit circle.

(b) The power series
∑
zn/n2 converges at every point of the unit circle.

(c) The power series
∑
zn/n converges at every point of the unit circle except z = 1. [Hint:

Sum by parts (Abel transformation)]

Proof (a) If |z| = 1, then the modulus of n th term of this power series is |nzn| = n 6→ 0. Hence
this power series dose not converge on any point of the unit circle.
(b) If |z| = 1, then we have

∞∑
n=1

∣∣∣∣znn2

∣∣∣∣ = ∞∑
n=1

1

n2
<∞.

So this power series converges absolutely, hence converges, at every point of the unit circle.
(c) If z = 1, this power series is

∑
1/n, which diverges. Now assume that |z| = 1 and z 6= 1. Let

SN =
N∑
n=1

zn = z
1− zN

1− z
, |SN | ⩽

2

|1− z|
.

So {SN} is bounded. The sequence bn := 1/n is monotone decreasing to 0. Hence by Dirichlet’s test,
this power series converges in S1 \ {1}. On the other hand, by Abel transformation, we have

N∑
n=1

zn

n
=
SN
N

+
N−1∑
n=1

Sn

(
1

n
− 1

n+ 1

)
.

Since {SN} is bounded and
∑∞

n=1(
1
n
− 1

n+1
) = 1, we can conclude convergence in S1 \ {1}.

Assignment 1.7 (Exercise 1.4.20)

♠

Expand (1− z)−m in powers of z. Herem is a fixed positive integer. Also, show that if

(1− z)−m =
∞∑
n=0

anz
n,

then one obtains the following asymptotic relation for the coefficients:

an ∼ 1

(m− 1)!
nm−1 as n→ ∞.
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Proof Firstly, we know that
1

1− z
=

∞∑
n=0

zn, |z| < 1.

Differentiating it (m− 1) times, we have

dm−1

dzm−1

(
1

1− z

)
=

(m− 1)!

(1− z)m
,
dm−1

dzm−1

(
∞∑
n=0

zn

)
=

∞∑
n=m−1

n(n− 1) · · · (n−m+ 2)zn−m+1.

Let k = n−m+ 1 ⩾ 0, for |z| < 1, we can obtain
1

(1− z)m
=

∞∑
k=0

(k +m− 1)(k +m− 2) · · · (k + 1)

(m− 1)!
zk =

∞∑
k=0

(
k +m− 1

m− 1

)
zk.

Thus we have

an =

(
n+m− 1

m− 1

)
=

(n+m− 1)(n+m− 2) · · · (n+ 1)

(m− 1)!
=

nm−1

(m− 1)!

m−1∏
j=1

(
1 +

j

n

)
.

As n→ ∞, (1 + j/n) → 1, j = 1 · · · ,m− 1. Therefore

an ∼ 1

(m− 1)!
nm−1 as n→ ∞.

Assignment 1.8 (Exercise 1.4.23)

♠

Consider the function f defined on R by

f(x) =

0 if x ⩽ 0,

e−1/x2 if x > 0.

Prove that f is indefinitely differentiable on R, and that f (n)(0) = 0 for all n ⩾ 1. Conclude
that f does not have a converging power series expansion

∑∞
n=0 anx

n for x near the origin.

Proof For x < 0, f(x) = 0, hence f is C∞ there and all derivatives are identically 0. For x > 0, let
g(x) = e−1/x2 . We claim that for each n ⩾ 0 there exists a polynomial Pn such that

g(n)(x) = Pn

(
1

x

)
e−1/x2 , x > 0.

This holds when n = 0 and P0 ≡ 1. If it holds for n, then differentiate it, we have

g(n+1)(x) =
d

dx

(
Pn

(
1

x

)
e−1/x2

)
=

(
− 1

x2
P ′
n

(
1

x

)
+

2

x3
Pn

(
1

x

))
e−1/x2 := Pn+1

(
1

x

)
e−1/x2 .

So the claim is proved. Thus g is C∞ on (0,∞). Since Pn are all polynomials, we can obtain

lim
x→0+

g(n)(x) = 0, n ⩾ 0.

Therefore f ∈ C∞(R) with f (n)(0) = 0 for all n ⩾ 1. Finally, if f has a converging power series
expansion near the origin, let

f(x) =
∞∑
n=0

anx
n, |x| < R,

then we would have an = (f (n)(0))/n! = 0 for all n ⩾ 1, and also a0 = f(0) = 0. Hence the series
would be identically 0, implying f(x) ≡ 0 when |x| < R, which contradicts f(x) = e−1/x2 > 0 for
x ∈ (0, R). Therefore f does not have a converging power series expansion near the origin.
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Chapter 2 Homework 2

Assignment 2.1 (Exercise 1.4.21)

♠

Show that for |z| < 1, one has
z

1− z2
+

z2

1− z4
+ · · ·+ z2

n

1− z2n+1 + · · · = z

1− z
,

and
z

1 + z
+

2z2

1 + z2
+ · · ·+ 2kz2

k

1 + z2k
+ · · · = z

1− z
.

Justify any change in the order of summation.
[Hint: Use the dyadic expansion of an integer and the fact that 2k+1−1 = 1+2+22+ · · ·+2k.]

Proof For the first identity, since |z| < 1, for every n ⩾ 0 we have
z2

n

1− z2n+1 =
∞∑
m=0

z2
n+m2n+1

.

Hence
∞∑
n=0

z2
n

1− z2n+1 =
∞∑
n=0

∞∑
m=0

z(2m+1)2n .

Now every positive integer N can be written uniquely as N = 2n(2m+ 1) with n,m ⩾ 0. Therefore
each monomial zN appears exactly once in the above double sum, so formally the sum equals

∞∑
N=1

zN =
z

1− z
.

It remains to justify the rearrangement. We have
∞∑
n=0

∞∑
m=0

∣∣z(2m+1)2n
∣∣ ⩽ ∞∑

N=1

|z|N <∞.

This is because (2m+1)2n are all distinct positive integers. So the double series converges absolutely,
and the change in the order of summation is justified.
For the second identity, for |z| < 1, we have

2kz2
k

1 + z2k
= 2kz2

k
∞∑
m=0

(−1)mzm2k =
∞∑
m=1

2k(−1)m−1zm2k .

Therefore we obtain
∞∑
k=0

2kz2
k

1 + z2k
=

∞∑
k=0

∞∑
m=1

2k(−1)m−1zm2k .

Fix N ⩾ 1, and write N = 2km, 0 ⩽ k ⩽ v2(N) := r and let q = N/2r. So the coefficient of zN is∑
k:2k|N

2k(−1)N/2
k−1 =

r∑
k=0

2k(−1)2
r−kq−1.

If k < r, then 2r−kq is even, so (−1)2
r−kq−1 = −1; if k = r, then 2r−rq = q is odd, so (−1)q−1 = 1.



Hence the coefficient is

−
r−1∑
k=0

2k + 2r = −(2r − 1) + 2r = 1.

Therefore every zN has coefficient 1, N ⩾ 1, and so
∞∑
k=0

2kz2
k

1 + z2k
=

∞∑
N=1

zN =
z

1− z
.

Again, we show absolute convergence to justify the rearrangement, since
∞∑
k=0

∞∑
m=1

∣∣∣2k(−1)m−1zm2k
∣∣∣ = ∞∑

k=0

2k
∞∑
m=1

|z|m2k =
∞∑
k=0

2k|z|2k

1− |z|2k
.

For all sufficiently large k we have |z|2k ⩽ 1/2, so
2k|z|2k

1− |z|2k
⩽ 2k+1|z|2k .

Since we have

2
∞∑
k=0

2k|z|2k ⩽ 2
∞∑
n=1

n|z|n =
2|z|

(1− |z|)2
<∞.

So the double series converges absolutely. So we are done.

Assignment 2.2 (Exercise 1.4.24)

♠

Let γ be a smooth curve in C parametrized by z(t) : [a, b] → C. Let γ− denote the curve with
the same image as γ but with the reverse orientation. Prove that for any continuous function f
on γ ˆ

γ

f(z)dz = −
ˆ
γ−
f(z)dz.

Proof Let z̃(t) = z(a+ b− t), t ∈ [a, b]. Then z̃ is a parametrization of γ−. By definition we haveˆ
γ−
f(z)dz =

ˆ b

a

f(z̃(t))z̃′(t)dt.

Since z̃′(t) = −z′(a+ b− t), we can obtainˆ
γ−
f(z)dz = −

ˆ b

a

f(z(a+ b− t))z′(a+ b− t)dt.

Now let u = a+ b− t, then du = −dt, and when t = a, u = b, while when t = b, u = a. Thusˆ
γ−
f(z)dz = −

ˆ a

b

f(z(u))z′(u)(−du) = −
ˆ b

a

f(z(u))z′(u)du = −
ˆ
γ

f(z)dz.

This holds for any continuous function f on γ. So we are done.

Assignment 2.3 (Exercise 1.4.26)

♠

Suppose f is continuous in a region Ω. Prove that any two primitives of f (if they exist) differ
by a constant.

Proof Let F and G be two primitives of f in Ω. Then we have F ′(z) = G′(z) = f(z), ∀z ∈ Ω.
Hence (F −G)′(z) = 0, ∀z ∈ Ω. Let H = F −G. Then H is holomorphic and H ′ ≡ 0 in Ω. Hence

7



by Corollary 3.4 of the textbook we have H is constant, i.e., F −G is constant, so any two primitives
of f differ by a constant. So we are done.

Assignment 2.4 (Exercise 2.6.1)

♠

Prove that ˆ ∞

0

sin
(
x2
)
dx =

ˆ ∞

0

cos
(
x2
)
dx =

√
2π

4
.

These are the Fresnel integrals. Here,
ˆ ∞

0

is interpreted as lim
R→∞

ˆ R

0

.

[Hint: Integrate the function e−z
2 over the path in Figure 1. Recall that

ˆ ∞

−∞
e−x

2

dx =
√
π.]

0 R

Reiπ/4

Figure 1. The contour in Exercise 1

Proof For R > 0, let ΓR be the boundary of {reiθ : 0 ⩽ r ⩽ R, 0 ⩽ θ ⩽ π/4}, consisting of the
three curves γ1(t) = t, 0 ⩽ t ⩽ R; γ2(θ) = Reiθ, 0 ⩽ θ ⩽ π/4; γ3(t) = teiπ/4, R ⩾ t ⩾ 0. Since e−z2

is entire, Cauchy’s theorem gives ˆ
ΓR

e−z
2

dz = 0.

Therefore ˆ
γ1

e−z
2

dz +

ˆ
γ2

e−z
2

dz +

ˆ
γ−3

e−z
2

dz = 0.

Firstly, we have ˆ
γ1

e−z
2

dz =

ˆ R

0

e−x
2

dx.

Also, along γ3, writing z = teiπ/4, we have z2 = t2eiπ/2 = it2, dz = eiπ/4dt, soˆ
γ−3

e−z
2

dz = −
ˆ R

0

e−it
2

eiπ/4dt.

Hence ˆ R

0

e−x
2

dx+

ˆ
γ2

e−z
2

dz = eiπ/4
ˆ R

0

e−it
2

dt.

We now show that

lim
R→∞

ˆ
γ2

e−z
2

dz = 0.

Indeed, on γ2, we can write z = Reiθ, 0 ⩽ θ ⩽ π/4 so that

dz = iReiθdθ, |e−z2 | = e−R
2 cos(2θ).

8



Hence we can obtain ∣∣∣∣ˆ
γ2

e−z
2

dz

∣∣∣∣ ⩽ R

ˆ π/4

0

e−R
2 cos(2θ)dθ.

Now let ϕ = π/2− 2θ. Then cos(2θ) = sinϕ and dθ = −1
2
dϕ, so

R

ˆ π/4

0

e−R
2 cos(2θ)dθ =

R

2

ˆ π/2

0

e−R
2 sinϕdϕ.

Since we have

sinϕ ⩾ 2

π
ϕ, 0 ⩽ ϕ ⩽ π

2
,

we can obtain
R

2

ˆ π/2

0

e−R
2 sinϕdϕ ⩽ R

2

ˆ π/2

0

e−(2/π)R2ϕdϕ ⩽ R

2

ˆ ∞

0

e−(2/π)R2ϕdϕ =
π

4R
→ 0 (R → ∞).

Therefore we have

lim
R→∞

ˆ
γ2

e−z
2

dz = 0.

Let R → ∞, and use ˆ ∞

0

e−x
2

dx =

√
π

2
.

We can obtain

eiπ/4
ˆ ∞

0

e−it
2

dt =

√
π

2
.

Hence we have ˆ ∞

0

e−it
2

dt =

√
π

2
e−iπ/4 =

√
π

2
· 1− i√

2
=

√
2π

4
(1− i).

Taking real and imaginary parts givesˆ ∞

0

cos
(
x2
)
dx =

√
2π

4
,−
ˆ ∞

0

sin
(
x2
)
dx = −

√
2π

4
.

Therefore we obtain ˆ ∞

0

sin
(
x2
)
dx =

ˆ ∞

0

cos
(
x2
)
dx =

√
2π

4
.

So we are done.

Assignment 2.5 (Exercise 2.6.2)

♠

Show that
ˆ ∞

0

sin x

x
dx =

π

2
.

[Hint: The integral equals 1

2i

ˆ ∞

−∞

eix − 1

x
dx. Use the indented semicircle.]

Proof Denote that

I :=
1

2i

ˆ ∞

−∞

eix − 1

x
dx.

Since we have
eix − 1

x
=

cos x− 1

x
+ i

sin x

x
.
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And (cos x− 1)/x is odd, we can obtain

I =
1

2

ˆ ∞

−∞

sin x

x
dx =

ˆ ∞

0

sin x

x
dx.

Thus it suffices to prove that I = π/2. Fix R > ε > 0, and consider the contour consisting of the
interval [−R,−ε], the small upper semicircle Cε : z = εeiθ, π ⩾ θ ⩾ 0, the interval [ε,R], and the
large upper semicircle CR : z = Reiθ, 0 ⩽ θ ⩽ π. Since we have

f(z) =
eiz − 1

z
is entire because the singularity at z = 0 is removable. Hence the integral over the contour is 0, i.e.,ˆ −ε

−R

eix − 1

x
dx+

ˆ
C−

ε

eiz − 1

z
dz +

ˆ R

ε

eix − 1

x
dx+

ˆ
CR

eiz − 1

z
dz = 0.

Since we have ˆ
CR

1

z
dz = iπ,

ˆ
C−

ε

1

z
dz = −iπ,

ˆ −ε

−R

1

x
dx+

ˆ R

ε

1

x
dx = 0.

we can obtain ˆ −ε

−R

eix

x
dx+

ˆ
C−

ε

eiz

z
dz +

ˆ R

ε

eix

x
dx+

ˆ
CR

eiz

z
dz = 0.

Firstly, on CR, we have z = Reiθ, 0 ⩽ θ ⩽ π, then dz = iReiθdθ and hence∣∣∣∣ˆ
CR

eiz

z
dz

∣∣∣∣ = ∣∣∣∣iˆ π

0

eiReiθdθ

∣∣∣∣ ⩽ ˆ π

0

∣∣∣eiReiθ
∣∣∣ dθ = ˆ π

0

e−R sin θdθ = 2

ˆ π/2

0

e−R sin θdθ.

Since for 0 ⩽ θ ⩽ π/2, we have sin θ ⩾ 2θ/π, hence

2

ˆ π/2

0

e−R sin θdθ ⩽ 2

ˆ π/2

0

e−2Rθ/πdθ =
π

R
(1− e−R) → 0 (R → ∞) ⇒ lim

R→∞

ˆ
CR

eiz

z
dz = 0.

Next, on Cε, we have z = εeiθ, π ⩾ θ ⩾ 0 and henceˆ
C−

ε

eiz

z
dz =

ˆ 0

π

ieiεe
iθ

dθ.

Since we have |eiεeiθ | = e−ε sin θ ∈ [e−ε, eε] and arg(eiεe
iθ
) = ε cos θ ∈ [−ε, ε]. Hence we can obtain

eiεe
iθ → 1 uniformly in θ, so we haveˆ

C−
ε

eiz

z
dz →

ˆ 0

π

idθ = −iπ.

Letting R → ∞ and ε→ 0+, we obtain

lim
R→∞
ε→0+

(ˆ −ε

−R

eix

x
dx+

ˆ R

ε

eix

x
dx

)
= iπ.

Since we have

lim
R→∞
ε→0+

(ˆ −ε

−R

1

x
dx+

ˆ R

ε

1

x
dx

)
= 0.

Then we can obtain

lim
R→∞
ε→0+

(ˆ −ε

−R

eix − 1

x
dx+

ˆ R

ε

eix − 1

x
dx

)
= iπ.

That is 2iI = iπ, I = π/2. So we are done.
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Assignment 2.6 (Exercise 2.6.3)

♠

Evaluate the integrals ˆ ∞

0

e−ax cos bxdx and
ˆ ∞

0

e−ax sin bxdx, a > 0

by integrating e−Az,A =
√
a2 + b2, over an appropriate sector with angle ω, with cosω = a/A.

Solution Let A =
√
a2 + b2, cosω = a/A, sinω = b/A. Assume that ω ∈ (0, π/2) WLOG. Then

a = A cosω, b = A sinω. ForR > 0, consider the sector contour ΓR consisting of [0, R], {Reiθ : 0 ⩽
θ ⩽ ω}, {teiω : R ⩾ t ⩾ 0}. Since e−Az is entire, we haveˆ

ΓR

e−Azdz = 0.

Thus ˆ R

0

e−Axdx+

ˆ
CR

e−Azdz −
ˆ R

0

e−Ate
iω

eiωdt = 0.

Now we claim that

lim
R→∞

ˆ
CR

e−Azdz = 0.

Indeed, on CR, z = Reiθ with 0 ⩽ θ ⩽ ω, so |e−Az| = e−AR cos θ ⩽ e−AR cosω = e−aR, then∣∣∣∣ˆ
CR

e−Azdz

∣∣∣∣ ⩽ Rωe−aR → 0 (R → ∞) ⇒ lim
R→∞

ˆ
CR

e−Azdz = 0.

The claim is proved. Then letting R → ∞, we obtainˆ ∞

0

e−Axdx = eiω
ˆ ∞

0

e−Ate
iω

dt.

Since Aeiω = A(cosω + i sinω) = a+ ib, so e−Ate
iω
= e−(a+ib)t = e−at(cos bt− i sin bt). Alsoˆ ∞

0

e−Axdx =
1

A
.

Therefore ˆ ∞

0

e−at(cos bt− i sin bt)dt =
e−iω

A
=

cosω − i sinω

A
=
a− ib

A2
=

a− ib

a2 + b2
.

Taking real and imaginary parts, we obtainˆ ∞

0

e−ax cos bxdx =
a

a2 + b2
,

ˆ ∞

0

e−ax sin bxdx =
b

a2 + b2
.

Assignment 2.7 (Exercise 2.6.4)

♠

Prove that for all ξ ∈ C, we have

e−πξ
2

=

ˆ ∞

−∞
e−πx

2

e2πixξdx.

Proof Fix ξ ∈ C, and denote that RHS := I(ξ). Since we have −πx2 +2πixξ = −π(x2 − 2ixξ) =

−π(x− iξ)2 − πξ2, hence we can obtain

I(ξ) = e−πξ
2

ˆ ∞

−∞
e−π(x−iξ)

2

dx.
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If we claim that ˆ ∞

−∞
e−π(x−iξ)

2

dx =

ˆ ∞

−∞
e−πx

2

dx.

Then we can obtain the original equality byˆ ∞

−∞
e−πx

2

dx =
1√
π

ˆ ∞

−∞
e−x

2

dx =
1√
π
·
√
π = 1.

Now we prove the claim. Let f(z) = e−πz
2 , which is entire. For R > 0, assume that −iξ is in the

upper half of complex plane WLOG. Consider the parallelogram with vertices −R,R,R− iξ,−R−
iξ, Connect these four points in a counterclockwise order with straight lines to obtain ΓR. Then by
Cauchy’s theorem, we have ˆ

ΓR

f(z)dz = 0.

Writing this integral as the sum over the four sides, we obtainˆ R

−R
e−πx

2

dx+

ˆ 1

0

e−π(R−itξ)2(−iξ)dt−
ˆ R

−R
e−π(x−iξ)

2

dx+

ˆ 1

0

e−π(−R−iξ+itξ)2(iξ)dt = 0.

Write ξ = a+ ib, thenR− itξ = (R+ tb)− ita, so Re((R− itξ)2) = (R+ tb)2− t2a2. Hence we have
|e−π(R−itξ)2 | = e−πRe((R−itξ)2) = e−π((R+tb)2−t2a2). Since t ∈ [0, 1], for sufficiently large R we have
(R+tb)2−t2a2 = R2+2Rtb+t2(b2−a2) ⩾ R2−2R|b|−|b2−a2| ⩾ R2−2R|b|−|ξ|2 ⩾ R2/2−|ξ|2

and hence |e−π(R−itξ)2 | ⩽ eπ|ξ|
2
e−πR

2/2. Thus∣∣∣∣ˆ 1

0

e−π(R−itξ)2(−iξ)dt
∣∣∣∣ ⩽ |ξ|eπ|ξ|2e−πR2/2 → 0 (R → ∞) ⇒ lim

R→∞

ˆ 1

0

e−π(R−itξ)2(−iξ)dt = 0.

Similarly we have

lim
R→∞

ˆ 1

0

e−π(−R−iξ+itξ)2(iξ)dt = 0.

Letting R → ∞, we can obtain ˆ ∞

−∞
e−π(x−iξ)

2

dx =

ˆ ∞

−∞
e−πx

2

dx.

This proves the claim, and therefore I(ξ) = e−πξ
2 . So we are done.
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Chapter 3 Homework 3

Assignment 3.1 (Exercise 2.6.6)

♠

Let Ω be an open subset of C and let T ⊂ Ω be a triangle whose interior is also contained in Ω.
Suppose that f is a function holomorphic in Ω except possibly at a point w inside T . Prove that
if f is bounded near w, then ˆ

T

f(z)dz = 0.

Proof Let Cε be the circle centered at w with radius ε and contained inside T (anticlockwise). Since
f is holomorphic in the region between T and Cε, Cauchy’s theorem givesˆ

T

f(z)dz =

ˆ
Cε

f(z)dz.

Since f is bounded near w, so ∃M > 0 such that |f(z)| ⩽M on Cε for all sufficiently small ε. So∣∣∣∣ˆ
Cε

f(z)dz

∣∣∣∣ ⩽ 2πεM → 0

as ε→ 0+. Therefore we have
ˆ
T

f(z)dz = 0. So we are done.

Assignment 3.2 (Exercise 2.6.7)

♠

Suppose f : D → C is holomorphic. Show that the diameter d = supz,w∈D |f(z)− f(w)| of the
image of f satisfies

2|f ′(0)| ⩽ d.

Moreover, it can be shown that equality holds precisely when f is linear, f(z) = a0 + a1z.
Note. In connection with this result, see the relationship between the diameter of a curve and
Fourier series described in Problem 1, Chapter 4, Book I.

[Hint: 2f ′(0) =
1

2πi

ˆ
|ζ|=r

f(ζ)− f(−ζ)
ζ2

dζ whenever 0 < r < 1.]

Proof Fix 0 < r < 1. Let Cr = {ζ ∈ C : |ζ| = r} (anticlockwise), Cauchy’s integral formula gives

f ′(0) =
1

2πi

ˆ
Cr

f(ζ)

ζ2
dζ,

Replacing ζ by −ζ , we can obtain

f ′(0) = − 1

2πi

ˆ
Cr

f(−ζ)
ζ2

dζ.

Hence we have

2f ′(0) =
1

2πi

ˆ
Cr

f(ζ)− f(−ζ)
ζ2

dζ.

Therefore

2|f ′(0)| ⩽ 1

2π

ˆ
Cr

|f(ζ)− f(−ζ)|
|ζ|2

|dζ| ⩽ d

2π

ˆ
Cr

|dζ|
r2

=
d

r
.



Letting r → 1− gives 2|f ′(0)| ⩽ d. It is obvious that equality holds when f is linear. We now prove
the converse. Write f(z) =

∑∞
n=0 anz

n near the origin and define

N(r) :=
1

πr2

ˆ
B(0,r)

|f ′(z)|2dxdy.

If f ′(0) = 0, then d = 0, so f is constant. Hence we can assume f ′(0) 6= 0, then N(0+) = |f ′(0)|2 >
0. So f is locally injective near the origin. Then by expanding f ′ and the area formula, we have

N(r) =
Area(f(B(0, r)))

πr2
=

1

πr2

ˆ r

0

ˆ 2π

0

∣∣∣∣∣
∞∑
n=1

nanρ
n−1ei(n−1)θ

∣∣∣∣∣
2

ρdθdρ =
∞∑
n=1

n|an|2r2n−2,

N ′(r) =
∞∑
n=2

n(2n− 2)|an|2r2n−3.

If f is not linear, then there exists an 6= 0 with n ⩾ 2, so N ′(r) > 0 for all sufficiently small r. Hence
for sufficiently small r, we have |f ′(0)|2 = N(0+) < N(r). And the isodiametric inequality gives

Area(f(B(0, r))) ⩽ π

(
d(r)

2

)2

,

where d(r) is the diameter of f(B(0, r)). Therefore

|f ′(0)|2 < N(r) ⩽
(
d(r)

2r

)2

.

On the other hand, by the maximum modulus principle, we have
d(r)

r
= sup

θ∈[0,2π]
sup
|z|=r

∣∣∣∣f(eiθz)− f(z)

z

∣∣∣∣ .
For each fixed θ, the function (f(eiθz)−f(z))/z is holomorphic in D because the singularity at z = 0

is removable, so by the maximum modulus principle, its maximum on |z| = r is nondecreasing in r.
Taking the supremum over θ, we obtain that d(r)/r is nondecreasing in r. So if the equality holds in
2|f ′(0)| ⩽ d, then for small r we would have

d(r)

r
⩽ d(1)

1
= d = 2|f ′(0)|,

which contradicts the strict inequality above. Therefore f must be linear.

Assignment 3.3 (Exercise 2.6.8)

♠

If f is a holomorphic function on the strip −1 < y < 1, x ∈ R with

|f(z)| ⩽ A(1 + |z|)η, η a fixed real number,

for all z in that strip, show that for each integer n ⩾ 0 there exists An ⩾ 0 so that

|f (n)(x)| ⩽ An(1 + |x|)η, for all x ∈ R.

[Hint: Use the Cauchy inequalities.]

Proof Fix n ⩾ 0 and x ∈ R. Then B(x, 1/2) is contained in the strip, so Cauchy inequalities give

|f (n)(x)| ⩽ n!2n sup
|z−x|=1/2

|f(z)|.

Now if |z − x| = 1/2, then |z| ⩽ |x| + 1/2, hence 1 + |z| ⩽ 3(1 + |x|)/2. Also |z| ⩾ |x| − 1/2,
so 1 + |z| ⩾ (1 + |x|)/2. Therefore there exists a constant Cη > 0, depending only on η, such that
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(1 + |z|)η ⩽ Cη(1 + |x|)η on |z − x| = 1/2. It follows that |f(z)| ⩽ ACη(1 + |x|)η on the circle
{z ∈ C : |z − x| = 1/2}, and so |f (n)(x)| ⩽ n!2nACη(1 + |x|)η. Thus the conclusion holds with
An = n!2nACη. So we are done.

Assignment 3.4 (Exercise 2.6.9)

♠

Let Ω be a bounded connected open subset of C, and φ : Ω → Ω a holomorphic function. Prove
that if there exists a point z0 ∈ Ω such that

φ(z0) = z0 and φ′(z0) = 1

then φ is linear.
[Hint: Why can one assume that z0 = 0? Write φ(z) = z + anz

n +O(zn+1) near 0, and prove
that if φk = φ ◦ · · · ◦ φ (where φ appears k times), then φk(z) = z + kanz

n +O(zn+1). Apply
the Cauchy inequalities and let k → ∞ to conclude the proof. Here we use the standard O
notation, where f(z) = O(g(z)) as z → 0 means that |f(z)| ⩽ C|g(z)| for some constant C as
|z| → 0.]

Proof By replacing φ with z 7→ φ(z + z0) − z0 on Ω − z0, we can assume that z0 = 0. Suppose,
for contradiction, that φ is not linear. Then there exist n ⩾ 2 with an 6= 0 such that φ(z) = z +

anz
n + O(zn+1) near 0. Let φk = φ ◦ · · · ◦ φ, where φ appears k times. We claim that φk(z) =

z + kanz
n+O(zn+1) near 0. This is proved by induction on k. The case k = 1 is clear. If it holds for

k, then φk+1(z) = φ(φk(z)) = φk(z) + anφk(z)
n +O(zn+1). Since φk(z) = z + kanz

n +O(zn+1),
we have φk(z)n = zn + O(zn+1), and therefore φk+1(z) = z + (k + 1)anz

n + O(zn+1). So the
claim is proved. Now each φk maps Ω into Ω, and Ω is bounded, so there exists M > 0 such that
|φk| ⩽ M on Ω for all k. Choose r > 0 such that B(0, r) ⊂ Ω. By Cauchy inequalities, we have
|φ(n)
k (0)| ⩽ n!M/rn. But from the expansion of φk we have φ(n)

k (0) = n!kan. Hence |an| ⩽M/(krn)

for every k ⩾ 1. Letting k → ∞, we get an = 0, which leads to a contradiction. Therefore φ must be
linear. So we are done.

Assignment 3.5 (Exercise 2.6.10)

♠

Weierstrass’s theorem states that a continuous function on [0, 1] can be uniformly approximated
by polynomials. Can every continuous function on the closed unit disc be approximated uni-
formly by polynomials in the variable z?

Solution No. We prove the following lemma firstly.

Lemma 3.1

♥

Let f be a continuous function on the closed unit discD. If there exists a sequence of polynomials
{pn} such that pn → f uniformly on D. Then f is holomorphic on the unit disc D.

Proof Let z0 ∈ D. Choose r > 0 such that B(z0, r) ⊂ D, and let Γ = {ζ ∈ C : |ζ − z0| = r}. Since
each pn is a polynomial, it is holomorphic on C. Hence Cauchy’s integral formula gives

pn(z) =
1

2πi

ˆ
Γ

pn(ζ)

ζ − z
dζ
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for every z ∈ B(z0, r). Now fix ρ with 0 < ρ < r. Since pn → f uniformly on D, in particular
pn → f uniformly on the circle Γ. Also, for ζ ∈ Γ and z ∈ B(z0, ρ), we have |ζ − z| ⩾ r − ρ > 0.
Thus we can obtain

pn(ζ)

ζ − z
→ f(ζ)

ζ − z

uniformly on Γ× B(z0, ρ). So we can pass the limit through the integral sign and obtain

f(z) =
1

2πi

ˆ
Γ

f(ζ)

ζ − z
dζ

for every z ∈ B(z0, ρ). Now we claim that f is holomorphic on B(z0, ρ). For z ∈ B(z0, ρ) and for
h ∈ C with |h| is sufficiently small, we have z + h ∈ B(z0, ρ) and |ζ − z − h| ⩾ (r − ρ)/2, then∣∣∣∣f(z + h)− f(z)

h
− 1

2πi

ˆ
Γ

f(ζ)

(ζ − z)2
dζ

∣∣∣∣ = 1

2π

∣∣∣∣ˆ
Γ

(
f(ζ)

(ζ − z − h)(ζ − z)
− f(ζ)

(ζ − z)2

)
dζ

∣∣∣∣
⩽ 1

2π

ˆ
Γ

supζ∈Γ |f(ζ)|
r − ρ

∣∣∣∣ 1

ζ − z − h
− 1

ζ − z

∣∣∣∣ |dζ| ⩽ 2r supζ∈Γ |f(ζ)|
(r − ρ)3

|h| → 0 (h→ 0).

Therefore we have

f ′(z) =
1

2πi

ˆ
Γ

f(ζ)

(ζ − z)2
dζ

for every z ∈ B(z0, ρ). Thus f is holomorphic near z0. Since z0 is chosen arbitrarily, f is holomorphic
on D and the lemma is proved.

Now let’s return to the original question. Consider the function f(z) = z on D. It is continuous
on D. If there were polynomials pn(z) such that pn → f(z) uniformly on D, then f(z) = z would be
holomorphic on D by the lemma, which leads to a contradiction. So the answer is negative.

Assignment 3.6 (Exercise 2.6.11)

♠

Let f be a holomorphic function on the disc DR0 centered at the origin and of radius R0.
(a) Prove that whenever 0 < R < R0 and |z| < R, then

f(z) =
1

2π

ˆ 2π

0

f(Reiφ) Re

(
Reiφ + z

Reiφ − z

)
dφ.

(b) Show that

Re

(
Reiγ + r

Reiγ − r

)
=

R2 − r2

R2 − 2Rr cos γ + r2
.

[Hint: For the first part, note that if w = R2/z, then the integral of f(ζ)/(ζ − w) around the
circle of radius R centered at the origin is zero. Use this, together with the usual Cauchy’s
integral formula, to deduce the desired identity.]

Proof (a) Let ζ = Reiφ. Then dζ = iζdφ, so it is sufficient to prove

f(z) =
1

2πi

ˆ
|ζ|=R

f(ζ) Re

(
ζ + z

ζ − z

)
dζ

ζ
.

Let w = R2/z. Since |z| < R, we have |w| > R, so ζ 7→ f(ζ)/(ζ − w) is holomorphic on DR. Soˆ
|ζ|=R

f(ζ)

ζ − w
dζ = 0.
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Combining this with the Cauchy’s integral formula, we obtain

f(z) =
1

2πi

ˆ
|ζ|=R

f(ζ)

(
1

ζ − z
+

1

w − ζ

)
dζ.

Since w = R2/z and |ζ| = R, we have
1

w − ζ
=

z

ζ(ζ − z)
.

Therefore

f(z) =
1

2πi

ˆ
|ζ|=R

f(ζ)

(
1

ζ − z
+

z

ζ(ζ − z)

)
dζ =

1

2πi

ˆ
|ζ|=R

f(ζ)
ζζ − zz

ζ(ζ − z)(ζ − z)
dζ.

Since we have

Re

(
ζ + z

ζ − z

)
=

1

2

(
ζ + z

ζ − z
+
ζ + z

ζ − z

)
=

ζζ − zz

(ζ − z)(ζ − z)
.

Substituting this into the previous formula gives the desired identity.
(b) Let ζ = Reiγ and z = r. Then the identity we just obtained in (a) becomes

Re

(
Reiγ + r

Reiγ − r

)
=

R2 − r2

R2 − 2Rr cos γ + r2
.

Assignment 3.7 (Exercise 2.6.12)

♠

Let u be a real-valued function defined on the unit disc D. Suppose that u is twice continuously
differentiable and harmonic, that is,

∆u(x, y) = 0

for all (x, y) ∈ D.
(a) Prove that there exists a holomorphic function f on the unit disc such that

Re(f) = u.

Also show that the imaginary part of f is uniquely defined up to an additive (real) constant.
[Hint: From the previous chapter we would have f ′(z) = 2∂u/∂z. Therefore, let g(z) =

2∂u/∂z and prove that g is holomorphic. Why can one find F with F ′ = g? Prove that Re(F )
differs from u by a real constant.]
(b) Deduce from this result, and from Exercise 11, the Poisson integral representation formula
from the Cauchy’s integral formula: If u is harmonic in the unit disc and continuous on its
closure, then if z = reiθ one has

u(z) =
1

2π

ˆ 2π

0

Pr(θ − φ)u(eiφ)dφ

where Pr(γ) is the Poisson kernel for the unit disc given by

Pr(γ) =
1− r2

1− 2r cos γ + r2
.

Proof (a) Define g(z) = 2∂u/∂z = ux − iuy. Since u ∈ C2(D) and ∆u = 0, we have
∂g

∂z
=

1

2

(
∂

∂x
+ i

∂

∂y

)
(ux − iuy) =

1

2
(uxx + uyy) = 0.

Hence g is holomorphic on D. Thus by Theorem 2.1 of the textbook, g has a primitive F on D with
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F ′ = g. Then Re(F )x = Re(F ′) = ux and Re(F )y = − Im(F ′) = uy, hence Re(F )− u is constant.
Thus there exists a real constant c such thatRe(F−c) = u. Letting f = F−c, we obtain a holomorphic
function on D with real part u. If f1 and f2 are two such functions, then Re(f1 − f2) = 0. Hence
f1 − f2 is constant because it’s holomorphic. Since its real part is 0, this constant is purely imaginary.
Therefore the imaginary part of f is uniquely defined up to an additive real constant.
(b) By (a), let f be a holomorphic function on D with Re(f) = u, and let z = reiθ. Applying Exercise
11(a) with R0 = 1, for |z| = r < 1, choose R such that 0 ⩽ r < R < 1, we get

f(z) =
1

2π

ˆ 2π

0

f(Reiφ) Re

(
Reiφ + z

Reiφ − z

)
dφ.

Take real parts and let R → 1−, since u is continuous on D and |z| = r < 1 is fixed, the integral
converges uniformly in φ as R → 1−. Hence we can pass to the limit under the integral sign. So

u(z) =
1

2π

ˆ 2π

0

u(eiφ) Re

(
eiφ + reiθ

eiφ − reiθ

)
dφ.

By Exercise 11(b),

Re

(
eiφ + reiθ

eiφ − reiθ

)
=

1− r2

1− 2r cos(φ− θ) + r2
= Pr(θ − φ).

Therefore we can obtain

u(z) =
1

2π

ˆ 2π

0

Pr(θ − φ)u(eiφ)dφ.

Thus the Poisson representation integral formula holds for z = reiθ ∈ D. And the boundary values
u(eiθ) are obtained by letting r → 1−, since the Poisson kernel forms an approximate identity and u
is continuous on D. So we are done.
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Chapter 4 Homework 4

Assignment 4.1 (Exercise 2.6.14)

♠

Suppose that f is holomorphic in an open set containing the closed unit disc, except for a pole
at z0 on the unit circle. Show that if

∞∑
n=0

anz
n

denotes the power series expansion of f in the open unit disc, then

lim
n→∞

an
an+1

= z0.

Proof Let the pole of f at z0 have order m. Since f is holomorphic in a neighborhood of D \ {z0},
we can write

f(z) =
m∑
k=1

ck
(1− z/z0)k

+ g(z),

where cm 6= 0 and g is holomorphic in some disc |z| < ρ with ρ > 1. For each k ⩾ 1 we have
1

(1− z/z0)k
=

∞∑
n=0

(
n+ k − 1

k − 1

)
z−n0 zn

for |z| < |z0| = 1. Also, since g is holomorphic on |z| < ρ, we can write

g(z) =
∞∑
n=0

bnz
n

with |bn| ⩽ Cr−n for some C > 0, 1 < r < ρ (by Cauchy inequalities). Therefore we have an =

z−n0 P (n) + bn, where

P (n) :=
m∑
k=1

ck

(
n+ k − 1

k − 1

)
.

This is a polynomial in n of degree m− 1, and its leading coefficient is cm/(m− 1)! 6= 0. Therefore
P (n) 6= 0 for all sufficiently large n, and

P (n)

P (n+ 1)
→ 1 (n→ ∞).

Since |z0| = 1 and r > 1, we have z−n0 bn → 0. Thus an = z−n0 (P (n) + o(1)), an+1 = z
−(n+1)
0 (P (n+

1) + o(1)). It follows that
an
an+1

= z0
P (n) + o(1)

P (n+ 1) + o(1)
→ z0 (n→ ∞) i.e., lim

n→∞

an
an+1

= z0.

Assignment 4.2 (Exercise 2.6.15)
Suppose f is a non-vanishing continuous function on D that is holomorphic in D. Prove that if

|f(z)| = 1 whenever |z| = 1,

then f is constant.



♠

[Hint: Extend f to all of C by f(z) = 1/f(1/z) whenever |z| > 1, and argue as in the Schwarz
reflection principle.]

Proof Consider the function

g(z) :=

f(z), |z| < 1

1/f(1/z), |z| ⩾ 1

If |z| = 1, then 1/z = z, and since |f(z)| = 1 on the unit circle, we have
1

f(1/z)
=

1

f(z)
= f(z).

Hence g is continuous on C. Now 1/f(1/z) is holomorphic on |z| > 1, since f is holomorphic and
non-vanishing in D. Fix z0 with |z0| > 1. Since 1/f(1/z) is holomorphic near z0, we can write

1

f(1/z)
=

∞∑
n=0

an (z − z0)
n ⇒ 1

f(1/z)
=

∞∑
n=0

an(z − z0)
n

near z = z0. Thus g is holomorphic when |z| > 1. So g is holomorphic in |z| < 1 and in |z| > 1,
and continuous on all of C. Similar with the proof of the Schwarz reflection principle, using Morera’s
theorem and Cauchy’s theorem, we can obtain g is holomorphic on C. Since g is entire and bounded,
Liouville’s theorem implies that g is constant. Therefore f is constant as well.

Assignment 4.3 (Problem 2.7.1)

♠

Here are some examples of analytic functions on the unit disc that cannot be extended
analytically past the unit circle. The following definition is needed. Let f be a function defined
in the unit disc D, with boundary circle C. A point w on C is said to be regular for f if there
is an open neighborhood U of w and an analytic function g on U , so that f = g on D ∩ U . A
function f defined on D cannot be continued analytically past the unit circle if no point of C is
regular for f .
(a) Let

f(z) =
∞∑
n=0

z2
n for |z| < 1.

Notice that the radius of convergence of the above series is 1. Show that f cannot be continued
analytically past the unit disc. [Hint: Suppose θ = 2πp/2k, where p and k are positive integers.
Let z = reiθ, then |f(reiθ)| → ∞ as r → 1.]
(b) Fix 0 < α <∞. Show that the analytic function f defined by

f(z) =
∞∑
n=0

2−nαz2
n for |z| < 1

extends continuously to the unit circle, but cannot be analytically continued past the unit circle.
[Hint: There is a nowhere differentiable function lurking in the background. See Chapter 4 in
Book I.]
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Proof (a) Let θ = 2πp/2k, p, k ∈ N+ and z = reiθ, 0 ⩽ r < 1. Then for n ⩾ k we have ei2nθ = 1, so

f(reiθ) =
k−1∑
n=0

r2
n

ei2
nθ +

∞∑
n=k

r2
n ⇒ |f(reiθ)| ⩾

∞∑
n=k

r2
n −

k−1∑
n=0

r2
n

.

As r → 1−, the first sum tends to +∞, while the second remains bounded. Therefore |f(reiθ)| → ∞.
Now the set of points eiθ with θ = 2πp/2k, p, k ∈ N+ is dense on the unit circle. If f had an analytic
continuation across some boundary point w, then there would exist an arc of the unit circle containing
w on which f remained bounded near the boundary. But every such arc contains ei2πp/2

k for some
p, k ∈ N+, and along the corresponding radius we have just proved that |f(reiθ)| → ∞ as r → 1−.
This is impossible. Hence no point of the unit circle is regular for f , so f cannot be analytically
continued past the unit circle.
(b) Since

∑∞
n=0 2

−nα < ∞, the series
∑∞

n=0 2
−nαz2

n converges uniformly on D. Thus f extends
continuously to the unit circle. We now show that f cannot be analytically continued past the unit
circle. Fix an integer m > α. Let

L := z
d

dz
.

Then for |z| < 1, we have

Lmf(z) =
∞∑
n=0

2nm2−nαz2
n

=
∞∑
n=0

2n(m−α)z2
n

.

Suppose θ = 2πp/2k. Then for n ⩾ k we have ei2nθ = 1, so for z = reiθ, 0 ⩽ r < 1, we have

Lmf(reiθ) =
k−1∑
n=0

2n(m−α)r2
n

ei2
nθ +

∞∑
n=k

2n(m−α)r2
n

.

The second sum consists of positive terms and tends to +∞ as r → 1−, since
∑∞

n=k 2
n(m−α) = ∞.

Hence |Lmf(reiθ)| → ∞ as r → 1−. Again the set of points {ei2πp/2k : p, k ∈ N+} is dense on the
unit circle. If f could be analytically continued across some boundary point, then so could Lmf , and
hence Lmf would remain bounded near this point, which leads to a contradiction. Therefore f cannot
be analytically continued past the unit circle.
Remark There is another way to prove that f cannot be analytically continued past the unit circle.
Since f(z) =

∑∞
n=0 2

−nαz2
n converges uniformly on D, its boundary values define a continuous

function F (θ) := f(eiθ) =
∑∞

n=0 2
−nαei2

nθ. The real and imaginary parts of F are lacunary Fourier
series of Weierstrass type and nowhere differentiable. But if f could be analytically continued across
some boundary point, then F (θ) would be real analytic in a neighborhood of the corresponding angle.
This is impossible. Hence f cannot be analytically continued past the unit circle.

Assignment 4.4 (Problem 2.7.2)
Let

F (z) =
∞∑
n=1

d(n)zn for |z| < 1

where d(n) denotes the number of divisors of n. Observe that the radius of convergence of this
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♠

series is 1. Verify the identity
∞∑
n=1

d(n)zn =
∞∑
n=1

zn

1− zn
.

Using this identity, show that if z = r with 0 < r < 1, then

|F (r)| ⩾ c
1

1− r
log

1

1− r

as r → 1. Similarly, if θ = 2πp/q where p and q are positive integers and z = reiθ, then

|F (reiθ)| ⩾ cp/q
1

1− r
log

1

1− r
as r → 1. Conclude that F cannot be continued analytically past the unit disc.

Proof We first verify the identity. For |z| < 1, we have
∞∑
n=1

zn

1− zn
=

∞∑
n=1

∞∑
m=1

zmn.

We can obtain that
∞∑
n=1

∞∑
m=1

|zmn| =
∞∑
n=1

|z|n

1− |z|n
⩽

∞∑
n=1

|z|n

1− |z|
=

|z|
(1− |z|)2

<∞.

So the double series converges absolutely, so we may rearrange it by the powers of z. The coefficient
of zN is exactly the number of positive divisors of N , namely d(N). Hence

∞∑
n=1

zn

1− zn
=

∞∑
N=1

d(N)zN = F (z).

Now if z = r ∈ (0, 1). Since all terms are positive and we have 1−rn = (1−r)(1+r+ · · ·+rn−1) ⩽
n(1− r), hence we can obtain

|F (r)| = F (r) =
∞∑
n=1

rn

1− rn
⩾

∞∑
n=1

rn

n(1− r)
. = − 1

1− r
log(1− r) =

1

1− r
log

1

1− r
.

Thus the desired estimate holds for all 0 < r < 1 with c = 1. Now let θ = 2πp/q, where p, q ∈ N+

and z = reiθ. Assume that q > 1 and (p, q) = 1 WLOG, by the identity above, we have

F (reiθ) =
∞∑
n=1

rneinθ

1− rneinθ
.

We split the series according to the residue class of n modulo q, i.e., F (reiθ) = A(r) + B(r), where

A(r) :=
∞∑
m=1

rmq

1− rmq
, B(r) :=

q−1∑
a=1

∞∑
m=0

rmq+aeiaθ

1− rmq+aeiaθ
.

By the estimate already proved for real arguments, we have

A(r) =
∞∑
m=1

(rq)m

1− (rq)m
⩾ 1

1− rq
log

1

1− rq
.

Also, since 1− rq = (1− r)(1 + r + · · ·+ rq−1) ⩽ q(1− r), we have
1

1− rq
⩾ 1

q(1− r)
, log

1

1− rq
⩾ log

1

q(1− r)
= log

1

1− r
− log q.
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Hence there exists r0 ∈ (0, 1) such that for r0 < r < 1,

log
1

1− rq
⩾ 1

2
log

1

1− r
.

Therefore, for r0 < r < 1,

A(r) ⩾ 1

2q

1

1− r
log

1

1− r
.

It remains to estimate B(r). For 1 ⩽ a ⩽ q − 1, we have eiaθ 6= 1. Let δ(p/q) := min1⩽a⩽q−1 |1 −
eiaθ| > 0. If r is sufficiently close to 1, then for every m ∈ N and every 1 ⩽ a ⩽ q − 1, we have

|1− rmq+aeiaθ| ⩾ |1− eiaθ| − |(1− rmq+a)eiaθ| ⩾ δ − (1− rmq+a) ⩾ δ

2
.

Thus for r sufficiently close to 1, we have∣∣∣∣ rmq+aeiaθ

1− rmq+aeiaθ

∣∣∣∣ ⩽ 2

δ
rmq+a.

Hence

|B(r)| ⩽ 2

δ

q−1∑
a=1

∞∑
m=0

rmq+a ⩽ 2(q − 1)

δ

∞∑
m=0

rmq =
2(q − 1)

δ

1

1− rq
⩽ 2(q − 1)

δ

1

1− r
.

So there exists a constant Cp/q > 0 such that |B(r)| ⩽ Cp/q/(1 − r) for all r sufficiently close to 1.
Now we can obtain

|F (reiθ)| ⩾ A(r)− |B(r)| ⩾ 1

2q

1

1− r
log

1

1− r
− Cp/q

1

1− r
.

Since log 1
1−r → +∞ as r → 1−, there exists r1 ∈ (0, 1) such that for r1 < r < 1, we have

Cp/q ⩽
1

4q
log

1

1− r
.

Therefore, we can obtain

|F (reiθ)| ⩾ 1

4q

1

1− r
log

1

1− r
≜ cp/q

1

1− r
log

1

1− r

as r → 1− for some constant cp/q > 0 depending only on p/q. Since the set of points {e2πip/q : p, q ∈
N+, (p, q) = 1} is dense on the unit circle, no point of the unit circle can be regular for F . Hence F
cannot be continued analytically past the unit disc.

Assignment 4.5 (Problem 2.7.3)

Morera’s theorem states that if f is continuous inC, and
ˆ
T

f(z)dz = 0 for all triangles T , then

f is holomorphic inC. Naturally, we may ask if the conclusion still holds if we replace triangles
by other sets.
(a) Suppose that f is continuous on C, and

(∗)
ˆ
C

f(z)dz = 0

for every circle C. Prove that f is holomorphic.
(b) More generally, let Γ be any toy contour, and F the collection of all translates and dilates
of Γ. Show that if f is continuous on C, andˆ

γ

f(z)dz = 0 for all γ ∈ F
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♠

then f is holomorphic. In particular, Morera’s theorem holds under the weaker assumption thatˆ
T

f(z)dz = 0 for all equilateral triangles.

[Hint: As a first step, assume that f is twice real differentiable, and write f(z) = f(z0)+a(z−
z0)+b(z−z0)+O(|z−z0|2) for z near z0. Integrating this expansion over small circles around
z0 yields ∂f/∂z = b = 0 at z0. Alternatively, suppose only that f is differentiable and apply
Green’s theorem to conclude that the real and imaginary parts of f satisfy the Cauchy-Riemann
equations.
In general, let φ(w) = φ(x, y) (whenw = x+ iy) denote a smooth function with 0 ⩽ φ(w) ⩽

1, and
ˆ
R2

φ(w)dV (w) = 1, where dV (w) = dxdy, and
ˆ

denotes the usual integral of a

function of two variables in R2. For each ε > 0, let φε(z) = ε−2φ(ε−1z), as well as

fε(z) =

ˆ
R2

f(z − w)φε(w)dV (w),

where the integral denotes the usual integral of functions of two variables, with dV (w) the area
element ofR2. Then fε is smooth, satisfies condition (∗), and fε → f uniformly on any compact
subset of C.]

Proof We use the mollifier indicated in the hint. Define that

φ : C ' R2 → R, z 7→

c exp
(
− 1

(|z|2−1/4)2

)
, |z| < 1/2

0, |z| ⩾ 1/2

where c > 0 is chosen such that
ˆ
R2

φ(w)dV (w) = 1. For each ε > 0, define

φε(z) = ε−2φ(ε−1z), fε(z) =

ˆ
R2

f(z − w)φε(w)dV (w).

Then fε is smooth and fε → f uniformly on every compact subset of C as ε→ 0. Moreover, for part
(a), if C is a circle, then C − w is again a circle, thus we haveˆ

C

fε(z)dz =

ˆ
R2

(ˆ
C

f(z − w)dz

)
φε(w)dV (w) = 0.

(Since φε has compact support and f is continuous, so we can change the order of integration.) For
part (b), if γ ∈ F , then for every w the translate γ − w still belongs to F , so similarly we haveˆ

γ

fε(z)dz =

ˆ
R2

(ˆ
γ

f(z − w)dz

)
φε(w)dV (w) = 0.

Thus, by Theorem 5.2 of the textbook, it suffices to prove the result when f is smooth.
(a) Fix z0 ∈ C. Since f is twice real differentiable, we can write

f(z) = f(z0) + a(z − z0) + b(z − z0) +O(|z − z0|2)

for z near z0. Integrating over the circle |z − z0| = ε for sufficiently small ε > 0, we have

0 =

ˆ
|z−z0|=ε

f(z)dz =

ˆ
|z−z0|=ε

[b(z − z0) +O(|z − z0|2)]dz.

⇒ 0 =

ˆ 2π

0

bεe−iθiεeiθdθ +O(ε3) = 2πibε2 +O(ε3).
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Then we have 2πib+ O(ε) = 0, letting ε→ 0, we can obtain b = 0. that is ∂f/∂z(z0) = 0. Since z0
is arbitrary, f is holomorphic.
(b) Fix z0 ∈ C. Since f is twice real differentiable, again write

f(z) = f(z0) + a(z − z0) + b(z − z0) +O(|z − z0|2)

for z near z0. Let Γε := z0 + εΓ, which belongs to F . Then

0 =

ˆ
Γε

f(z)dz =

ˆ
Γε

[b(z − z0) +O(|z − z0|2)]dz.

Writing z = z0 + εw with w ∈ Γ, we get

0 = bε2
ˆ
Γ

wdw +O(ε3).

Since Γ forms a region of positive area, let w = x+ iy, by Green’s theorem, we haveˆ
Γ

wdw =

ˆ
Γ

xdx+ ydy + i

ˆ
Γ

xdy − ydx = 2i · Area(ΩΓ) 6= 0.

Therefore b = 0, that is ∂f/∂z(z0) = 0. Since z0 is arbitrary, f is holomorphic. Taking Γ to be an
equilateral triangle gives the last statement.

Assignment 4.6 (Problem 2.7.4)

♠

Prove the converse to Runge’s theorem: if K is a compact set whose complement is not con-
nected, then there exists a function f holomorphic in a neighborhood of K which cannot be
approximated uniformly by polynomials on K.
[Hint: Pick a point z0 in a bounded component of Kc, and let f(z) = 1/(z − z0). If f can be
approximated uniformly by polynomial p such that |(z − z0)p(z) − 1| < 1. Use the maximum
modulus principle (Chapter 3) to show that this inequality continues to hold for all z in the
component of Kc that contains z0.]

Proof Since K is compact and Kc is not connected, so Kc has a bounded component, call it U , and
pick a point z0 ∈ U . Define f(z) = 1/(z − z0). Then f is holomorphic in a neighborhood of K,
since z0 /∈ K andK is compact. Suppose, for contradiction, that f can be approximated uniformly by
polynomials on K. Let M := maxz∈K |z − z0|+ 1. Then there exists a polynomial p such that

|f(z)− p(z)| < 1

M
⇒ |(z − z0)p(z)− 1| < |z − z0|

M
< 1

for all z ∈ K. Define h(z) := (z − z0)p(z) − 1, then h(z) is entire. Since we have ∂U ⊂ K, so
|h(z)| < 1 on ∂U . By the maximum modulus principle, |h(z)| < 1 on U . In particular, taking z = z0

gives |h(z0)| = | − 1| = 1 < 1, which leads to a contradiction. Therefore f cannot be approximated
uniformly by polynomials on K. So we are done.

Assignment 4.7 (Problem 2.7.5)
There exists an entire function F with the following “universal” property: given any entire
function h, there is an increasing sequence {Nk}∞k=1 of positive integers, so that

lim
k→∞

F (z +Nk) = h(z)

uniformly on every compact subset of C.
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♠

(a) Let p1, p2, · · · denote an enumeration of the collection of polynomials whose coefficients
have rational real and imaginary parts. Show that it suffices to find an entire function F and an
increasing sequence {Mn} of positive integers, such that

(⋆) |F (z)− pn(z −Mn)| <
1

n
whenever z ∈ Dn,

whereDn denotes the disc centered atMn and of radius n. [Hint: Given h entire, there exists a
sequence {nk} such that limk→∞ pnk

(z) = h(z) uniformly on every compact subset of C.]
(b) Construct F satisfying (⋆) as an infinite series

F (z) =
∞∑
n=1

un(z)

where un(z) = pn(z −Mn)e
−cn(z−Mn)2 , and the quantities cn > 0 and Mn > 0 are chosen

appropriately with cn → 0 andMn → ∞. [Hint: The function e−z
2 vanishes rapidly as |z| →

∞ in the sectors {| arg z| < π/4− δ} and {|π − arg z| < π/4− δ}.]
In the same spirit, there exists an alternate “universal” entire function G with the following

property: given any entire function h, there is an increasing sequence {Nk}∞k=1 of positive
integers, so that

lim
k→∞

DNkG(z) = h(z)

uniformly on every compact subset of C. Here DjG denotes the jth (complex) derivative of G.

Proof (a) Assume that F and {Mn} satisfy (⋆). Let h be any entire function. Since polynomials
with rational real and imaginary coefficients are dense in the space of entire functions for the topology
of uniform convergence on compact sets, there exists a subsequence {pnk

} such that pnk
(z) → h(z)

uniformly on every compact subset of C. We claim that Nk := Mnk
works. Let K ⊂ C be compact.

For k large enough, we have K +Mnk
⊂ Dnk

. Hence for z ∈ K and sufficiently large k, we have

|F (z +Nk)− h(z)| ⩽ |F (z +Mnk
)− pnk

(z)|+ |pnk
(z)− h(z)| < 1

nk
+ |pnk

(z)− h(z)|.

The RHS tends to 0 uniformly on K. Therefore F (z + Nk) → h(z) uniformly on every compact
subset of C. So it suffices to find F and {Mn} satisfying (⋆).
(b) We construct un(z) = pn(z −Mn)e

−cn(z−Mn)2 recursively. For each fixed n ∈ N+, choose cn > 0

sufficiently small such that cn → 0 as n→ ∞, and also such that

|pn(w)(e−cnw
2 − 1)| < 1

3n
for all |w| ⩽ n. (1)

This is possible because for fixed n ∈ N+, e−cw2 → 1 uniformly on |w| ⩽ n as c→ 0. Now choose any
M1 ∈ N+, then suppose u1, · · · , un−1 have been chosen. Let Bn−1 := B(0,Mn−1 + n − 1) (n ⩾ 2).
Since each factor e−cj(z−Mj)

2
, 1 ⩽ j ⩽ n − 1 decays faster than any polynomial as z → ∞ in the

sector near the positive or negative real axes, we can choose Mn ∈ N+ so large that Dn ∩ Bn−1 = ∅
and

n−1∑
j=1

|uj(z)| <
1

3n
for z ∈ Dn, |un(z)| <

1

2n+2
for z ∈ Bn−1. (2)

Indeed, when z ∈ Dn, each z −Mj for 1 ⩽ j ⩽ n − 1 lies far out in a sector near the positive real
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axis, so |uj(z)| is tiny there; when z ∈ Bn−1, z−Mn lies far out in a sector near the negative real axis,
so |un(z)| is tiny there. Also, we can obtain Mn ↑ +∞ as n→ ∞. Define

F (z) :=
∞∑
n=1

un(z).

We first show that the series converges uniformly on every compact set. Let K be compact. Since K
is bounded, there exists N ∈ N+ such that K ⊂ BN . Then by (2), for all m > N , we have

|um(z)| <
1

2m+2
for all z ∈ K

Therefore the series converges uniformly on K. Since K is arbitrary, the series converges uniformly
on every compact subset of C. Thus F is entire by Theorem 5.2 of the textbook. It remains to prove
(∗). Fix n and let z ∈ Dn. Then

|F (z)− pn(z −Mn)| ⩽
n−1∑
j=1

|uj(z)|+ |un(z)− pn(z −Mn)|+
∞∑

m=n+1

|um(z)|.

By (2), the first term is < 1/(3n). By (1), the middle term is also < 1/(3n). As for m > n, we have
Dn ⊂ Bm−1, so by (2) again, we have |um(z)| < 2−m−2. Hence

∞∑
m=n+1

|um(z)| <
∞∑

m=n+1

1

2m+2
=

1

2n+2
<

1

3n
.

Combining these estimates, we obtain

|F (z)− pn(z −Mn)| <
1

n
for all z ∈ Dn. This is exactly (∗). So we are done.

We now prove the last statement. We can write

pn(z) =
dn∑
j=0

an,jz
j.

We should construct an entire function G and a strictly increasing sequence of positive integers {Nn}
such that, for each n ∈ N+, we can obtain

|DNnG(z)− pn(z)| <
1

n
for |z| ⩽ n. (†)

Once this is done, the desired universality follows exactly as in part (a): given any entire function h,
choose a subsequence {pnk

} such that pnk
→ h uniformly on every compact subset of C. Then for

every compact set K ⊂ C, if K ⊂ {z : |z| ⩽ R} and nk ⩾ R, we have

|DNnkG(z)− h(z)| ⩽ |DNnkG(z)− pnk
(z)|+ |pnk

(z)− h(z)| < 1

nk
+ |pnk

(z)− h(z)|

for all z ∈ K, and the RHS tends to 0 uniformly on K. To construct G, we choose {Nn} recursively.
We choose any N1 ∈ N+. For each n, define

qn(z) :=
dn∑
j=0

an,j
j!

(Nn + j)!
zNn+j ⇒ DNnqn(z) = pn(z).

Also, if m < n and Nn > Nm + dm, then DNnqm(z) = 0. So we choose Nn ∈ N+ so large that

Nn > Nn−1 + dn−1 (n ⩾ 2), |qn(z)| < 2−n for |z| ⩽ n. (3)
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and moreover

|DNmqn(z)| < 2−n for |z| ⩽ m, 1 ⩽ m < n. (4)

This is possible because for fixed n and fixed 1 ⩽ m < n, we have

DNmqn(z) =
dn∑
j=0

an,j
j!

(Nn + j −Nm)!
zNn+j−Nm .

So on the compact set |z| ⩽ m, we have

sup
|z|⩽m

|DNmqn(z)| ⩽
dn∑
j=0

|an,j| · dn!
mNn+j−Nm

(Nn + j −Nm)!
→ 0

as Nn → ∞. The process of obtaining (3) is similar. Now define

G(z) :=
∞∑
n=1

qn(z).

We claim that this series converges uniformly on every compact subset of C. Let K ⊂ C be compact.
∃R > 0 such that K ⊂ {z : |z| ⩽ R}. Then by (3), for all n ⩾ R we have |qn(z)| < 2−n for z ∈ K.
Hence the series converges uniformly on K. Therefore G is entire by Theorem 5.2 of the textbook.
We next prove (†). Fix n and let |z| ⩽ n. We have DNnqm = 0 for all 1 ⩽ m < n. Hence

DNnG(z)− pn(z) =
∞∑

m=n+1

DNnqm(z).

For every m > n ⩾ 1, since |z| ⩽ n, so by (4) we have |DNnqm(z)| < 2−m. Therefore

|DNnG(z)− pn(z)| ⩽
∞∑

m=n+1

2−m =
1

2n
<

1

n
.

Thus (†) holds. This proves the last statement.
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Chapter 5 Homework 5

Assignment 5.1

♠

Let Π = {u = 0} ∼= C be the horizontal plane in R3, where (x, y, u) are the standard co-
ordinates. Consider the two spheres

S = {x2 + y2 + u2 = 1} and T =

{
x2 + y2 +

(
u− 1

2

)2

=
1

4

}
.

Both spheres have the same north pole N = (0, 0, 1). For each sphere, define stereographic
projection from N onto Π: for a point on the sphere different from N , draw the line through
N and that point, and let its intersection with Π be the image. Denote these projections by
σ : S \ {N} → Π, τ : T \ {N} → Π.
(a) Give the explicit formulas for σ and τ .
(b) Show that, on S \ {N, (0, 0,−1)}, the stereographic images of the two points (x, y, u) and
(x, y,−u) are inverse points with respect to the unit circle.
(c) Show that, on T \{N,O}, the stereographic images of the two points (x, y, u) and (x, y, 1−u)
are inverse points with respect to the unit circle.

Proof (a) Let P = (x, y, u) ∈ S \ {N}. The line through N and P is (0, 0, 1) + t(x, y, u − 1). Its
intersection withΠ is obtained from 1+t(u−1) = 0, hence t = 1/(1−u) (u 6= 1). Hence σ(x, y, u) =
(1−u)−1(x, y, 0). We identify it with the complex number, so σ(x, y, u) = (x+ iy)/(1−u). Exactly
the same computation gives, for Q = (x, y, u) ∈ T \ {N}, we have τ(x, y, u) = (1 − u)−1(x, y, 0).
That is, τ(x, y, u) = (x+ iy)/(1− u) with the complex number form.
(b) Let P = (x, y, u) ∈ S \ {N, (0, 0,−1)} and P ′ = (x, y,−u). Denote z = σ(P ) and z′ = σ(P ′),
respectively. Then we have z = (x+ iy)/(1− u) and z′ = (x+ iy)/(1 + u) by (a). Since P ∈ S, we
have x2 + y2 + u2 = 1, so x2 + y2 = 1− u2. Therefore

|z|2 = x2 + y2

(1− u)2
=

1 + u

1− u
,
1

z
=

z

|z|2
=
x+ iy

1− u
· 1− u

1 + u
=
x+ iy

1 + u
= z′.

(c) Let Q = (x, y, u) ∈ T \ {N,O} and Q′ = (x, y, 1 − u). Denote w = τ(Q) and w′ = τ(Q′),
respectively. Then we have w = (x+ iy)/(1− u) and w′ = (x+ iy)/u by (a). Since Q ∈ T , we have
x2 + y2 + (u− 1/2)2 = 1/4, so x2 + y2 = u(1− u). Therefore

|w|2 = x2 + y2

(1− u)2
=

u

1− u
,
1

w
=

w

|w|2
=
x+ iy

1− u
· 1− u

u
=
x+ iy

u
= w′.

Assignment 5.2

♠

Take f(z) = eaz

1 + ez
. Prove that f is not a meromorphic function on the extended complex plane

Ĉ for any a ∈ C.

Proof The poles of f are the zeros of 1 + ez, that is ez = −1, so they are exactly the points z =

(2k + 1)πi, k ∈ Z. Since (1 + ez)′ = ez, and e(2k+1)πi = −1 6= 0, each of these zeros is simple.



Therefore f has infinitely many simple poles at (2k + 1)πi, k ∈ Z. Now let UR = {z ∈ C : |z| >
R} ∪ {∞} be an arbitrary neighborhood of ∞ in Ĉ. Since there exist infinitely many integers k such
that |(2k + 1)πi| > R, UR contains infinitely many poles of f . And ∞ must be a limit point of these
poles and ∞ ∈ UR. So f is not meromorphic at ∞. So for any a ∈ C, f is not meromorphic on Ĉ.

Assignment 5.3 (Exercise 3.8.1)

♠

Using Euler’s formula

sin πz =
eiπz − e−iπz

2i
,

show that the complex zeros of sin πz are exactly at the integers, and that they are each of order
1. Calculate the residue of 1/ sin πz at z = n ∈ Z.

Proof By Euler’s formula, sin πz = 0 if and only if eiπz = e−iπz, equivalently e2πiz = 1. Writing
z = x + iy, we have e2πiz = e2πix−2πy. Hence e2πiz = 1 if and only if y = 0 and x ∈ Z. Therefore
the zeros of sin πz are exactly the integers. Now take n ∈ Z. Since (sin πz)′ = π cos πz, we have
(sin πz)′|z=n = π cos πn = π(−1)n 6= 0. Thus each zero is of order 1. Since n is a simple zero of the
function sin πz, it is a simple pole of the function 1/ sin πz, so we have

Res

(
1

sin πz
, n

)
= lim

z→n

z − n

sin πz
=

1

(sin πz)′|z=n
=

1

π cos πn
=

(−1)n

π
.

Assignment 5.4 (Exercise 3.8.2)

♠

Evaluate the integral ˆ ∞

−∞

dx

1 + x4
.

Where are the poles of 1/(1 + z4)?

Solution Let f(z) = 1/(1 + z4). The poles are the zeros of 1 + z4, namely the fourth roots of −1:
ωk = eikπ/4, k = 1, 3, 5, 7. They are all simple. The poles in the upper half-plane are ω1 = eiπ/4 and
ω3 = e3iπ/4. For a simple pole ωk of f , we have Res(f, ωk) = 1/(4ω3

k) = −ωk/4, since ω4 = −1.
Therefore we have

Res(f, ω1) + Res(f, ω3) = −ω1 + ω3

4
= −1

4

(
eiπ/4 + e3iπ/4

)
= −

√
2i

4
.

Let γ = γ1 ∪ γ2 be the standard upper semicircular contour of radius R > 1, where γ1 = [−R,R]
and γ2 is the upper semicircle. By the residue formula, we haveˆ

γ

f(z)dz = 2πi (Res(f, ω1) + Res(f, ω3)) =

√
2π

2
.

On γ2 we write z = Reiθ, 0 ⩽ θ ⩽ π. Then for R > 1, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

Rdθ

|1 + R4e4iθ|
⩽
ˆ π

0

Rdθ

R4 − 1
=

πR

R4 − 1
→ 0 (R → +∞).

Therefore we have ˆ ∞

−∞

dx

1 + x4
= lim

R→∞

ˆ R

−R

dx

1 + x4
= lim

R→∞

ˆ
γ

f(z)dz =

√
2π

2
.
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Assignment 5.5 (Exercise 3.8.3)

♠

Show that ˆ ∞

−∞

cos x

x2 + a2
dx = π

e−a

a
, for a > 0.

Proof Let f(z) = eiz/(z2 + a2) and consider the standard upper semicircular contour γ = γ1 ∪ γ2
of radius R > a > 0. The only pole in the upper half-plane is at z = ai, and it is simple. Thus

Res(f, ai) = lim
z→ai

eiz

z + ai
=

e−a

2ai
.

Hence by the residue formula, we haveˆ
γ

f(z)dz = 2πiRes(f, ai) = π
e−a

a
.

On γ2, write z = Reiθ, 0 ⩽ θ ⩽ π. Then |eiz| = e−R sin θ, so for R > a, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

Re−R sin θ

R2 − a2
dθ = 2

ˆ π/2

0

Re−R sin θ

R2 − a2
dθ.

Using sin θ ⩾ 2θ/π on [0, π/2], we can obtain∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ 2R

R2 − a2

ˆ π/2

0

e−2Rθ/πdθ =
π(1− e−R)

R2 − a2
→ 0 (R → +∞).

Therefore we have ˆ ∞

−∞

eix

x2 + a2
dx = π

e−a

a
.

Taking the real part gives ˆ ∞

−∞

cos x

x2 + a2
dx = π

e−a

a
, for a > 0.

Assignment 5.6 (Exercise 3.8.4)

♠

Show that ˆ ∞

−∞

x sin x

x2 + a2
dx = πe−a, for all a > 0.

Proof Let f(z) = zeiz/(z2 + a2) and consider the standard upper semicircular contour γ = γ1 ∪ γ2
of radius R > a > 0. The only pole in the upper half-plane is at z = ai, and it is simple. Thus

Res(f, ai) = lim
z→ai

zeiz

z + ai
=
aie−a

2ai
=

e−a

2
.

Hence by the residue formula, we haveˆ
γ

f(z)dz = 2πiRes(f, ai) = iπe−a.

On γ2, write z = Reiθ, 0 ⩽ θ ⩽ π. Then |eiz| = e−R sin θ, so for R > a, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

R2e−R sin θ

R2 − a2
dθ = 2

ˆ π/2

0

R2e−R sin θ

R2 − a2
dθ.

Using sin θ ⩾ 2θ/π on [0, π/2], we can obtain∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ 2R2

R2 − a2

ˆ π/2

0

e−2Rθ/πdθ =
πR(1− e−R)

R2 − a2
→ 0 (R → +∞).
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Therefore we have ˆ ∞

−∞

xeix

x2 + a2
dx = iπe−a.

Taking the imaginary part giveŝ
∞

−∞

x sin x

x2 + a2
dx = πe−a, for all a > 0.

Assignment 5.7 (Exercise 3.8.5)

♠

Use contour integration to show thatˆ ∞

−∞

e−2πixξ

(1 + x2)2
dx =

π

2
(1 + 2π|ξ|)e−2π|ξ|

for all ξ real.

Proof Since the integral is unchanged if we replace ξ by −ξ and take complex conjugates, it suffices
to prove the case ξ ⩽ 0. Let f(z) = e−2πizξ/(1 + z2)2. Consider the standard upper semicircular
contour γ = γ1 ∪ γ2 of radius R > 1. The only pole in the upper half-plane is at z = i, and it is of
order 2. By the residue formula, we haveˆ

γ

f(z)dz = 2πiRes(f, i) = 2πi lim
z→i

d

dz

(
(z − i)2f(z)

)
= 2πi lim

z→i

d

dz

(
e−2πizξ

(z + i)2

)
= −2πi lim

z→i

2πiξ(z + i)e−2πizξ + 2e−2πizξ

(z + i)3
=
π

2
(1− 2πξ)e2πξ.

On γ2, write z = Reiθ, 0 ⩽ θ ⩽ π. Then |e−2πizξ| = e2πRξ sin θ ⩽ 1 since ξ ⩽ 0. So forR > 1 we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

Rdθ

(R2 − 1)2
=

πR

(R2 − 1)2
→ 0 (R → +∞).

Therefore we have ˆ ∞

−∞

e−2πixξ

(1 + x2)2
dx =

π

2
(1− 2πξ)e2πξ, for ξ ⩽ 0.

Since for ξ ⩽ 0 we have |ξ| = −ξ, this becomesˆ ∞

−∞

e−2πixξ

(1 + x2)2
dx =

π

2
(1 + 2π|ξ|)e−2π|ξ|, for ξ ⩽ 0.

Then the equality holds for all ξ real. So we are done.
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Chapter 6 Homework 6

Assignment 6.1 (Exercise 3.8.6)

♠

Show that ˆ ∞

−∞

dx

(1 + x2)n+1
=

1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
· π.

Proof Let f(z) = 1/(1 + z2)n+1 and consider the standard upper semicircular contour γ = γ1 ∪ γ2
of radius R > 1. The only pole in the upper half-plane is at z = i, and it is of order n+ 1. Thus

Res(f, i) =
1

n!
lim
z→i

dn

dzn
((z − i)n+1f(z)) =

1

n!
lim
z→i

dn

dzn
1

(z + i)n+1

=
1

n!
· (−1)n(2n)!

n!(2i)2n+1
=

(2n)!

2i (2nn!)2
=

1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
· 1

2i
.

On γ2 we write z = Reiθ, 0 ⩽ θ ⩽ π. Then, for R > 1, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

Rdθ

(R2 − 1)n+1
=

πR

(R2 − 1)n+1
→ 0 (R → +∞).

Hence by the residue formula, we haveˆ ∞

−∞

dx

(1 + x2)n+1
= lim

R→+∞

ˆ
γ

f(z)dz = 2πiRes(f, i) =
1 · 3 · 5 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
· π.

Assignment 6.2 (Exercise 3.8.7)

♠

Prove that ˆ 2π

0

dθ

(a+ cos θ)2
=

2πa

(a2 − 1)3/2
, whenever a > 1.

Proof Let z = eiθ and let C be the unit circle. Then dz = izdθ and cos θ = (z + z−1)/2, soˆ 2π

0

dθ

(a+ cos θ)2
=

ˆ
C

dz

iz(a+ (z + z−1)/2)2
=

4

i

ˆ
C

zdz

(z2 + 2az + 1)2
.

The zeros of z2 + 2az + 1 are −a ±
√
a2 − 1. Since a > 1, only z0 = −a +

√
a2 − 1 lies inside C,

and it is a pole of order 2. By the residue formula, we haveˆ 2π

0

dθ

(a+ cos θ)2
=

4

i
· 2πiRes

(
z

(z2 + 2az + 1)2
, z0

)
. = 8π lim

z→z0

d

dz

z

(z + a+
√
a2 − 1)2

.

= 8π lim
z→z0

(z + a+
√
a2 − 1)2 − 2z(z + a+

√
a2 − 1)

(z + a+
√
a2 − 1)4

=
2πa

(a2 − 1)3/2
, whenever a > 1.

Assignment 6.3 (Exercise 3.8.8)

♠

Prove that ˆ 2π

0

dθ

a+ b cos θ
=

2π√
a2 − b2

if a > |b| and a, b ∈ R.



Proof Since replacing θ by θ+ π changes b to −b, we may assume b > 0 WLOG. Let z = eiθ and let
C be the unit circle. Then dz = izdθ and cos θ = (z + z−1)/2, soˆ 2π

0

dθ

a+ b cos θ
=

2

bi

ˆ
C

dz

z2 + 2az/b+ 1
.

The zeros of z2+2az/b+1 are −a/b±
√

(a/b)2 − 1. Since a > |b|, only z0 = −a/b+
√

(a/b)2 − 1

lies inside C and it is a simple pole. By the residue formula, we haveˆ 2π

0

dθ

a+ b cos θ
=

2

bi
· 2πiRes

(
1

z2 + 2az/b+ 1
, z0

)
. =

4π

b
· 1

2
√

(a/b)2 − 1
=

2π√
a2 − b2

.

And the equality holds for all a > |b|, where a, b ∈ R.

Assignment 6.4 (Exercise 3.8.14)

♠

Prove that all entire functions that are also injective take the form f(z) = az + b with a, b ∈ C,
and a 6= 0.
[Hint: Apply the Casorati-Weierstrass theorem to f(1/z).]

Proof Assume that f is an injective entire function. Then f is non-constant, hence it is unbounded
by Liouville’s theorem. Let g(z) = f(1/z). Then z = 0 is either a pole or an essential singularity of
g. We first show that 0 cannot be an essential singularity of g. If it were, then by Casorati-Weierstrass
theorem, the set g(0 < |z| < 1) = f(|w| > 1) would be dense in C. But we know that f(|w| < 1/2)

is a nonempty open set by the open mapping theorem. Since f is injective, the sets f(|w| > 1) and
f(|w| < 1/2) are disjoint. Thus f(|w| > 1) cannot be dense in C, which leads to a contradiction.
Therefore 0 is a pole of g, then we can write g(z) =

∑+∞
n=−m anz

n for some m ∈ N+ and a−m 6= 0,
so f(z) =

∑+∞
n=−m anz

−n =
∑m

n=−∞ a−nz
n. Since f is entire, we can obtain a1 = a2 = · · · = 0,

which means that f is a non-constant polynomial, then f has a zero z0. Since f is injective, z0 is the
unique zero of f . So we can obtain f(z) = a−m(z− z0)

m. But ifm ⩾ 2, we have f(z0+1) = a−m =

f(z0 + e2πi/m) and 1 6= e2πi/m, then f is not injective, which leads to a contradiction. Therefore we
have m = 1 and f(z) = az + b with a, b ∈ C and a 6= 0. So we are done.

Assignment 6.5 (Exercise 3.8.15)
Use the Cauchy inequalities or the maximum modulus principle to solve the following problems:
(a) Prove that if f is an entire function that satisfies

sup
|z|=R

|f(z)| ⩽ ARk +B

for all R > 0, and for some integer k ⩾ 0 and some constants A,B > 0, then f is a polynomial
of degree ⩽ k.
(b) Show that if f is holomorphic in the unit disc, is bounded, and converges uniformly to zero
in the sector θ < arg z < φ as |z| → 1, then f = 0.
(c) Let w1, · · · , wn be points on the unit circle in the complex plane. Prove that there exists a
point z on the unit circle such that the product of the distances from z to the pointswj , 1 ⩽ j ⩽ n,
is at least 1. Conclude that there exists a point w on the unit circle such that the product of the
distances from w to the points wj , 1 ⩽ j ⩽ n, is exactly equal to 1.
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♠(d) Show that if the real part of an entire function f is bounded, then f is constant.

Proof (a) By the Cauchy inequalities, for every n ⩾ 0 and every R > 0 we have

|f (n)(0)| ⩽ n!(ARk +B)

Rn
.

For n > k, letting R → +∞ gives f (n)(0) = 0. Hence f is a polynomial of degree ⩽ k.
(b) we can chooseN ∈ N so large thatN(φ− θ)/2 > 2π. Define g(z) :=

∏N
k=0 f(e

ik(φ−θ)/2z) and let
S = {θ < arg z < φ}, then

⋃N
k=0 e

−ik(φ−θ)/2S ⊃ D. Let M be a bound for |f | on D. For any given
ε > 0, there exists 0 < r < 1 such that |f(z)| < ε whenever r < |z| < 1 and θ < arg z < φ because
f converges uniformly to zero in S as |z| → 1. Therefore, for every z with r < |z| < 1, at least one
factor in the product defining g(z) is < ε, so |g(z)| < MNε. By the maximum modulus principle,
the same estimate holds on |z| ⩽ r as well. Since ε > 0 is arbitrary, we get g ≡ 0 on D. If f is not
identically zero, then its zeros on D would be isolated, so the zero set of f is at most countable. Thus
the zero set of g on D, being a finite union of rotated zero sets of f , is at most countable as well and
could not be all of D, which leads to a contradiction. Therefore f ≡ 0.
(c) Consider the polynomial p(z) = (z − w1) · · · (z − wn). Since |wj| = 1, 1 ⩽ j ⩽ n, we have
|p(0)| = |w1 · · ·wn| = 1. Since p is non-constant, by the maximum modulus principle, there exists a
point z on the unit circle such that |p(z)| =

∏n
j=1 |z − wj| ⩾ 1. So this proves the first claim.

Then note that |p(z)| is continuous on the unit circle with |p(wj)| = 0, 1 ⩽ j ⩽ n and |p(z)| ⩾ 1.
Hence by the intermediate value theorem, there exists a point w on the unit circle such that |p(w)| =∏n

j=1 |w − wj| = 1. So this proves the second claim.
(d) Consider the function g(z) = ef(z). Then g is entire and |g(z)| = eRe f(z). Since Re f is bounded, g
is bounded. By Liouville’s theorem, g is constant. Then we can obtain g′(z) = f ′(z)ef(z) = 0, hence
f ′(z) = 0 for all z ∈ C. Therefore f is constant.

Assignment 6.6 (Exercise 3.8.18)

♠

Give another proof of the Cauchy integral formula

f(z) =
1

2πi

ˆ
C

f(ζ)

ζ − z
dζ

using homotopy of curves.
[Hint: Deform the circle C to a small circle centered at z, and note that the quotient (f(ζ) −
f(z))/(ζ − z) is bounded.]

Proof Let D be the disc bounded by C, for any fixed z ∈ D, we can choose ε > 0 so small that the
positively oriented circle Cε := {ζ ∈ C : |ζ − z| = ε} lies inside D. Choose a point a ∈ C and let
b := z + ε(a − z)/|a − z| ∈ Cε. Now let γ : [0, 1] → Ω be the straight line segment connecting a, b
with γ(0) = a and γ(1) = b, where Ω is the domain of f containing D. And let α, β : [0, 1] → Ω be
parametrizations of these two circles such that α(0) = α(1) = a and β(0) = β(1) = b. Define two
closed paths based at a by Γ1 := α and Γ2 := γ ∗ β ∗ γ−1. It is clear that Γ1 and Γ2 are homotopic in
the open set Ω \ {z}. So for h(ζ) := f(ζ)/(ζ − z), which is holomorphic on Ω \ {z}, by Theorem 5.1

35



of the textbook, we haveˆ
Γ1

h(ζ)dζ =

ˆ
Γ2

h(ζ)dζ =

ˆ
γ

h(ζ)dζ +

ˆ
β

h(ζ)dζ +

ˆ
γ−1

h(ζ)dζ =

ˆ
β

h(ζ)dζ.

Therefore we can obtain ˆ
C

f(ζ)

ζ − z
dζ =

ˆ
Cε

f(ζ)

ζ − z
dζ.

Now we define g(ζ) := (f(ζ) − f(z))/(ζ − z). Then g extends holomorphically to ζ = z since f is
holomorphic, so g is bounded near z. Hence∣∣∣∣ˆ

Cε

g(ζ)dζ

∣∣∣∣ ⩽ 2πε sup
|ζ−z|=ε

|g(ζ)| → 0 (ε→ 0).

On the other hand, we have ˆ
Cε

f(z)

(ζ − z)
dζ = f(z)

ˆ
Cε

dζ

ζ − z
= 2πif(z).

Therefore, letting ε→ 0, we can obtainˆ
C

f(ζ)

ζ − z
dζ =

ˆ
Cε

f(ζ)

ζ − z
dζ = 2πif(z) ⇒ f(z) =

1

2πi

ˆ
C

f(ζ)

ζ − z
dζ.

Assignment 6.7 (Exercise 3.8.20)

♠

This exercise shows how the mean square convergence dominates the uniform convergence of
analytic functions. If U is an open subset of C we use the notation

‖f‖L2(U) =

(ˆ
U

|f(z)|2dxdy
)1/2

for the mean square norm, and

‖f‖L∞(U) = sup
z∈U

|f(z)|

for the sup norm.
(a) If f is holomorphic in a neighborhood of the discDr(z0), show that for any 0 < s < r there
exists a constant C > 0 (which depends on s and r) such that

‖f‖L∞(Ds(z0)) ⩽ C‖f‖L2(Dr(z0)).

(b) Prove that if {fn} is a Cauchy sequence of holomorphic functions in the mean square norm
‖ · ‖L2(U), then the sequence {fn} converges uniformly on every compact subset of U to a holo-
morphic function.
[Hint: Use the mean-value property.]

Proof (a) Fix z ∈ Ds(z0) and let R = (r− s)/2. Then DR(z) ⊂ Dr(z0). Since f is holomorphic on
a neighborhood of DR(z), for all 0 ⩽ ρ ⩽ R, the mean-value property gives

f(z) =
1

2π

ˆ 2π

0

f(z + ρeiθ)dθ ⇒ |f(z)| ⩽ 1

2π

ˆ 2π

0

|f(z + ρeiθ)|dθ.

By Cauchy-Schwarz inequality, we can obtain

|f(z)|2 ⩽
(

1

2π

ˆ 2π

0

|f(z + ρeiθ)|dθ
)2

⩽ 1

2π

ˆ 2π

0

|f(z + ρeiθ)|2dθ.
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Now multiply both sides by 2ρ and integrate with respect to ρ from 0 to R, we have

|f(z)|2R2 = |f(z)|2
ˆ R

0

2ρdρ ⩽ 1

2π

ˆ R

0

ˆ 2π

0

|f(z + ρeiθ)|22ρdθdρ = 1

π

ˆ
DR(z)

|f(ζ)|2dxdy.

Therefore we have

|f(z)|2 ⩽ 1

πR2

ˆ
DR(z)

|f(ζ)|2dxdy.

Since R = (r − s)/2 and DR(z) ⊂ Dr(z0), it follows that

|f(z)|2 ⩽ 4

π(r − s)2

ˆ
Dr(z0)

|f(ζ)|2dxdy =
4

π(r − s)2
‖f‖2L2(Dr(z0))

.

Since this holds for every z ∈ Ds(z0), we conclude that

‖f‖L∞(Ds(z0)) ⩽
2√

π(r − s)
‖f‖L2(Dr(z0)).

Thus the desired estimate holds with C = 2/(
√
π(r − s)).

(b) LetK ⊂ U be compact. Choose finitely many discsDsj(zj) such thatK ⊂
⋃m
j=1Dsj(zj) ⊂ U and

for each j, there exists rj > sj withDrj(zj) ⊂ U . By (a), for every holomorphic h on a neighborhood
ofDrj(zj) we have ‖h‖L∞(Dsj (zj))

⩽ Cj‖h‖L2(Drj (zj))
⩽ Cj‖h‖L2(U). Now apply this to h = fn−fm.

Since {fn} is a Cauchy sequence in L2(U), it follows that {fn} is a Cauchy sequence in L∞(Dsj(zj))

for each j, and hence also in L∞(K). Therefore {fn} converges uniformly onK. SinceK is arbitrary,
{fn} converges uniformly on every compact subset of U to some function f . Since {fn} is a sequence
of holomorphic functions on U , we have f is also holomorphic on U .

Assignment 6.8 (Problem 5.6.3 of Book I)
The Dirichlet problem in a strip. Consider the equation ∆u = 0 in the horizontal strip

{(x, y) : 0 < y < 1, −∞ < x <∞}

with boundary conditions u(x, 0) = f0(x) and u(x, 1) = f1(x), where f0 and f1 are both in the
Schwartz space.
(a) Show (formally) that if u is a solution to this problem, then

û(ξ, y) = A(ξ)e2πξy +B(ξ)e−2πξy.

Express A and B in terms of f̂0 and f̂1, and show that

û(ξ, y) =
sinh(2π(1− y)ξ)

sinh(2πξ)
f̂0(ξ) +

sinh(2πyξ)

sinh(2πξ)
f̂1(ξ).

(b) Prove as a result that ˆ ∞

−∞
|u(x, y)− f0(x)|2dx→ 0 as y → 0,

and ˆ ∞

−∞
|u(x, y)− f1(x)|2dx→ 0 as y → 1.

(c) If Φ(ξ) = (sinh 2παξ)/(sinh 2πξ), with 0 ⩽ α < 1, then Φ is the Fourier transform of φ
where

φ(x) =
sin πα

2
· 1

cosh πx+ cos πα
.
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♠

This can be shown, for instance, by using contour integration and the residue formula from
complex analysis (see Book II, Chapter 3).
(d) Use this result to express u in terms of Poisson-like integrals involving f0 and f1 as follows:

u(x, y) =
sin πy

2

(ˆ ∞

−∞

f0(x− t)

cosh πt− cos πy
dt+

ˆ ∞

−∞

f1(x− t)

cosh πt+ cos πy
dt

)
.

(e) Finally, one can check that the function u(x, y) defined by the above expression is harmonic
in the strip, and converges uniformly to f0(x) as y → 0, and to f1(x) as y → 1. Moreover, one
sees that u(x, y) vanishes at infinity, that is, lim|x|→∞ u(x, y) = 0, uniformly in y.
In Exercise 12, we gave an example of a function that satisfies the heat equation in the upper
half-plane, with boundary value 0, but which was not identically 0. We observed in this case
that u was in fact not continuous up to the boundary.
In Problem 4 we exhibit examples illustrating non-uniqueness, but this time with continuity up
to the boundary t = 0. These examples satisfy a growth condition at infinity, namely |u(x, t)| ⩽
Cecx

2+ε , for any ε > 0. Problems 5 and 6 show that under the more restrictive growth condition
|u(x, t)| ⩽ Cecx

2 , uniqueness does hold.

Proof We use the Fourier transform in the x-variable with the convention

ĥ(ξ) =

ˆ ∞

−∞
h(x)e−2πixξdx.

(a) Taking Fourier transforms in x, the equation uxx+uyy = 0 becomes ∂yyû(ξ, y)−4π2ξ2û(ξ, y) = 0.
For each fixed ξ, this is an ODE in y, so formally û(ξ, y) = A(ξ)e2πξy + B(ξ)e−2πξy. The boundary
conditions give A(ξ) + B(ξ) = f̂0(ξ), A(ξ)e2πξ +B(ξ)e−2πξ = f̂1(ξ). Solving this system, we have

A(ξ) =
f̂1(ξ)− e−2πξf̂0(ξ)

e2πξ − e−2πξ
, B(ξ) =

e2πξf̂0(ξ)− f̂1(ξ)

e2πξ − e−2πξ
.

Substituting into the formula for û and rewriting in terms of sinh, we get

û(ξ, y) =
sinh(2π(1− y)ξ)

sinh(2πξ)
f̂0(ξ) +

sinh(2πyξ)

sinh(2πξ)
f̂1(ξ).

(b) By Plancherel’s theorem, we have

‖u(·, y)− f0‖2L2(R) =

ˆ ∞

−∞

∣∣∣∣(sinh(2π(1− y)ξ)

sinh(2πξ)
− 1

)
f̂0(ξ) +

sinh(2πyξ)

sinh(2πξ)
f̂1(ξ)

∣∣∣∣2 dξ.
For each fixed ξ 6= 0, the two coefficients tend to 0 as y → 0. Moreover, for 0 < y < 1 we have

0 ⩽ sinh(2π(1− y)ξ)

sinh(2πξ)
⩽ 1, 0 ⩽ sinh(2πyξ)

sinh(2πξ)
⩽ 1

for ξ 6= 0, and the same is true at ξ = 0 by continuity. So the integral is dominated by 2(|f̂0(ξ)|2 +
|f̂1(ξ)|2), which is integrable since f0, f1 are in the Schwartz space. So by DCT, ‖u(·, y)−f0‖2L2(R) → 0

as y → 0. The proof of ‖u(·, y)− f1‖2L2(R) → 0 as y → 1 is exactly the same.
(c) Let f(z) = e−2πizξ sin πα/(2 cosh πz + 2 cos πα), where 0 ⩽ α < 1. Then we note that

cosh πz + cos πα = 0 ⇐⇒ eπz + e−πz

2
+ cos πα = 0 ⇐⇒ e2πz + (2 cos πα)eπz + 1 = 0

⇐⇒ eπz = − cos πα± i sin πα = −e∓iπα ⇐⇒ eπ(z±iα) = −1 ⇐⇒ z = (2n+ 1∓ α)i for n ∈ Z.
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When 0 ⩽ α < 1, we have(cosh πz + cos πα)′
∣∣
z=(2n+1∓α)i = π sinh(π(2n+ 1∓ α)i) 6= 0. Thus, the

poles of f(z) are all simple. Now consider the integral of f(z) over the contour γ = γ1 ∪ γ2 ∪ γ3 ∪ γ4
as shown below.

Re

Im

−R R

2i

γ1

γ2

γ3

γ4

(1− α)i

(1 + α)i

Observe that (1 ± α)i are the only two poles of f(z) in the region enclosed by the contour γ. The
corresponding residues are given by

Res(f, (1− α)i) = lim
z→(1−α)i

(z − (1− α)i)f(z)

=
e−2πi(1−α)iξ sin πα

2π sinh(π(1− α)i)
=

e2π(1−α)ξ sin πα

2πi sin(πα)
=

e2π(1−α)ξ

2πi
,

Res(f, (1 + α)i) = lim
z→(1+α)i

(z − (1 + α)i)f(z)

=
e−2πi(1+α)iξ sin πα

2π sinh(π(1 + α)i)
= −e2π(1+α)ξ sin πα

2πi sin(πα)
= −e2π(1+α)ξ

2πi
.

On γ2, write z = R + iy with 0 ⩽ y ⩽ 2 and R > 0, then we have |e−2πizξ| = e2πyξ ⩽ e4π|ξ| and

| cosh πz| =
∣∣∣∣eπz + e−πz

2

∣∣∣∣ ⩾ 1

2

∣∣|eπz| − |e−πz|
∣∣ = 1

2

(
eπR − e−πR

)
→ +∞ (R → +∞).

which show that the integral over γ2 goes to 0 asR → +∞. A similar argument applies to γ4. Finally,
we see that if I denotes the integral we wish to calculate, then the integral of f over γ3 tends to

lim
R→+∞

ˆ −R

R

e−2πi(x+2i)ξ sin πα

2 cosh π(x+ 2i) + 2 cos πα
dx = −e4πξI.

Letting R → +∞, the residue formula gives I − e4πξI = e2π(1−α)ξ − e2π(1+α)ξ = −2e2πξ sinh 2παξ,
and since 1− e4πξ = −e2πξ(e2πξ − e−2πξ) = −2e2πξ sinh 2πξ, we find that

I = φ̂(ξ) =
−2e2πξ sinh 2παξ

−2e2πξ sinh 2πξ
=

sinh 2παξ

sinh 2πξ
= Φ(ξ).

(d) Applying part (c) with α = 1− y and α = y, we obtain
sinh(2π(1− y)ξ)

sinh(2πξ)
= φ̂1−y(ξ),

sinh(2πyξ)

sinh(2πξ)
= φ̂y(ξ),

where

φ1−y(t) =
sin π(1− y)

2(cosh πt+ cos π(1− y))
=

sin πy

2(cosh πt− cos πy)
, φy(t) =

sin πy

2(cosh πt+ cos πy)
.

Hence, by the convolution theorem and part (a), u(·, y) = φ1−y ∗ f0 + φy ∗ f1. That is to say

u(x, y) =
sin πy

2

(ˆ ∞

−∞

f0(x− t)

cosh πt− cos πy
dt+

ˆ ∞

−∞

f1(x− t)

cosh πt+ cos πy
dt

)
.

(e) The formula in part (d) has Fourier transform exactly equal to the expression found in part (a), so
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it satifies the same transformed boundary-value problem. Therefore u is harmonic in the strip.
Now φ1−y is an approximate identity as y → 0, while φy → 0 inL1(R) as y → 0. Since f0, f1 are

Schwartz functions, hence bounded and uniformly continuous, it follows thatφ1−y∗f0 → f0 uniformly
and φy ∗ f1 → 0 uniformly. Thus u(x, y) → f0(x) uniformly as y → 0. Similarly, u(x, y) → f1(x)

uniformly as y → 1.
Finally, since f0 and f1 are Schwartz functions and the kernels φ1−y, φy have uniformly bounded

L1 norms for 0 < y < 1, the convolutions φ1−y ∗ f0 and φy ∗ f1 tend to 0 as |x| → ∞, uniformly in
y. Hence lim|x|→∞ u(x, y) = 0 uniformly in y.
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Chapter 7 Homework 7

Assignment 7.1 (Exercise 3.8.22)

♠

Show that there is no holomorphic function f in the unit disc D that extends continuously to ∂D
such that f(z) = 1/z for z ∈ ∂D.

Proof Assume such an f exists. Then Let g(z) = zf(z), we have g is holomorphic in D and extends
continuously to ∂D. For z ∈ ∂D, we have f(z) = 1/z, hence g(z) = 1 on ∂D. So g−1 is holomorphic
in D, continuous on D, and vanishes on ∂D. By the maximum modulus principle, g − 1 ≡ 0 in D, so
g ≡ 1. But g(0) = 0 · f(0) = 0, which is impossible. This contradiction shows that no such f exists.

Assignment 7.2 (Problem 3.9.3)

♠

If f(z) is holomorphic in the deleted neighborhood {0 < |z − z0| < r} and has a pole of order
k at z0, then we can write

f(z) =
a−k

(z − z0)k
+ · · ·+ a−1

z − z0
+ g(z)

where g is holomorphic in the disc {|z − z0| < r}. There is a generalization of this expansion
that holds even if z0 is an essential singularity. This is a special case of the Laurent series
expansion, which is valid in an even more general setting.
Let f be holomorphic in a region containing the annulus {z : r1 ⩽ |z− z0| ⩽ r2} where 0 < r1

< r2. Then

f(z) =
∞∑

n=−∞

an(z − z0)
n

where the series converges absolutely in the interior of the annulus. To prove this, it suffices to
write

f(z) =
1

2πi

ˆ
Cr2

f(ζ)

ζ − z
dζ − 1

2πi

ˆ
Cr1

f(ζ)

ζ − z
dζ

when r1 < |z − z0| < r2, and argue as in the proof of Theorem 4.4, Chapter 2. Here Cr1 and
Cr2 are the circles bounding the annulus.

Proof Fix z with r1 < |z − z0| < r2. For ζ ∈ Cr2 we have |z − z0| < |ζ − z0|, so
1

ζ − z
=

1

(ζ − z0)− (z − z0)
=

∞∑
n=0

(z − z0)
n

(ζ − z0)n+1
.

And the series converges absolutely and uniformly on Cr2 . Hence

1

2πi

ˆ
Cr2

f(ζ)

ζ − z
dζ =

∞∑
n=0

(
1

2πi

ˆ
Cr2

f(ζ)

(ζ − z0)n+1
dζ

)
(z − z0)

n.

For ζ ∈ Cr1 we have |ζ − z0| < |z − z0|, so
1

ζ − z
= − 1

(z − z0)− (ζ − z0)
= −

∞∑
m=0

(ζ − z0)
m

(z − z0)m+1
.



Again the series converges absolutely and uniformly on Cr1 . Hence

− 1

2πi

ˆ
Cr1

f(ζ)

ζ − z
dζ =

∞∑
m=0

(
1

2πi

ˆ
Cr1

f(ζ)(ζ − z0)
mdζ

)
(z − z0)

−m−1.

Choose ε > 0 sufficiently small such that the circle Cε := {ζ : |ζ− z| = ε} lies entirely in the interior
of the annulus, i.e., {ζ : r1 < |ζ − z0| < r2}. Let D = {ζ : r1 ⩽ |ζ − z0| ⩽ r2} \ {ζ : |ζ − z| < ε}.
Then f(ζ)/(ζ − z) is holomorphic on a neighborhood of D. Connect Cr1 , Cr2 and Cε by three curves
lying in the interior of the annulus such thatD is divided into two simply connected regions. For each
of the two regions, applying Corollary 5.3 of Chapter 3 to a neighborhood of it, we can obtainˆ

∂D

f(ζ)

ζ − z
dζ = 0 =

ˆ
Cr2

f(ζ)

ζ − z
dζ −

ˆ
Cr1

f(ζ)

ζ − z
dζ −

ˆ
Cε

f(ζ)

ζ − z
dζ.

Therefore we can obtainˆ
Cr2

f(ζ)

ζ − z
dζ −

ˆ
Cr1

f(ζ)

ζ − z
dζ =

ˆ
Cε

f(ζ)

ζ − z
dζ = 2πif(z)

by Cauchy’s integral formula. Thus we have

f(z) =
1

2πi

ˆ
Cr2

f(ζ)

ζ − z
dζ − 1

2πi

ˆ
Cr1

f(ζ)

ζ − z
dζ

=
∞∑
n=0

an(z − z0)
n +

∞∑
m=0

a−m−1(z − z0)
−m−1 =

∞∑
n=−∞

an(z − z0)
n

where the coefficients are given by

an =
1

2πi

ˆ
Cr2

f(ζ)

(ζ − z0)n+1
dζ, a−m−1 =

1

2πi

ˆ
Cr1

f(ζ)(ζ − z0)
mdζ.

To prove absolute convergence in the interior of the annulus, choose numbers ρ1, ρ2 such that r1 <
ρ1 < |z − z0| < ρ2 < r2. Let M2 = maxζ∈Cr2

|f(ζ)|,M1 = maxζ∈Cr1
|f(ζ)|. Since the length of Cr2

is 2πr2, we can obtain

|an| ⩽
1

2π

ˆ
Cr2

|f(ζ)|
|ζ − z0|n+1

|dζ| ⩽ 1

2π
· 2πr2 ·

M2

rn+1
2

=
M2

rn2
.

|an(z − z0)
n| ⩽M2

(
|z − z0|
r2

)n
⩽M2

(
ρ2
r2

)n
.

Since ρ2/r2 < 1,
∑∞

n=0 an(z − z0)
n converges absolutely. Similarly, we have

|a−m−1| ⩽
1

2π

ˆ
Cr1

|f(ζ)| |ζ − z0|m |dζ| ⩽ 1

2π
· 2πr1 ·M1r

m
1 =M1r

m+1
1 .

|a−m−1(z − z0)
−m−1| ⩽M1

(
r1

|z − z0|

)m+1

⩽M1

(
r1
ρ1

)m+1

.

Since r1/ρ1 < 1,
∑∞

m=0 a−m−1(z − z0)
−m−1 also converges absolutely. Combining the two parts, we

conclude that the series
∑∞

n=−∞ an(z − z0)
n converges absolutely in the interior of the annulus.

Assignment 7.3 (Exercise 4.4.1)
Suppose f is continuous and of moderate decrease, and f̂(ξ) = 0 for all ξ ∈ R. Show that f =

0 by completing the following outline:
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♠

(a) For each fixed real number t consider the two functions

A(z) =

ˆ t

−∞
f(x)e−2πiz(x−t)dx and B(z) = −

ˆ ∞

t

f(x)e−2πiz(x−t)dx.

Show that A(ξ) = B(ξ) for all ξ ∈ R.
(b) Prove that the function F equal to A in the closed upper half-plane, and B in the lower
half-plane, is entire and bounded, thus constant. In fact, show that F = 0.
(c) Deduce that ˆ t

−∞
f(x)dx = 0,

for all t, and conclude that f = 0.

Proof (a) For ξ ∈ R we have

A(ξ)− B(ξ) =

ˆ ∞

−∞
f(x)e−2πiξ(x−t)dx = e2πiξtf̂(ξ) = 0.

Hence A(ξ) = B(ξ) for all ξ ∈ R.
(b) Since A and B are holomorphic in the upper and lower half-planes respectively and agree on the
real axis, the function F (z) is entire by the symmetry principle. Since f is of moderate decrease, there
is a constant C > 0 such that |f(x)| ⩽ C/(1 + x2) for all x ∈ R. If Im z ⩾ 0, we have

|A(z)| ⩽
ˆ t

−∞
|f(x)|e2π Im(z)(x−t)dx ⩽

ˆ t

−∞

C

1 + x2
dx ⩽ πC.

Similarly, if Im z < 0, we have

|B(z)| ⩽
ˆ ∞

t

|f(x)|e2π Im(z)(x−t)dx ⩽
ˆ ∞

t

C

1 + x2
dx ⩽ πC.

Thus F is a bounded entire function, hence constant by Liouville’s theorem. Now for s > 0, we have

A(is) =

ˆ t

−∞
f(x)e2πs(x−t)dx→ 0 (s→ +∞)

by DCT. Since F is constant, it follows that F ≡ 0.
(c) Since F (0) = 0, we have

0 = A(0) =

ˆ t

−∞
f(x)dx ≜ H(t)

for all t ∈ R. Then H(t) ≡ 0. Since f is continuous, H ′(t) = f(t) = 0 for all t ∈ R, so f = 0.

Assignment 7.4 (Exercise 4.4.2)

♠

If f ∈ Fa with a > 0, then for any positive integer n one has f (n) ∈ Fb whenever 0 < b < a.
[Hint: Modify the solution to Exercise 8 in Chapter 2.]

Proof Fix b with 0 < b < a, and let r = a − b > 0. It is clear that f (n) is holomorphic in the strip
Sb. Thus only the condition (ii) needs to be checked. Let z = x+ iy with x, y ∈ R and |y| < b. Then
B(z, r) lies in the strip Sa. By the Cauchy inequalities, we have

|f (n)(z)| ⩽ n!

rn
sup

|ζ−z|=r
|f(ζ)|.

Since f ∈ Fa, there is a constant A > 0 such that |f(x+ iy)| ⩽ A/(1+ x2) for all x ∈ R and |y| < a.
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Therefore

|f (n)(x+ iy)| ⩽ n!A

rn
sup

θ∈[0,2π]

1

1 + (x+ r cos θ)2
=
n!A

rn
· 1

1 + (|x| − r)2
.

Now, since we have
1 + x2

1 + (|x| − r)2
→ 1 (|x| → ∞),

so there exists a constant C > 0 such that 1 + (|x| − r)2 ⩾ C(1 + x2) for all x ∈ R. Hence

|f (n)(x+ iy)| ⩽ n!A

Crn
· 1

1 + x2

for all x ∈ R and |y| < b. Thus for any positive integer n, we have f (n) ∈ Fb whenever 0 < b < a.

Assignment 7.5 (Exercise 4.4.3)

♠

Show, by contour integration, that if a > 0 and ξ ∈ R then
1

π

ˆ ∞

−∞

a

a2 + x2
e−2πixξdx = e−2πa|ξ|,

and check that ˆ ∞

−∞
e−2πa|ξ|e2πiξxdξ =

1

π
· a

a2 + x2
.

Proof Assume that ξ ⩽ 0 WLOG. The case ξ = 0 is immediate. Now let ξ < 0, define

f(z) =
a

a2 + z2
e−2πizξ.

and consider the standard upper semicircular contour γ = γ1∪γ2 of radiusR > a > 0. The only pole
in the upper half-plane is at z = ai, and it is simple. Thus

Res(f, ai) = lim
z→ai

a

z + ai
e−2πizξ =

1

2i
e2πaξ.

Hence by the residue formula, we haveˆ
γ

f(z)dz = 2πiRes(f, ai) = πe2πaξ = πe−2πa|ξ|.

On γ2, write z = Reiθ, 0 ⩽ θ ⩽ π. Since ξ < 0, |e−2πizξ| = e2πRξ sin θ ⩽ 1, so for R > a, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

aR

R2 − a2
dθ =

πaR

R2 − a2
→ 0 (R → +∞).

Therefore we can obtain
1

π

ˆ ∞

−∞

a

a2 + x2
e−2πixξdx =

1

π
· πe−2πa|ξ| = e−2πa|ξ|.

For the second equality, by Lemma 2.3 of the textbook, we haveˆ ∞

−∞
e−2πa|ξ|e2πiξxdξ

=

ˆ 0

−∞
e2π(a+ix)ξdξ +

ˆ ∞

0

e−2π(a−ix)ξdξ =

ˆ ∞

0

e−2π(a+ix)ξdξ +

ˆ ∞

0

e−2π(a−ix)ξdξ

=
1

2π(a+ ix)
+

1

2π(a− ix)
=

1

π
· a

a2 + x2
.

Therefore, we have proved the two required equalities, as desired.
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Assignment 7.6 (Exercise 4.4.4)

♠

Suppose Q is a polynomial of degree ⩾ 2 with distinct roots, none lying on the real axis. Cal-
culate ˆ ∞

−∞

e−2πixξ

Q(x)
dx, ξ ∈ R

in terms of the roots of Q. What happens when several roots coincide?
[Hint: Consider separately the cases ξ < 0, ξ = 0, and ξ > 0. Use residues.]

Proof Let U be the set of roots of Q in the upper half-plane and L the set of roots of Q in the lower
half-plane. Assume first that ξ ⩽ 0. Let

f(z) =
e−2πizξ

Q(z)

and consider the standard upper semicircular contour γ = γ1 ∪ γ2 of radius R > R0 > 0, where R0

is large enough that |Q(z)| ⩾ C|z|2 for some constant C > 0 and all |z| ⩾ R0 (since degQ ⩾ 2),
and all the roots of Q(z) are contained in B(0, R0). The poles in the upper half-plane are precisely
the points in U , and they are all simple since the roots are distinct. Thus

Res(f, α) =
e−2πiαξ

Q′(α)
for all α ∈ U.

Hence by the residue formula, we haveˆ
γ

f(z)dz = 2πi
∑
α∈U

Res(f, α) = 2πi
∑
α∈U

e−2πiαξ

Q′(α)
.

On γ2, write z = Reiθ, 0 ⩽ θ ⩽ π. Since ξ ⩽ 0, |e−2πizξ| = e2πRξ sin θ ⩽ 1, so for R ⩾ R0, we have∣∣∣∣ˆ
γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

R

CR2
dθ =

π

CR
→ 0 (R → +∞).

Therefore we can obtainˆ ∞

−∞

e−2πixξ

Q(x)
dx = lim

R→+∞

ˆ
γ

f(z)dz = 2πi
∑
α∈U

Res(f, α) = 2πi
∑
α∈U

e−2πiαξ

Q′(α)
, ξ ⩽ 0.

If ξ ⩾ 0, consider the polynomial Q(−x) and substitute −x for x. Then we haveˆ ∞

−∞

e−2πixξ

Q(x)
dx = −2πi

∑
β∈L

e−2πiβξ

Q′(β)
, ξ ⩾ 0.

If several roots coincide, the same contour argument still works, but the residues at poles of higher
order are computed by higher derivatives.

Assignment 7.7 (Exercise 4.4.5)
More generally, letR(x) = P (x)/Q(x) be a rational function with (degree Q) ⩾ (degree P )+2

and Q(x) 6= 0 on the real axis.
(a) Prove that if α1, · · · , αk are the roots of Q in the upper half-plane, then there exists poly-
nomials Pj(ξ) of degree less than the multiplicity of αj so thatˆ ∞

−∞
R(x)e−2πixξdx =

k∑
j=1

Pj(ξ)e
−2πiαjξ, when ξ < 0.
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♠

(b) In particular, if Q(z) has no zeros in the upper half-plane, thenˆ ∞

−∞
R(x)e−2πixξdx = 0 for ξ < 0.

(c) Show that similar results hold in the case ξ > 0.
(d) Show that ˆ ∞

−∞
R(x)e−2πixξdx = O(e−a|ξ|), ξ ∈ R

as |ξ| → ∞ for some a > 0. Determine the best possible a’s in terms of the roots of R.
[Hint: For part (a), use residues. The powers of ξ appear when one differentiates the function
f(z) = R(z)e−2πizξ (as in the formula of Theorem 1.4 in the previous chapter). For part (c)
argue in the lower half-plane.]

Proof (a) When ξ < 0, let f(z) = R(z)e−2πizξ and consider the standard upper semi-circular contour
γ = γ1 ∪ γ2 of radius ρ > R0 > 0, where R0 is large enough that |R(z)| ⩽ C/|z|2 for some constant
C > 0 and all |z| ⩾ R0 (since degQ ⩾ degP + 2), and all the roots of Q(z) in the upper half-plane
are contained in B(0, R0). On γ2, write z = ρeiθ, 0 ⩽ θ ⩽ π. Since ξ < 0, |e−2πizξ| = e2πρξ sin θ ⩽ 1,
so for ρ ⩾ R0, we can obtain∣∣∣∣ˆ

γ2

f(z)dz

∣∣∣∣ ⩽ ˆ π

0

Cρ

ρ2
dθ =

Cπ

ρ
→ 0 (ρ→ +∞).

Hence by the residue formula, we haveˆ ∞

−∞
R(x)e−2πixξdx = lim

ρ→+∞

ˆ
γ

f(z)dz = 2πi
k∑
j=1

Res(f, αj).

If αj has multiplicity mj , write

R(z) =

mj∑
l=1

cj,l
(z − αj)l

+ hj(z)

where hj is holomorphic near αj . Therefore Res(f, αj) is of the form Qj(ξ)e
−2πiαjξ, where Qj is a

polynomial of degree ⩽ mj − 1. Let Pj(ξ) = 2πiQj(ξ), degPj < mj , then we have
ˆ ∞

−∞
R(x)e−2πixξdx =

k∑
j=1

Pj(ξ)e
−2πiαjξ, ξ < 0.

(b) If Q(z) has no zeros in the upper half-plane, the sum in (a) is empty, so the integral is 0 for ξ < 0.
(c) For ξ > 0, consider the standard lower semicircular contour γ̃ = γ̃1 ∪ γ̃2 of radius ρ > R0 > 0.
The same argument gives ˆ ∞

−∞
R(x)e−2πixξdx =

∑
β∈L

P̃β(ξ)e
−2πiβξ, ξ > 0

where L is the set of roots ofQ in the lower half-plane and deg P̃β is less than the multiplicity of β for
every β ∈ L. Hence the similar results hold in the case ξ > 0.
(d) Let δ+ = min{Imα : α is a pole of R, Imα > 0}, δ− = min{− Im β : β is a pole of R, Im β <

0}. For ξ < 0, (a) shows that the integral is a finite sum of terms Pj(ξ)e−2πiαjξ, whose absolute values

46



are bounded by C(1 + |ξ|N)e−2πδ+|ξ|. Henceˆ ∞

−∞
R(x)e−2πixξdx = O(e−a|ξ|) (ξ → −∞)

for every 0 < a < 2πδ+. Similarly, for ξ > 0 we obtain the same estimate for every 0 < a < 2πδ−.
Therefore, for ξ ∈ R, as |ξ| → ∞, we haveˆ ∞

−∞
R(x)e−2πixξdx = O(e−a|ξ|)

for every 0 < a < 2πmin(δ+, δ−). Since the poles nearest to the real axis determine the dominant
exponential decay, the best possible a is 2πmin(δ+, δ−)

−. Moreover, if all poles ofR are simple, then
this supremum is attained.
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Chapter 8 Homework 8

Assignment 8.1 (Exercise 4.4.7)

♠

The Poisson summation formula applied to specific examples often provides interesting iden-
tities.
(a) Let τ be fixed with Im(τ) > 0. Apply the Poisson summation formula to

f(z) = (τ + z)−k,

where k is an integer ⩾ 2, to obtain
∞∑

n=−∞

1

(τ + n)k
=

(−2πi)k

(k − 1)!

∞∑
m=1

mk−1e2πimτ .

(b) Set k = 2 in the above formula to show that if Im(τ) > 0, then
∞∑

n=−∞

1

(τ + n)2
=

π2

sin2(πτ)
.

(c) Can one conclude that the above formula holds true whenever τ is any complex number that
is not an integer?
[Hint: For (a), use residues to prove that f̂(ξ) = 0, if ξ < 0, and

f̂(ξ) =
(−2πi)k

(k − 1)!
ξk−1e2πiξτ , when ξ > 0.]

Proof (a) We compute the Fourier transform of f first. For ξ ⩽ 0, we have

f̂(ξ) =

ˆ ∞

−∞
(τ + x)−ke−2πixξdx.

Consider the standard upper semicircular contour γ = γ1 ∪ γ2 of radius R > |τ | > 0. Since −τ lies
in the lower half-plane, the integrand is holomorphic in the upper half-plane. And on γ2, we have∣∣∣∣ˆ

γ2

(τ + z)−ke−2πizξdz

∣∣∣∣ ⩽ ˆ π

0

Re2πRξ sin θ

(R− |τ |)k
dθ ⩽ πR

(R− |τ |)k
→ 0 (R → +∞)

since ξ ⩽ 0 and k ⩾ 2. Hence f̂(ξ) = 0 for ξ ⩽ 0. If ξ > 0, consider the standard lower semicircular
contour γ̃ = γ̃1 ∪ γ̃2 of radius R > |τ | > 0 (anticlockwise). Then the only pole inside is at z = −τ ,
and it has order k. The residue at −τ is

Res
(
(τ + z)−ke−2πizξ,−τ

)
=

1

(k − 1)!

dk−1

dzk−1
e−2πizξ

∣∣∣∣
z=−τ

=
(−2πiξ)k−1

(k − 1)!
e2πiξτ .

Similarly, the integral over γ̃2 tends to 0 as R → +∞. Because the contour is anticlockwise, we get

f̂(ξ) = −2πiRes
(
(τ + z)−ke−2πizξ,−τ

)
=

(−2πi)k

(k − 1)!
ξk−1e2πiξτ , ξ > 0.

Since f ∈ F, the Poisson summation formula gives
∞∑

n=−∞

1

(τ + n)k
=
∑
m∈Z

f̂(m) =
(−2πi)k

(k − 1)!

∞∑
m=1

mk−1e2πimτ .

The equality obtained above is precisely the desired identity.



(b) Setting k = 2, we obtain
∞∑

n=−∞

1

(τ + n)2
= −4π2

∞∑
m=1

me2πimτ .

Now |e2πiτ | = e−2π Im(τ) < 1, so we have
∞∑
m=1

me2πimτ =
1

2πi

∂

∂τ

(
∞∑
m=1

e2πimτ

)
=

1

2πi

∂

∂τ

(
e2πiτ

1− e2πiτ

)
=

e2πiτ

(1− e2πiτ )2
.

Since 1− e2πiτ = −2ieπiτ sin(πτ), we can obtain
e2πiτ

(1− e2πiτ )2
= − 1

4 sin2(πτ)
⇒

∞∑
n=−∞

1

(τ + n)2
=

π2

sin2(πτ)
.

(c) Both sides are holomorphic functions of τ on C \ Z. Since they agree on the open set Im(τ) > 0,
the Corollary 4.9 of Chapter 2 implies that they agree for all τ ∈ C \ Z.

Assignment 8.2 (Exercise 4.4.8)

♠

Suppose f̂ has compact support contained in [−M,M ] and let f(z) =
∑∞

n=0 anz
n. Show that

an =
(2πi)n

n!

ˆ M

−M
f̂(ξ)ξndξ,

and as a result

lim sup
n→∞

(n!|an|)1/n ⩽ 2πM.

In the converse direction, let f be any power series f(z) =
∑∞

n=0 anz
n with

lim sup
n→∞

(n!|an|)1/n ⩽ 2πM.

Then, f is holomorphic in the complex plane, and for every ε > 0 there exists Aε > 0 such that

|f(z)| ⩽ Aεe
2π(M+ε)|z|.

Proof Since f̂ has compact support contained in [−M,M ], by Fourier inversion formula, we have

f(z) =

ˆ M

−M
f̂(ξ)e2πizξdξ.

Expanding the exponential into its power series and interchanging sum and integral, we obtain

f(z) =
∞∑
n=0

(2πiz)n

n!

ˆ M

−M
f̂(ξ)ξndξ.

an =
(2πi)n

n!

ˆ M

−M
f̂(ξ)ξndξ ⇒ |an| ⩽

(2π)n

n!
‖f̂‖L1([−M,M ])M

n.

Therefore (n!|an|)1/n ⩽ 2πM‖f̂‖1/nL1([−M,M ]). Lettingn→ ∞, we get lim supn→∞(n!|an|)1/n ⩽ 2πM .
Conversely, suppose f(z) =

∑∞
n=0 anz

n satisfies lim supn→∞(n!|an|)1/n ⩽ 2πM . Fix ε > 0. Then
for all sufficiently large nwe have n!|an| ⩽ (2π(M+ε))n, and after multiplying the RHS by a constant
if necessary, this holds for all n. That is, there exists Aε > 0 such that

|f(z)| ⩽ Aε

∞∑
n=0

(2π(M + ε)|z|)n

n!
= Aεe

2π(M+ε)|z|.

In particular, the radius of convergence is +∞ since limn→∞(n!)1/n = +∞, so f is entire.
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Assignment 8.3 (Exercise 4.4.9)

♠

Here are further results similar to the Phragmén-Lindelöf theorem.
(a) Let F be a holomorphic function in the right half-plane that extends continuously to the
boundary, that is, the imaginary axis. Suppose that |F (iy)| ⩽ 1 for all y ∈ R, and

|F (z)| ⩽ Cec|z|
γ

for some c, C > 0 and γ < 1. Prove that |F (z)| ⩽ 1 for all z in the right half-plane.
(b) More generally, let S be a sector whose vertex is the origin, and forming an angle of π/β.
Let F be a holomorphic function in S that is continuous on the closure of S, so that |F (z)| ⩽ 1

on the boundary of S and

|F (z)| ⩽ Cec|z|
α for all z ∈ S

for some c, C > 0 and 0 < α < β. Prove that |F (z)| ⩽ 1 for all z ∈ S.

Proof We only need to prove (b), since (a) is the special case of (b) when β = 1 and S is the right
half-plane. Let Fε(z) = F (z)e−εz

r , where r ∈ (α, β)∩Q and ε > 0. After a rotation, we may assume

S =

{
z ∈ C : − π

2β
< arg z <

π

2β

}
.

Then r arg z ∈ (−π/2, π/2) for z ∈ S, so cos(r arg z) > 0. Hence |Fε(z)| = |F (z)|e−ε|z|r cos(r arg z) ⩽
Cec|z|

α−ε|z|r cos(r arg z). Since r > α, we have |Fε(z)| → 0 as |z| → +∞ in S. If Fε is constant, then
Fε = F = 0. If not, then by the maximum modulus principle, the maximum of |Fε| is attained on ∂S.
But on ∂S we have |F (z)| ⩽ 1, while cos(r arg z) > 0, so |Fε(z)| ⩽ 1 for all z ∈ S. Letting ε→ 0+,
we obtain |F (z)| ⩽ 1 for all z ∈ S. This proves (b). As noted above, (a) follows by letting β = 1 and
S be the right half-plane. So we are done.

Assignment 8.4 (Exercise 4.4.10)

♠

This exercise generalizes some of the properties of e−πx2 related to the fact that it is its own
Fourier transform.
Suppose f(z) is an entire function that satisfies

|f(x+ iy)| ⩽ ce−ax
2+by2

for some a, b, c > 0. Let

f̂(ζ) =

ˆ ∞

−∞
f(x)e−2πixζdx.

Then, f̂ is an entire function of ζ that satisfies

|f̂(ξ + iη)| ⩽ c′e−a
′ξ2+b′η2

for some a′, b′, c′ > 0.
[Hint: To prove f̂(ξ) = O(e−a

′ξ2), assume ξ > 0 and change the contour of integration to x− iy
for some y > 0 fixed, and −∞ < x <∞. Then

f̂(ξ) = O(e−2πyξeby
2

).

Finally, choose y = dξ where d is a small constant.]
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Proof We first show that f̂ extends to an entire function. For ζ = ξ + iη, we have

f̂(ζ) =

ˆ ∞

−∞
f(x)e−2πixζdx =

ˆ ∞

−∞
f(x)e−2πixξe2πxηdx.

Since |f(x)| ⩽ ce−ax
2 on the real axis, for ζ = ξ + iη in any compact subset of C, the integrand and

all its derivatives with respect to ζ are dominated by integrable functions. Hence we can interchange
differentiation and integration, thus f̂ is entire. Now fix ξ ∈ R, we choose y = dξ, where d > 0 is
sufficiently small such that bd2 < 2πd. Then Cauchy’s theorem allows us to change the contour of
integration from R to R− iy by taking the rectangle contour. Therefore

f̂(ξ + iη) =

ˆ ∞

−∞
f(x− iy)e−2πi(x−iy)(ξ+iη)dx.

Hence

|f̂(ξ + iη)| ⩽ c

ˆ ∞

−∞
e−ax

2+by2e2πxη−2πyξdx = ceby
2−2πyξ

ˆ ∞

−∞
e−a(x−

πη
a )

2
+π2

a
η2dx.

Since y = dξ and bd2 < 2πd, we have by2−2πyξ = (bd2−2πd)ξ2 ≜ −a′ξ2. Therefore, let b′ = π2/a,
we have |f̂(ξ + iη)| ⩽ c′e−a

′ξ2+b′η2 for some a′, b′, c′ > 0.

Assignment 8.5 (Exercise 4.4.11)

♠

One can give a neater formulation of the result in Exercise 10 by proving the following fact.
Suppose f(z) is an entire function of strict order 2, that is,

f(z) = O(ec1|z|
2

)

for some c1 > 0. Suppose also that for x real,

f(x) = O(e−c2|x|
2

)

for some c2 > 0. Then

|f(x+ iy)| = O(e−ax
2+by2)

for some a, b > 0. The converse is obviously true.

Proof Suppose |f(z)| ⩽ C1e
c1|z|2 for all z ∈ C, |f(x)| ⩽ C2e

−c2x2 for all x ∈ R, where C1, C2 > 0.
Choose θ ∈ (0, π/2) and fix A ∈ (0, c2). Let S+ = {z ∈ C : 0 < arg z < θ}. Choose B > 0 so large
that c1+A cos(2θ)−B sin(2θ) < 0. Consider F (z) = f(z)e(A+iB)z2 on S+. On the positive real axis
we have |F (x)| = |f(x)|eAx2 ⩽ C2e

−(c2−A)x2 ⩽ C2. On the ray z = reiθ, using the growth assumption
on f , we get |F (reiθ)| ⩽ C1e

c1r2+Re((A+iB)e2iθ)r2 = C1e
(c1+A cos(2θ)−B sin(2θ))r2 ⩽ C1. Moreover, F has

an order of growth 2, while the angle of S+ is θ < π/2. Hence 2 < π/θ, then by Assignment 8.3, F
is bounded in S+. Therefore, for z = x+ iy ∈ S+, |f(z)| ⩽ Ce−Re((A+iB)z2) = Ce−A(x

2−y2)+2Bxy ⩽
Ce−Ax

2+Ay2+2B|xy| ⩽ Ce−Ax
2/2+(A+2B2/A)y2 . The same argument, with B replaced by −B, gives the

same type of estimate in the sector S− = {z ∈ C : −θ < arg z < 0}. Then, applying the argument
above to f(−z) gives the same estimate in the two sectors around the negative real axis. So there
exist a0, b0, C0 > 0 such that |f(x + iy)| ⩽ C0e

−a0x2+b0y2 when z = x + iy lies in {| arg z| < θ}
or {| arg z − π| < θ}. It remains to consider the complement of these sectors. There we have |y| ⩾
(tan θ)|x|. Using the global growth estimate, |f(x+ iy)| ⩽ C1e

c1x2+c1y2 . Choose b1 > 0 so large that
(b1 − c1)y

2 ⩾ (c1 + a0)x
2 when |y| ⩾ (tan θ)|x|. Then on the complement of these sectors, we have
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c1x
2 + c1y

2 ⩽ −a0x2 + b1y
2, and hence |f(x + iy)| ⩽ C1e

−a0x2+b1y2 . Combining all the estimates,
we obtain |f(x+ iy)| = O(e−ax

2+by2) for some a, b > 0. The converse is obviously true.

Assignment 8.6 (Exercise 4.4.12)

♠

The principle that a function and its Fourier transform cannot both be too small at infinity is
illustrated by the following theorem of Hardy.
If f is a function on R that satisfies

f(x) = O(e−πx
2

) and f̂(ξ) = O(e−πξ
2

),

then f is a constant multiple of e−πx2 . As a result, if f(x) = O(e−πAx
2
), and f̂(ξ) = O(e−πBξ

2
),

with AB > 1 and A,B > 0, then f is identically zero.
(a) If f is even, show that f̂ extends to an even entire function. Moreover, if g(z) = f̂(z1/2),
then g satisfies

|g(x)| ⩽ ce−πx and |g(z)| ⩽ ceπR sin2(θ/2) ⩽ ceπ|z|

when x ∈ R and z = Reiθ with R ⩾ 0 and θ ∈ R.
(b) Apply the Phragmén-Lindelöf principle to the function

F (z) = g(z)eγz where γ = iπ
e−iπ/(2β)

sin(π/(2β))

and the sector 0 ⩽ θ ⩽ π/β < π, and let β → 1+ to deduce that eπzg(z) is bounded in the
closed upper half-plane. The same result holds in the lower half-plane, so by Liouville’s theorem
eπzg(z) is constant, as desired.
(c) If f is odd, then f̂(0) = 0, and apply the above argument to f̂(z)/z to deduce that f = f̂ = 0.
Finally, write an arbitrary f as an appropriate sum of an even function and an odd function.

Proof (a) Assume that f is even. Then we have

f̂(ξ) =

ˆ ∞

−∞
f(x)e−2πixξdx = 2

ˆ ∞

0

f(x) cos(2πxξ)dx,

so f̂ is even on R. Since f(x) = O(e−πx
2
), the proof of Assignment 8.4 shows that f̂ extends to an

even entire function. Thus its Taylor expansion at 0 contains only even powers. Hence there is an entire
function g such that g(z) = f̂(z1/2). ∀x ⩾ 0, since f̂(ξ) = O(e−πξ

2
), we obtain |g(x)| = |f̂(x1/2)| ⩽

ce−πx, where c > 0. On the other hand, from the integral definition of f̂ , if ζ = ξ + iη, then

|f̂(ζ)| ⩽ c

ˆ ∞

−∞
e−πx

2

e2πxηdx = c

ˆ ∞

−∞
e−π(x−η)

2

eπη
2

dx = ceπη
2

.

Now let z = Reiθ with R ⩾ 0 and θ ∈ R, let ζ = z1/2 =
√
Reiθ/2. Then (Im ζ)2 = R sin2(θ/2), thus

we have |g(z)| = |f̂(ζ)| ⩽ ceπR sin2(θ/2) ⩽ ceπ|z|. This proves the required estimates.
(b) Now fix β > 1 and consider the sector 0 ⩽ θ ⩽ π/β < π. Define

F (z) = g(z)eγz, where γ = iπ
e−iπ/(2β)

sin(π/(2β))
.

On the boundary ray θ = 0, we have |g(x)| ⩽ ce−πx and Re(γx) = πx, hence |F (x)| ⩽ c. On the
other boundary ray θ = π/β, the choice of γ gives Re(γz) = −π|z|. Together with |g(z)| ⩽ ceπ|z|,
we obtain |F | ⩽ c on both boundary rays. Inside the sector, F (z) has an order of growth ⩽ 1, Since
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β > 1, the Phragmén-Lindelöf principle (Assignment 8.3) implies that F is bounded in the sector.
Letting β → 1+, we deduce that eπzg(z) is bounded in the closed upper half-plane. The same result
holds in the lower half-plane, so by Liouville’s theorem, eπzg(z) is constant. Therefore g(z) = Ce−πz,
and hence f̂(ξ) = g(ξ2) = Ce−πξ

2 . Taking the inverse Fourier transform gives f(x) = Ce−πx
2 .

(c) If f is odd. Then f̂ is odd, then f̂(0) = 0. Thus h(z) = f̂(z)/z has a removable singularity at
0, so it extends to an entire function. Moreover, h is even. Since f̂(ξ) = O(e−πξ

2
) on R, we also

have h(ξ) = O(e−πξ
2
) as |ξ| → ∞, and h is bounded near 0. Hence |h(ξ)| ⩽ Ce−πξ

2 for all ξ ∈ R,
where C ⩾ 0. Now define G(z) = h(z1/2), which is entire since h is even. For any x ⩾ 0, we have
|G(x)| = |h(x1/2)| ⩽ Ce−πx. Also, from the estimate |f̂(ζ)| ⩽ Ceπ(Im ζ)2 obtained in (a), and since
the singularity of h(z) at 0 is removable, after enlarging the constant we get |h(ζ)| ⩽ C ′eπ(Im ζ)2 . So for
z = Reiθ and ζ = z1/2 =

√
Reiθ/2, we obtain |G(z)| = |h(ζ)| ⩽ C ′eπR sin2(θ/2) ⩽ C ′eπ|z|. Hence by

(b), we have eπzG(z) is constant. Hence G(z) = C ′′e−πz, so h(z) = C ′′e−πz
2 , and f̂(ξ) = C ′′ξe−πξ

2 .
Taking the inverse Fourier transform gives f(x) = C̃xe−πx

2 . But f(x) = O(e−πx
2
), so C̃ must be 0.

Hence we obtain f = f̂ = 0.
Finally, for an arbitrary f , we write f = fe + fo, where fe(x) = (f(x) + f(−x))/2 and fo(x) =

(f(x)− f(−x))/2. Then fe is even and fo is odd, and both parts satisfy the same decay assumptions.
Then by (a), (b) and (c), we have fe(x) = Ce−πx

2 and fo ≡ 0. Hence f(x) = Ce−πx
2 , as desired.

To prove the last assertion, assume that f(x) = O(e−πAx
2
) and f̂(ξ) = O(e−πBξ

2
), with AB > 1

and A,B > 0. Let h(x) = f(x/
√
A). Then h(x) = O(e−πx

2
). Moreover, by the change of variables

u = x/
√
A, we have ĥ(ξ) =

√
A f̂(

√
Aξ), hence ĥ(ξ) = O(e−πABξ

2
) = O(e−πξ

2
), since AB > 1.

By the result already proved, h(x) = Ce−πx
2 , so f(x) = Ce−πAx

2 . Therefore f̂(ξ) = CA−1/2e−πξ
2/A.

If C 6= 0, then this is not O(e−πBξ2), since B > 1/A. Hence C = 0 and f ≡ 0.

Assignment 8.7 (Exercise 5.6.1)

♠

Give another proof of Jensen’s formula in the unit disc using the functions (called Blaschke
factors)

ψα(z) =
α− z

1− αz
.

[Hint: The function f/(ψz1 · · ·ψzN ) is nowhere vanishing.]

Proof Let Ω be an open set that contains DR, and let f be holomorphic in Ω, with f(0) 6= 0 and f
vanishes nowhere on CR. Let z1, · · · , zN be the zeros of f in DR, counted with multiplicities. First,
by setting f̃(z) = f(Rz), we can assume R = 1 WLOG. Let g(z) = f(z)/(ψz1(z) · · ·ψzN (z)). Since
each factor ψzj has a simple zero at zj , each zj is a removable singularity. Then g is holomorphic in
Ω and has no zeros in D. By the same argument as in the textbook, the mean-value property gives

log |g(0)| = 1

2π

ˆ 2π

0

log |g(eiθ)|dθ.

Now |ψzj(eiθ)| = 1 for every θ ∈ R, and ψzj(0) = zj . Hence we have

log |ψzj(0)| = log |zj| = log |zj|+
1

2π

ˆ 2π

0

log |ψzj(eiθ)|dθ.

Now note that if two functions satisfy the hypotheses and the conclusion, then so does their product.
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Hence we can obtain Jensen’s formula since f(z) = ψz1(z) · · ·ψzN (z)g(z).

Assignment 8.8 (Exercise 5.6.2)

♠

Find the order of growth of the following entire functions:
(a) p(z) where p is a polynomial.
(b) ebzn for b 6= 0.
(c) eez .

Solution (a) For every ρ > 0, we have |p(z)| ⩽ AeB|z|ρ for all z ∈ C and some A,B > 0 since p is a
polynomial. So the order of growth of p is 0.
(b) Let f(z) = ebz

n , where b 6= 0. Since |f(z)| = eRe(bzn) ⩽ e|b||z|
n , the order of growth of f is at most

n. Conversely, choose θ such that beinθ = |b|. Then along z = reiθ, we have |f(z)| = e|b|r
n . So the

order of growth of f(z) = ebz
n is n.

(c) Let f(z) = ee
z . Along the positive real axis, we have |f(r)| = ee

r . Now for any ρ > 0, if f had an
order of growth at most ρ, then eer ⩽ AeBr

ρ for some A,B > 0, which is impossible as r → +∞. So
the order of growth of f(z) = ee

z is ∞.

Assignment 8.9 (Exercise 5.6.3)

♠

Show that if τ is fixed with Im(τ) > 0, then the Jacobi theta function

Θ(z|τ) =
∞∑

n=−∞

eπin
2τe2πinz

is of order 2 as a function of z. Further properties of Θ will be studied in Chapter 10.
[Hint: −n2t+ 2n|z| ⩽ −n2t/2 when t > 0 and n ⩾ 4|z|/t.]

Proof We first show that the order of growth is at most 2. Write τ = s+ it with t > 0. Then

|Θ(z|τ)| ⩽
∞∑

n=−∞

∣∣∣eπin2τe2πinz
∣∣∣ ⩽ ∞∑

n=−∞

e−πn
2t+2π|n||z| = −1 + 2

∞∑
n=0

e−πn
2t+2πn|z|.

Split the sum into n < 4|z|/t and n ⩾ 4|z|/t. If n < 4|z|/t, then 2πn|z| ⩽ 8π|z|2/t. If n ⩾ 4|z|/t,
then −n2t + 2n|z| ⩽ −n2t/2. Hence we have |Θ(z|τ)| ⩽ C1e

8π
t
|z|2 + C2 ⩽ CeA|z|

2 . Thus the order
of growth of Θ(z|τ) is at most 2. Then we use the quasi-periodicity of Θ(z|τ) to prove that the order
of growth is at least 2, we have Θ(z +mτ |τ) = e−πim

2τ−2πimzΘ(z|τ), where m ∈ Z. Setting z = 0

and taking absolute values, we obtain |Θ(mτ |τ)| = eπm
2t|Θ(0|τ)| = AeB|mτ |2 . Therefore the order

of growth cannot be smaller than 2. Hence Θ(z|τ) is of order 2 as a function of z.

Assignment 8.10 (Exercise 5.6.4)
Let t > 0 be given and fixed, and define F (z) by

F (z) =
∞∏
n=1

(
1− e−2πnte2πiz

)
.

Note that the product defines an entire function of z.
(a) Show that |F (z)| ⩽ Aea|z|

2 , hence F has an order of growth ⩽ 2.
(b) F vanishes exactly when z = −int + m for n ⩾ 1 and n,m integers. Thus, if zn is an
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♠

enumeration of these zeros we have∑ 1

|zn|2
= ∞ but

∑ 1

|zn|2+ε
<∞.

[Hint: To prove (a), write F (z) = F1(z)F2(z) where

F1(z) =
N∏
n=1

(
1− e−2πnte2πiz

)
and F2(z) =

∞∏
n=N+1

(
1− e−2πnte2πiz

)
.

Choose N ≈ c|z| with c appropriately large. Then, since(
∞∑
N+1

e−2πnt

)
e2π|z| ⩽ 1,

one has |F2(z)| ⩽ A. However,∣∣1− e−2πnte2πiz
∣∣ ⩽ 1 + e2π|z| ⩽ 2e2π|z|.

Thus |F1(z)| ⩽ 2Ne2πN |z| ⩽ ec
′|z|2 . Note that a simple variant of the function F arises as a

factor in the triple product formula for the Jacobi theta function Θ, taken up in Chapter 10.]

Proof (a) Given z, choose an integer N such that |z|/t ⩽ N ⩽ |z|/t+ 1, write F (z) = F1(z)F2(z),
where F1(z) =

∏N
n=1(1− e−2πnte2πiz) and F2(z) =

∏∞
n=N+1(1− e−2πnte2πiz). Since N ⩾ |z|/t, we

have e−2π(N+1)t+2π|z| < 1. Therefore

|F2(z)| ⩽
∞∏

n=N+1

(
1 + e−2πnte2π|z|

)
⩽

∞∏
n=N+1

exp
(
e−2πnte2π|z|

)
= exp

(
e−2π(N+1)t+2π|z|

∞∑
m=0

e−2πmt

)
⩽ exp

(
1

1− e−2πt

)
.

For F1, from N ⩽ |z|/t+ 1 we can obtain

|F1(z)| ⩽
N∏
n=1

(
1 + e−2πnte2π|z|

)
⩽ (1 + e2π|z|)N ⩽ (2e2π|z|)N

⩽ 2|z|/t+1e2π|z|(|z|/t+1) = exp

(
log 2 +

(
2π +

log 2

t

)
|z|+ 2π

t
|z|2
)

⩽ exp

((
2π +

t+ 1

t
log 2

)
+

(
2π
t+ 1

t
+

log 2

t

)
|z|2
)
.

So |F (z)| = |F1(z)||F2(z)| ⩽ Aea|z|
2 for some A, a > 0. Hence F has an order of growth ⩽ 2.

(b) By Proposition 3.1 of the textbook, F (z) = 0 exactly when 1 − e−2πnte2πiz = 0 for some n ⩾ 1,
i.e., when z = −int+m with n ⩾ 1 and n,m ∈ Z. If {zn} is an enumeration of these zeros, then∑ 1

|zn|2
=

∞∑
n=1

∞∑
m=−∞

1

m2 + n2t2
⩾

∞∑
n=1

∑
|m|⩽n

1

n2(1 + t2)
=

∞∑
n=1

2n+ 1

n2(1 + t2)
= ∞.

While for every ε > 0, by (a) and Theorem 2.1 of the textbook, we have∑ 1

|zn|2+ε
=

∞∑
n=1

∞∑
m=−∞

1

(m2 + n2t2)1+ε/2
<∞.

Moreover, we obtain that the order of growth of F is exactly 2 by Theorem 2.1 of the textbook.
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Chapter 9 Homework 9

Assignment 9.1 (Exercise 5.6.11)

♠

Show that if f is an entire function of finite order that omits two values, then f is constant. This
result remains true for any entire function and is known as Picard’s little theorem.
[Hint: If f misses a, then f(z)− a is of the form ep(z) where p is a polynomial.]

Proof Suppose that f omits two distinct values a, b. Since f is of finite order and f−a never vanishes,
Hadamard’s factorization theorem implies that f(z)− a = ep(z) for some polynomial p. Since f also
omits b, we have ep(z) 6= b− a for all z ∈ C. If p were nonconstant, then by the fundamental theorem
of algebra there would exist z0 ∈ C such that p(z0) = log(b− a) for a suitable branch value of the
logarithm, equivalently ep(z0) = b− a, a contradiction. Thus p is constant. Therefore f(z) = a+ep(z)

is also constant. So we are done.

Assignment 9.2 (Exercise 5.6.12)

♠

Suppose f is entire and never vanishes, and that none of the higher derivatives of f ever vanish.
Prove that if f is also of finite order, then f(z) = eaz+b for some constants a and b.

Proof Since f is entire, of finite order, and never vanishes, Hadamard’s factorization theorem gives
f(z) = ep(z) for some polynomial p. Then f ′(z) = p′(z)ep(z). By our assumption, f ′ never vanishes,
so p′ never vanishes. Therefore deg p ⩽ 1. Thus p(z) = az + b for some constants a, b ∈ C, and
consequently f(z) = eaz+b. So we are done.

Assignment 9.3 (Exercise 5.6.13)

♠

Show that the equation ez − z = 0 has infinitely many solutions in C.
[Hint: Apply Hadamard’s theorem.]

Proof Define F (z) = ez − z. This is an entire function of order 1. Suppose that F has only finitely
many zeros. By Hadamard’s factorization theorem, we can write F (z) = eaz+bP (z), where P is a
polynomial. On the positive real axis, F (x) = ex − x, so e−xF (x) → 1 as x→ +∞. Hence we have
e(a−1)x+bP (x) → 1 as x → +∞. This forces P to be constant and a = 1. Therefore F (z) = Cez for
some nonzero constant C. But this is impossible, since F (z)/ez = 1− ze−z is not constant. Hence F
must have infinitely many zeros, so the equation ez − z = 0 has infinitely many solutions in C.

Assignment 9.4 (Exercise 5.6.14)

♠

Deduce from Hadamard’s theorem that if F is entire and of growth order ρ that is non-integral,
then F has infinitely many zeros.

Proof Suppose that F has only finitely many zeros. By Hadamard’s factorization theorem, since F is
of finite order, we can write F (z) = eP (z)Q(z), where P and Q are polynomials. If P is nonconstant,
then the order of F is degP , a positive integer. If P is constant, then F is a polynomial, and its order
is 0. In every case, the order of F must be an integer. This contradicts the assumption that the growth



order ρ is non-integral. Therefore F has infinitely many zeros.

Assignment 9.5 (Exercise 5.6.15)

♠

Prove that every meromorphic function inC is the quotient of two entire functions. Also, if {an}
and {bn} are two disjoint sequences having no finite limit points, then there exists a meromorphic
function in the whole complex plane that vanishes exactly at {an} and has poles exactly at {bn}.

Proof Let f be meromorphic in C, and let {pn} be the sequence of poles of f , counted with multi-
plicities. Since f is meromorphic, |pn| → +∞ as n → +∞. Thus by Theorem 4.1 of the textbook,
there exists an entire function g whose zeros are exactly the points {pn}, with the same multiplicities.
Therefore h(z) := f(z)g(z) has removable singularities at each point pn, hence extends to an entire
function. Thus f(z) = h(z)/g(z) is the quotient of two entire functions.

For the second assertion, since {an} and {bn} have no finite limit points, |an| → +∞ and |bn| →
+∞ as n → +∞. Thus by Theorem 4.1 of the textbook, we can find entire functions F and G such
that F vanishes exactly at the points {an}, and G vanishes exactly at the points {bn}, with the same
multiplicities. Since the two sequences are disjoint, the quotient F (z)/G(z) is meromorphic in C, has
zeros exactly at {an}, and has poles exactly at {bn}. So we are done.

Assignment 9.6 (Exercise 5.6.16)

♠

Suppose that

Qn(z) =
Nn∑
k=1

cnkz
k

are given polynomials for n = 1, 2, · · · . Suppose also that we are given a sequence of distinct
complex numbers {an} without limit points. Prove that there exists a meromorphic function
f(z) whose only poles are at the distinct points {an}, and so that for each n, the difference

f(z)−Qn

(
1

z − an

)
is holomorphic near an. In other words, f has prescribed poles and principal parts at each of
these poles. This result is due to Mittag-Leffler.

Proof Since the sequence {an} has no finite limit points, we have |an| → +∞ as n→ +∞, and we
can add on Qn(1/z) by hand, so we may assume an 6= 0. For each n, the function Qn(1/(z − an))

is holomorphic in an open neighborhood of the disc B(0, |an|/2). Its Taylor series at 0 converges
uniformly on this disc. Therefore we can choose a polynomial Pn such that

sup
|z|⩽|an|/2

∣∣∣∣Qn

(
1

z − an

)
− Pn(z)

∣∣∣∣ ≜ sup
|z|⩽|an|/2

|fn(z)| ⩽
1

2n
.

For every compact set K ⊂ C, we have K ⊂ {|z| ⩽ |an|/2} for all sufficiently large n. Therefore we
can obtain that

∑∞
n=1 fn converges uniformly onK away from the finitely many points an that lie inK.

Thus f(z) =
∑∞

n=1 fn(z) converges uniformly on every compact subset of C \ {an}∞n=1 and defines a
meromorphic function on C. Near a fixed point aN , all terms fn with n 6= N are holomorphic. And
the term fN(z) = QN(1/(z − aN))− PN(z), so fN(z)−QN (1/(z − aN)) is holomorphic near aN .
Therefore f(z)−QN (1/(z − aN)) is holomorphic near aN . And the only poles of f(z) are at distinct
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points {an}. So we are done.

Assignment 9.7 (Exercise 5.6.17)

♠

Given two arbitrary countably infinite sequences of complex numbers {ak}∞k=0 and {bk}∞k=0, with
limk→∞ |ak| = ∞, it is always possible to find an entire function F that satisfies F (ak) = bk

for all k.
(a) Given n distinct complex numbers a1, · · · , an, and another n complex numbers b1, · · · , bn,
construct a polynomial P of degree ⩽ n− 1 with

P (ai) = bi for i = 1, · · · , n.

(b) Let {ak}∞k=0 be a sequence of distinct complex numbers such that a0 = 0 and limk→∞ |ak| =
∞, and let E(z) denote a Weierstrass product associated with {ak}. Given complex numbers
{bk}∞k=0, show that there exist integersmk ⩾ 1 such that the series

F (z) =
b0

E ′(0)

E(z)

z
+

∞∑
k=1

bk
E ′(ak)

E(z)

z − ak

(
z

ak

)mk

defines an entire function that satisfies

F (ak) = bk for all k ⩾ 0.

This is known as the Pringsheim interpolation formula.

Proof (a) The required polynomial is given by the Lagrange interpolation formula

P (z) =
n∑
i=1

bi
∏
j ̸=i

z − aj
ai − aj

.

It has degree ⩽ n− 1, and substituting z = ai gives P (ai) = bi.
(b) Since E is a Weierstrass product associated with {ak}, it has simple zeros precisely at the points
{ak}. Hence E(z)/(z − ak) extends to an entire function and takes the value E ′(ak) at z = ak. Let

T0(z) =
b0

E ′(0)

E(z)

z
, Tk(z) =

bk
E ′(ak)

E(z)

z − ak

(
z

ak

)mk

, k ⩾ 1

where mk ⩾ 1 is chosen so large that |Tk(z)| ⩽ 2−k on B(0, |ak|/2). Since |ak| → +∞ as k → +∞,
the series

∑∞
k=1 Tk(z) converges uniformly on every compact subset of C. Since each Tk is entire, the

sum is entire. Adding the entire function T0(z), we get an entire function F .
It remains to check the interpolation. At z = 0, all terms Tk with k ⩾ 1 vanish because mk ⩾ 1,

and E(z)/z takes the value E ′(0) at 0. So F (0) = b0. If j ⩾ 1, then at z = aj , all terms with k 6= j

vanish because E(aj) = 0, while the j-th term

Tj(aj) =
bj

E ′(aj)
E ′(aj)

(
aj
aj

)mj

= bj.

Therefore F (aj) = bj . Hence we have F (ak) = bk for all k ⩾ 0.
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Chapter 10 Homework 10

Assignment 10.1 (Exercise 5.3.2)

♠

Prove that
∞∏
n=1

n(n+ a+ b)

(n+ a)(n+ b)
=

Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 1)

whenever a and b are positive. Using the product formula for sin πs, give another proof that
Γ(s)Γ(1− s) = π/ sin πs.

Proof By Theorem 1.7 of the textbook, for all s ∈ C \ Z⩽0, we have

Γ(s+ 1) = sΓ(s) = e−γs
∞∏
n=1

(
1 +

s

n

)−1

es/n.

Substituting s = a, b, a+ b, where a, b, a+ b ∈ C \ Z⩽0, we can obtain

Γ(a+ 1) = e−γa
∞∏
n=1

(
1 +

a

n

)−1

ea/n, Γ(b+ 1) = e−γb
∞∏
n=1

(
1 +

b

n

)−1

eb/n,

Γ(a+ b+ 1) = e−γ(a+b)
∞∏
n=1

(
1 +

a+ b

n

)−1

e(a+b)/n.

Since 1/Γ(s) is entire, the condition a+ b ∈ C \ Z⩽0 can be removed. Therefore, we have
∞∏
n=1

n(n+ a+ b)

(n+ a)(n+ b)
=

Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 1)
, ∀a, b ∈ C \ Z⩽0.

Now take a = s and b = −s, where s ∈ C \ Z. This gives Γ(1 + s)Γ(1− s) =
∏∞

n=1(1− s2/n2)−1.
Since sin πs = πs

∏∞
n=1(1 − s2/n2), we get Γ(s)Γ(1 − s) = Γ(1 + s)Γ(1 − s)/s = π/ sin πs. And

both sides have poles at the integers. So we are done.

Assignment 10.2 (Exercise 5.3.4)

♠

Prove that if we take

f(z) =
1

(1− z)α
, for |z| < 1

(defined in terms of the principal branch of the logarithm), where α is a fixed complex number,
then

f(z) =
∞∑
n=0

an(α)z
n

with

an(α) ∼
1

Γ(α)
nα−1 as n→ ∞.

Proof First assume that α ∈ C \ Z⩽0. By the Taylor expansion of f(z) in D, we have

f(z) =
1

(1− z)α
=

∞∑
n=0

(
−α
n

)
(−z)n.



Hence we can obtain

an(α) = (−1)n
(
−α
n

)
=
α(α + 1) · · · (α + n− 1)

n!
.

So an(α) = Γ(n+ α)/(Γ(α)n!). By Exercise 5.3.1, we have
nα−1

Γ(α)
∼ α(α + 1) · · · (α + n)nα−1

nαn!
∼ α(α + 1) · · · (α + n− 1)

n!
= an(α) as n→ ∞.

Then if α ∈ Z⩽0, we have nα−1/Γ(α) = an(α) = 0 for all n ⩾ −α + 1. So the result is trivial in this
case. Hence we only need to prove Exercise 5.3.1.

Assignment (Exercise 5.3.1)

♠

Prove that

Γ(s) = lim
n→∞

nsn!

s(s+ 1) · · · (s+ n)

whenever s 6= 0,−1,−2, · · ·
[Hint: Use the product formula for 1/Γ, and the definition of the Euler constant γ.]

Proof By the Weierstrass product formula, for s 6= 0,−1,−2, · · ·, we have

Γ(s) =
e−γs

s

∞∏
k=1

(
1 +

s

k

)−1

es/k = lim
n→∞

e−γs

s

n∏
k=1

(
1 +

s

k

)−1

es/k.

Since
n∏
k=1

(
1 +

s

k

)−1

=
n∏
k=1

k

s+ k
=

n!

(s+ 1)(s+ 2) · · · (s+ n)
,

we can obtain

Γ(s) = lim
n→∞

n!es(1+1/2+···+1/n−γ)

s(s+ 1) · · · (s+ n)
.

Since
es(1+1/2+···+1/n−γ)

ns
= es(1+1/2+···+1/n−γ−logn) → 1,

we can obtain

Γ(s) = lim
n→∞

nsn!

s(s+ 1) · · · (s+ n)
.

This proves the desired formula.

Assignment 10.3 (Exercise 5.3.6)

♠

Show that

1 +
1

3
+

1

5
+ · · ·+ 1

2n− 1
− 1

2
log n→ γ

2
+ log 2,

where γ is Euler’s constant.

Proof LetHn = 1+1/2+ · · ·+1/n. We use the standard asymptotic formulaHn = log n+γ+o(1),
since 1 + 1/3 + · · ·+ 1/(2n− 1) = H2n −Hn/2, we have

1 +
1

3
+

1

5
+ · · ·+ 1

2n− 1
− 1

2
log n = H2n −

1

2
Hn −

1

2
log n

= log(2n) + γ − 1

2
(log n+ γ)− 1

2
log n+ o(1) → γ

2
+ log 2.
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Assignment 10.4 (Exercise 5.3.8)

♠

The Bessel functions arise in the study of spherical symmetries and the Fourier transform. See
Chapter 6 in Book I. Prove that the following power series identity holds for Bessel functions of
real order ν > −1/2:

Jν(x) =
(x/2)ν

Γ(ν + 1/2)
√
π

ˆ 1

−1

eixt(1− t2)ν−(1/2)dt =
(x
2

)ν ∞∑
m=0

(−1)m
(
x2

4

)m
m!Γ(ν +m+ 1)

whenever x > 0. In particular, the Bessel function Jν satisfies the ordinary differential equation
d2Jν
dx2

+
1

x

dJν
dx

+

(
1− ν2

x2

)
Jν = 0.

[Hint: Expand the exponential eixt in a power series, and express the remaining integrals in
terms of the gamma function, using Exercise 7.]

Proof Since ν > −1/2, and since the power series for eixt is uniformly absolutely convergent for
−1 ⩽ t ⩽ 1, we may expand eixt and integrate term by term. Thusˆ 1

−1

eixt(1− t2)ν−1/2dt =
∞∑
k=0

(ix)k

k!

ˆ 1

−1

tk(1− t2)ν−1/2dt.

The odd terms vanish. For k = 2m, using u = t2 givesˆ 1

−1

t2m(1− t2)ν−1/2dt =

ˆ 1

0

um−1/2(1− u)ν−1/2du =
Γ(ν + 1/2)Γ(m+ 1/2)

Γ(ν +m+ 1)
.

Therefore the left-hand side in the definition of Jν becomes(x
2

)ν ∞∑
m=0

(−1)mx2m

(2m)!

Γ(m+ 1/2)√
πΓ(ν +m+ 1)

.

Since Γ(m+ 1/2) = (2m)!
√
π/(4mm!), this is exactly(x

2

)ν ∞∑
m=0

(−1)m
(
x2

4

)m
m!Γ(ν +m+ 1)

.

It remains to check the differential equation. Write

Jν(x) =
∞∑
m=0

cmx
ν+2m, where cm =

(−1)m

2ν+2mm!Γ(ν +m+ 1)
.

Termwise differentiation is allowed by local uniform convergence. The coefficient of xν+2m in J ′′
ν +

x−1J ′
ν + (1− ν2/x2)Jν is cm + 4(m+ 1)(m+ ν + 1)cm+1 = 0,m ⩾ 0. And the coefficient of xν−2

is ν(ν − 1)c0 + νc0 − ν2c0 = 0. Hence Jν satisfies the stated ordinary differential equation.

Assignment 10.5 (Exercise 5.3.9)
The hypergeometric series F (α, β, γ; z) was defined in Exercise 16 of Chapter 1. Show that

F (α, β, γ; z) =
Γ(γ)

Γ(β)Γ(γ − β)

ˆ 1

0

tβ−1(1− t)γ−β−1(1− zt)−αdt.

Here α > 0, β > 0, γ > β, and |z| < 1.
Show as a result that the hypergeometric function, initially defined by a power series convergent
in the unit disc, can be continued analytically to the complex plane slit along the half-line [1,∞).
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♠

Note that
log(1− z) = −zF (1, 1, 2; z),

ez = limβ→∞ F (1, β, 1; z/β),

(1− z)−α = F (α, 1, 1; z).

[Hint: To prove the integral identity, expand (1− zt)−α as a power series.]

Proof Since |z| < 1 and 0 ⩽ t ⩽ 1, we have |zt| < 1. Hence

(1− zt)−α =
∞∑
n=0

(−1)n
(
−α
n

)
zntn.

Since β > 0 and γ > β, and since the above expansion is uniformly absolutely convergent for 0 ⩽
t ⩽ 1, substituting this into the integral and integrating term by term gives

RHS =
Γ(γ)

Γ(β)Γ(γ − β)

∞∑
n=0

(−1)n
(
−α
n

)
zn
ˆ 1

0

tn+β−1(1− t)γ−β−1dt.

=
Γ(γ)

Γ(β)Γ(γ − β)

∞∑
n=0

(−1)n
(
−α
n

)
zn

Γ(n+ β)Γ(γ − β)

Γ(n+ γ)
=

∞∑
n=0

(−α
n

)(−β
n

)
(−1)n

(−γ
n

)zn = F (α, β, γ; z).

For z ∈ C \ [1,∞), the function 1− zt does not meet the non-positive real axis for 0 ⩽ t ⩽ 1. Thus
the principal branch of (1− zt)−α is single-valued and holomorphic in z on the slit plane C \ [1,∞).
The integral formula therefore gives an analytic continuation of F to this domain.

Finally, the identities log(1− z) = −zF (1, 1, 2; z), (1− z)−α = F (α, 1, 1; z), and ez = limβ→∞

F (β, 1, 1; z/β) = limβ→∞ F (1, β, 1; z/β) follow directly from the power series definition of F .

Assignment 10.6 (Exercise 5.3.10)
An integral of the form

F (z) =

ˆ ∞

0

f(t)tz−1dt

is called a Mellin transform, and we shall write M(f)(z) = F (z). For example, the gamma
function is the Mellin transform of the function e−t.
(a) Prove that

M(cos)(z) =

ˆ ∞

0

cos(t)tz−1dt = Γ(z) cos
(
π
z

2

)
for 0 < Re(z) < 1,

and

M(sin)(z) =

ˆ ∞

0

sin(t)tz−1dt = Γ(z) sin
(
π
z

2

)
for 0 < Re(z) < 1.

(b) Show that the second of the above identities is valid in the larger strip−1 < Re(z) < 1, and
that as a consequence, one hasˆ ∞

0

sin x

x
dx =

π

2
and
ˆ ∞

0

sin x

x3/2
dx =

√
2π.

This generalizes the calculation in Exercise 2 of Chapter 2.
[Hint: For the first part, consider the integral of the function f(w) = e−wwz−1 around the
contour illustrated in Figure 1. Use analytic continuation to prove the second part.]
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♠

0 ε R

Figure 1. The contour in Exercise 10

Proof (a) Take the contour in the hint and choose the principal branch of wz−1. Let σ = Re z. On
the large arc CR, write w = Reiθ with R > 0 and 0 ⩽ θ ⩽ π/2. Then∣∣∣∣ˆ

CR

e−wwz−1dw

∣∣∣∣ ⩽ eπ| Im z|/2Rσ

ˆ π/2

0

e−R cos θdθ.

Since cos θ = sin(π/2− θ) ⩾ 2(π/2− θ)/π for 0 ⩽ θ ⩽ π/2, we haveˆ π/2

0

e−R cos θdθ ⩽
ˆ π/2

0

e−2R(π/2−θ)/πdθ =
π

2R
(1− e−R) ⩽ π

2R
.

Since σ < 1, we have ∣∣∣∣ˆ
CR

e−wwz−1dw

∣∣∣∣ ⩽ πeπ| Im z|/2

2
Rσ−1 → 0 (R → +∞).

On the small arc Cε, write w = εeiθ with 0 < ε < R and 0 ⩽ θ ⩽ π/2. Since σ > 0, we have∣∣∣∣ˆ
Cε

e−wwz−1dw

∣∣∣∣ ⩽ eπ| Im z|/2εσ
ˆ π/2

0

e−ε cos θdθ ⩽ πeπ| Im z|/2

2
εσ → 0 (ε→ 0+).

Therefore, by Cauchy’s theorem, we can obtainˆ ∞

0

e−ttz−1dt =

ˆ ∞

0

e−it(it)z−1idt.

Thus we have

Γ(z) = iz
ˆ ∞

0

e−ittz−1dt⇒
ˆ ∞

0

e−ittz−1dt = e−iπz/2Γ(z).

For real z with 0 < z < 1, taking real and imaginary parts givesˆ ∞

0

cos(t)tz−1dt = Γ(z) cos
(
π
z

2

)
,

ˆ ∞

0

sin(t)tz−1dt = Γ(z) sin
(
π
z

2

)
.

Since both sides are holomorphic in 0 < Re z < 1, the identities hold throughout this strip.
(b) Firstly, we show that M(sin)(z) converges in the strip −1 < Re z < 1. Near 0, since sin t ∼ t,
the integrand behaves like tz, which is integrable because Re z > −1. Near +∞, write gz(t) = tz−1,
since Re z < 1, gz(t) → 0 as t → +∞, and g′z(t) = (z − 1)tz−2 is integrable on [1,∞). Hence, by
integration by parts, we can obtain that ˆ ∞

1

sin(t)tz−1dt

converges. Similarly, the integral defining M(sin)(z) converges uniformly on every compact subset
of the strip −1 < Re z < 1. Therefore M sin(z) is holomorphic in this strip.

On the other hand, Γ(z) sin(πz/2) can extend holomorphically to the same strip −1 < Re z < 1
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since z = 0 is a removable singularity. Thus by (a) and Corollary 4.9 of Chapter 2, we haveˆ ∞

0

sin(t)tz−1dt = Γ(z) sin
(
π
z

2

)
for − 1 < Re z < 1.

Taking z = 0, we obtain ˆ ∞

0

sin x

x
dx = lim

z→0
Γ(z) sin

πz

2
=
π

2
.

Taking z = −1/2, we obtainˆ ∞

0

sin x

x3/2
dx = Γ

(
−1

2

)
sin
(
−π
4

)
=

√
2Γ

(
1

2

)
=

√
2π.

Assignment 10.7 (Exercise 5.3.11)

♠

Let f(z) = eaze−ez where a > 0. Observe that in the strip {x + iy : |y| < π/2} the function
f(x+ iy) is exponentially decreasing as |x| tends to infinity. Prove that

f̂(ξ) = Γ(a− 2πiξ), for all ξ ∈ R.

Proof For z = x+ iy, we have |f(z)| = exp(Re(az − ez)) = exp(ax− ex cos y). Thus in the strip
|y| < π/2, the function decreases faster than exponentially as x → +∞, and decreases exponentially
as x→ −∞. So for all real ξ, the Fourier transform exists and is given by

f̂(ξ) =

ˆ ∞

−∞
eaxe−exe−2πixξdx.

Let t = ex. Then x = log t and dx = dt/t. Hence

f̂(ξ) =

ˆ ∞

0

tae−tt−2πiξ dt

t
=

ˆ ∞

0

e−tta−2πiξ−1dt = Γ(a− 2πiξ).

Since a > 0, the gamma integral is well-defined for all ξ ∈ R.
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Chapter 11 Homework 11

Assignment 11.1 (Exercise 6.3.13)

♠

Prove that
d2 log Γ(s)

ds2
=

∞∑
n=0

1

(s+ n)2

whenever s is a positive number. Show that if the left-hand side is interpreted as (Γ′/Γ)′, then
the above formula also holds for all complex numbers s with s 6= 0,−1,−2, · · ·

Proof By Theorem 1.7 of the textbook, we have

log Γ(s) = −γs− log s+
∞∑
n=1

( s
n
− log

(
1 +

s

n

))
.

The expansion is locally uniformly convergent away from 0,−1,−2, . . . , so we can differentiate term
by term. Thus we have

Γ′(s)

Γ(s)
= −γ − 1

s
+

∞∑
n=1

(
1

n
− 1

n+ s

)
.

Differentiating term by term once more gives(
Γ′

Γ

)′

(s) =
1

s2
+

∞∑
n=1

1

(n+ s)2
=

∞∑
n=0

1

(s+ n)2
.

For s > 0, this is exactly d2 log Γ(s)/ds2. Since both sides are holomorphic on C \ {0,−1,−2, . . . },
the formula holds for all complex numbers s with s 6= 0,−1,−2, · · ·

Assignment 11.2 (Exercise 6.3.14)

♠

This exercise gives an asymptotic formula for log n!. A more refined asymptotic formula for Γ(s)
as s→ ∞ (Stirling’s formula) is given in Appendix A.
(a) Show that

d

dx

ˆ x+1

x

log Γ(t)dt = log x, for x > 0,

and as a result ˆ x+1

x

log Γ(t)dt = x log x− x+ c.

(b) Show as a consequence that log Γ(n) ∼ n log n as n → ∞. In fact, prove that log Γ(n) ∼
n log n + O(n) as n → ∞. [Hint: Use the fact that Γ(x) is monotonically increasing for all
large x.]

Proof (a) For x > 0, we have Γ(x) > 0, so by the identity Γ(x+ 1) = xΓ(x), we can obtain
d

dx

ˆ x+1

x

log Γ(t)dt = log Γ(x+ 1)− log Γ(x) = log x.

ˆ x+1

x

log Γ(t)dt = x log x− x+ c.



(b) For all sufficiently large t, the function log Γ(t) is increasing. Hence for all large n, we have

log Γ(n) ⩽
ˆ n+1

n

log Γ(t)dt ⩽ log Γ(n+ 1) = log n+ log Γ(n).

Using (a), we can obtain

(n− 1) log n− n+ c ⩽ log Γ(n) ⩽ n log n− n+ c.

Therefore log Γ(n) = n log n+O(n), and in particular log Γ(n) ∼ n log n as n→ ∞.

Assignment 11.3 (Exercise 6.3.17)

♠

Let f be an infinitely differentiable function on R that has compact support, or more generally,
let f belong to the Schwartz space. Consider

I(s) =
1

Γ(s)

ˆ ∞

0

f(x)x−1+sdx.

(a) Observe that I(s) is holomorphic for Re(s) > 0. Prove that I has an analytic continuation
as an entire function in the complex plane.
(b) Prove that I(0) = f(0), and more generally

I(−n) = (−1)nf (n)(0) for all n ⩾ 0.

[Hint: To prove the analytic continuation, as well as the formulas in the second part, integrate

by parts to show that I(s) = (−1)k

Γ(s+ k)

ˆ ∞

0

f (k)(x)xs+k−1dx.]

Proof (a) For Re(s) > 0, the integral defining I(s) is convergent near 0, and the integrand decays
rapidly as x → ∞ since f is compactly supported or belongs to the Schwartz space. Hence I(s) is
holomorphic for Re(s) > 0. Integrating by parts gives

I(s) =
1

sΓ(s)

ˆ ∞

0

f(x)dxs = − 1

Γ(s+ 1)

ˆ ∞

0

f ′(x)xsdx.

For every integer k ⩾ 0, by applying integration by parts repeatedly, we have

I(s) =
(−1)k

Γ(s+ k)

ˆ ∞

0

f (k)(x)xs+k−1dx.

The RHS is holomorphic for Re(s) > −k. Since k ∈ N+ is arbitrary, these formulas give an analytic
continuation of I to an entire function in the complex plane.
(b) Taking k = n+ 1 and s = −n in the formula above gives

I(−n) = (−1)n+1

ˆ ∞

0

f (n+1)(x)dx.

Since f is compactly supported or rapidly decreasing together with all derivatives, f (n)(x) → 0 as
x→ ∞. Therefore I(−n) = (−1)n+1(f (n)(∞)− f (n)(0)) = (−1)nf (n)(0) for all n ⩾ 0.

Assignment 11.4 (Problem 6.4.1)
This problem provides further estimates for ζ and ζ ′ near Re(s) = 1.
(a) Use Proposition 2.5 and its corollary to prove

ζ(s) =
∑

1⩽n<N
n−s − N1−s

1− s
+
∑
n⩾N

δn(s)
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♠

for every integer N ⩾ 2, whenever Re(s) > 0.
(b) Show that |ζ(1+it)| = O(log |t|), as |t| → ∞ by using the previous result withN = greatest
integer in |t|.
(c) The second conclusion of Proposition 2.7 can be similarly refined.
(d) Show that if t 6= 0 and t is fixed, then the partial sums of the series

∑∞
n=1 1/n

1+it are
bounded, but the series does not converge.

Proof (a) Let σ = Re(s). By Proposition 2.5 and its corollary, for each n ⩾ 1 we have

δn(s) =

ˆ n+1

n

(
1

ns
− 1

xs

)
dx =

1

ns
−
ˆ n+1

n

dx

xs
, |δn(s)| ⩽

|s|
nσ+1

.

So
∑
δn(s) converges uniformly on every compact subset of Re(s) > 0. For Re(s) > 1, we have

ζ(s) =
∑

1⩽n<N
n−s + lim

M→∞

(ˆ M+1

N

dx

xs
+

M∑
n=N

δn(s)

)
=
∑

1⩽n<N
n−s − N1−s

1− s
+
∑
n⩾N

δn(s). (N ⩾ 2)

Both sides are holomorphic on {Re(s) > 0} except at s = 1, so the identity holds for Re(s) > 0.
(b) Take s = 1 + it and choose N = [|t|]. For sufficiently large |t|, from (a), we have

|ζ(1 + it)| ⩽
∑

1⩽n<N

1

n
+

1

|t|
+ C|t|

∑
n⩾N

1

n2
.

The first term is O(logN) = O(log |t|), and the second term is o(1). As for the last term, we have

C|t|
∑
n⩾N

1

n2
⩽ C|t|

(
1

N2
+

ˆ ∞

N

dx

x2

)
= C|t|N + 1

N2
= O(1).

Therefore, |ζ(1 + it)| = O(log |t|) as |t| → ∞.
(c) Differentiating the formula in (a) term by term, we can obtain

ζ ′(s) = −
∑

1⩽n<N

log n

ns
− −N1−s(1− s) logN +N1−s

(1− s)2
+
∑
n⩾N

δ′n(s).

And for each n ⩾ N ⩾ 2, we have

|δ′n(s)| ⩽
ˆ n+1

n

∣∣∣∣ log nxs − log x

xs

∣∣∣∣ dx ⩽ sup
ξ∈[n,n+1]

∣∣∣∣ ddz log zzs
∣∣∣∣
z=ξ

|n− x| = sup
ξ∈[n,n+1]

∣∣∣∣1− s log ξ

ξs+1

∣∣∣∣
⩽ 1 + |s| log(n+ 1)

nσ+1
⩽ C ′|s| log n

nσ+1
.

Taking s = 1 + it and N = [|t|], we get

|ζ ′(1 + it)| ⩽
∑

1⩽n<N

log n

n
+

|t| logN + 1

|t|2
+ C ′′|t|

∑
n⩾N

log n

n2
.

The first term is O(log2N) = O(log2 |t|), and the second term is o(1). And for large N , we have

C ′′|t|
∑
n⩾N

log n

n2
⩽ C ′′|t|

(
logN

N2
+

ˆ ∞

N

log x

x2
dx

)
= C ′′|t|

(
logN

N2
+

logN + 1

N

)
= O(log |t|).

Therefore, |ζ ′(1 + it)| = O(log2 |t|) as |t| → ∞.
(d) Here t ∈ R is necessary; otherwise t = i gives a counterexample. By (a), for s = 1 + it, we have∣∣∣∣∣

N−1∑
n=1

1

n1+it

∣∣∣∣∣ =
∣∣∣∣∣ζ(1 + it)− N−it

it
−
∑
n⩾N

δn(1 + it)

∣∣∣∣∣ ⩽ |ζ(1 + it)|+ 1

|t|
+
π2C|t|

6
<∞.
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If the series converged, since
∑

n⩾N δn(1 + it) → 0 as N → ∞, for each fixed k ∈ N+, both N−it

and (kN)−it would have the same limit, forcing k−it = 1 for all k ∈ N+. This is impossible for t ∈ R
and t 6= 0. Hence the series does not converge.

Assignment 11.5 (Problem 6.4.2)

♠

Prove that for Re(s) > 0

ζ(s) =
s

s− 1
− s

ˆ ∞

1

{x}
xs+1

dx

where {x} is the fractional part of x.

Proof We first prove the identity for Re(s) > 1, we have

s

ˆ ∞

1

{x}
xs+1

dx = s

∞∑
n=1

ˆ n+1

n

x− n

xs+1
dx = s

ˆ ∞

1

dx

xs
− s

∞∑
n=1

ˆ n+1

n

n

xs+1
.

=
s

s− 1
−

∞∑
n=1

n

(
1

ns
− 1

(n+ 1)s

)
=

s

s− 1
− lim

N→∞

N∑
n=1

(
1

ns−1
− 1

(n+ 1)s−1
+

1

(n+ 1)s

)

=
s

s− 1
− lim

N→∞

(
− 1

(N + 1)s−1
+ 1 +

N+1∑
n=2

1

ns

)
=

s

s− 1
− ζ(s).

Therefore, we can obtain

ζ(s) =
s

s− 1
− s

ˆ ∞

1

{x}
xs+1

dx for Re(s) > 1.

Both sides are holomorphic on {Re(s) > 0} except for the pole at s = 1. Hence the identity holds on
the whole half-plane {Re(s) > 0}.

Assignment 11.6 (Problem 6.4.3)

♠

If Q(x) = {x} − 1/2, then we can write the expression in the previous problem as

ζ(s) =
s

s− 1
− 1

2
− s

ˆ ∞

1

Q(x)

xs+1
dx.

Let us construct Qk(x) recursively so thatˆ 1

0

Qk(x)dx = 0,
dQk+1

dx
= Qk(x), Q0(x) = Q(x) and Qk(x+ 1) = Qk(x).

Then we can write

ζ(s) =
s

s− 1
− 1

2
− s

ˆ ∞

1

(
dk

dxk
Qk(x)

)
x−s−1dx,

and a k-fold integration by parts gives the analytic continuation for ζ(s) when Re(s) > −k.

Proof By the previous problem and the identity {x} = Q(x) + 1/2, we get

ζ(s) =
s

s− 1
− s

ˆ ∞

1

Q(x) + 1/2

xs+1
dx =

s

s− 1
− 1

2
− s

ˆ ∞

1

Q(x)

xs+1
dx.

Since Q0 = Q and Q(k)
k = Q, this is the displayed formula

ζ(s) =
s

s− 1
− 1

2
− s

ˆ ∞

1

(
dk

dxk
Qk(x)

)
x−s−1dx.
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Assume first Re(s) > 0, integration by parts givesˆ ∞

1

(
dk

dxk
Qk(x)

)
x−s−1dx =

∞∑
n=1

ˆ n+1

n

(
dk

dxk
Qk(x)

)
x−s−1dx

=
∞∑
n=1

[(
dk−1

dxk−1
Qk(x)

)
x−s−1

∣∣∣∣n+1

n

+ (s+ 1)

ˆ n+1

n

(
dk−1

dxk−1
Qk(x)

)
x−s−2dx

]

=
∞∑
n=1

(
Q1(x)x

−s−1
∣∣n+1

n

)
+ (s+ 1)

ˆ ∞

1

(
dk−1

dxk−1
Qk(x)

)
x−s−2dx

= −Q1(1) + (s+ 1)

ˆ ∞

1

(
dk−1

dxk−1
Qk(x)

)
x−s−2dx

= −Q1(0) + (s+ 1)

[
−Q2(0) + (s+ 2)

ˆ ∞

1

(
dk−2

dxk−2
Qk(x)

)
x−s−3dx

]

= −
k∑

m=1

Qm(0)
m−1∏
j=1

(s+ j) +
k∏
j=1

(s+ j)

ˆ ∞

1

Qk(x)x
−s−k−1dx.

Substituting this into the previous expression yields

ζ(s) =
s

s− 1
− 1

2
+ s

k∑
m=1

Qm(0)
m−1∏
j=1

(s+ j)− s
k∏
j=1

(s+ j)

ˆ ∞

1

Qk(x)x
−s−k−1dx.

Since Qk is bounded on R by its periodicity, the integral converges for Re(s) > −k, which gives the
analytic continuation for ζ(s) when Re(s) > −k, except for a simple pole at s = 1.

Assignment 11.7 (Problem 6.4.4)

♠

The functionsQk in the previous problem are related to the Bernoulli polynomials Bk(x) by the
formula

Qk(x) =
Bk+1(x)

(k + 1)!
for 0 ⩽ x < 1.

Also, if k is a positive integer, then

2ζ(2k) = (−1)k+1 (2π)
2k

(2k)!
B2k,

where Bk = Bk(0) are the Bernoulli numbers. For the definition of Bk(x) and Bk see Chapter
3 in Book I.

Proof Firstly, from Problem 5 of Chapter 3 in Book I, we have

B1(x) = x− 1/2 = Q0(x), 0 ⩽ x < 1. B′
n(x) = nBn−1(x),

ˆ 1

0

Bn(x)dx = 0, n ⩾ 1.

Comparing this with the definition and properties of {Qk} in Assignment 11.6, we obtain

Qk(x) =
Bk+1(x)

(k + 1)!
, 0 ⩽ x < 1, k ∈ N.

It remains to derive the formula for 2ζ(2k). The Fourier series of Q0(x) = {x} − 1/2 on (0, 1) is

Q0(x) = −
∞∑
n=1

sin(2πnx)

πn
= −2

∞∑
n=1

sin(2πnx)

2πn
, 0 < x < 1.
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Integrating it 2k − 1 times and using the condition
ˆ 1

0

Qk(x)dx = 0 at each step, we get

Q2k−1(x) = (−1)k+1 2

(2π)2k

∞∑
n=1

cos(2πnx)

n2k
, 0 < x < 1, k ∈ N+.

The series above is absolutely and uniformly convergent on [0, 1]. So both sides are right-continuous
at x = 0. Letting x→ 0+, we can obtain

Q2k−1(0
+) = Q2k−1(0) = (−1)k+1 2

(2π)2k
ζ(2k).

Since Q2k−1(0) = B2k/(2k)!, we have
B2k

(2k)!
= (−1)k+1 2

(2π)2k
ζ(2k) ⇒ 2ζ(2k) = (−1)k+1 (2π)

2k

(2k)!
B2k.

Here k ∈ N+. This proves the desired formula.
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Chapter 12 Homework 12

Assignment 12.1 (Exercise 7.3.4)

♠

Suppose {an}∞n=1 is a sequence of complex numbers such that an = am if n ≡ m mod q for
some positive integer q. Define the Dirichlet L-series associated to {an} by

L(s) =
∞∑
n=1

an
ns

for Re(s) > 1.

Also, with a0 = aq, let

Q(x) =

q−1∑
m=0

aq−me
mx.

Show, as in Exercises 15 and 16 of the previous chapter, that

L(s) =
1

Γ(s)

ˆ ∞

0

Q(x)xs−1

eqx − 1
dx for Re(s) > 1.

Prove as a result that L(s) is continuable into the complex plane, with the only possible sing-
ularity a pole at s = 1. In fact, L(s) is regular at s = 1 if and only if

∑q−1
m=0 am = 0. Note

the connection with the Dirichlet L(s, χ) series, taken up in Book I, Chapter 8, and that as a
consequence, L(s, χ) is regular at s = 1 if and only if χ is a non-trivial character.

Proof Firstly, for x > 0, we have

Q(x)

eqx − 1
=

(
q−1∑
m=0

aq−me
mx

)(
∞∑
k=1

e−kqx

)
=

∞∑
n=1

ane
−nx

since an = am whenever n ≡ m mod q. Therefore, for Re(s) > 1, absolute convergence allows us to
interchange summation and integration, and we get

1

Γ(s)

ˆ ∞

0

Q(x)xs−1

eqx − 1
dx =

1

Γ(s)

∞∑
n=1

an

ˆ ∞

0

e−nxxs−1dx =
∞∑
n=1

an
ns

= L(s).

Choose δ > 0 small, then we have

L(s) =
1

Γ(s)

ˆ δ

0

Q(x)xs−1

eqx − 1
dx+

1

Γ(s)

ˆ ∞

δ

Q(x)xs−1

eqx − 1
dx.

The second integral defines an entire function of s, because the integrand decays exponentially as
x→ ∞. For the first integral, write

H(x) =
qxQ(x)

eqx − 1
.

Then H is holomorphic near 0, and H(0) = Q(0) =
∑q−1

m=0 am. For any N ∈ N+, we write H(x) =∑N−1
k=0 ckx

k + xNRN(x) near 0. Then

1

Γ(s)

ˆ δ

0

Q(x)xs−1

eqx − 1
dx =

1

qΓ(s)

(
N−1∑
k=0

ckδ
s+k−1

s+ k − 1
+

ˆ δ

0

RN(x)x
s+N−2dx

)
.

This gives a meromorphic continuation to {Re(s) > 1−N}. And the possible poles other than s = 1

are canceled by the zeros of 1/Γ(s). Hence L(s) is continuable into the complex plane, with the only



possible singularity a pole at s = 1, and the coefficient of the pole term 1/(s− 1) is c0δs−1/(qΓ(s)),
whose value at s = 1 is c0/q. Therefore L(s) is regular at s = 1 if and only if c0 = H(0) = Q(0) =∑q−1

m=0 am = 0. We can obtain L(s, χ) by taking an = χ(n). Since
∑q−1

m=0 χ(m) = 0 if and only if χ
is non-trivial, it follows that L(s, χ) is regular at s = 1 if and only if χ is a non-trivial character.

Assignment 12.2 (Exercise 7.3.7)

♠

Show that the function

ξ(s) = π−s/2Γ(s/2)ζ(s)

is real when s is real, or when Re(s) = 1/2.

Proof When s ∈ R, the conclusion is obvious. When Re(s) = 1/2, write s = 1/2 + it, by the proof
of Theorem 2.3 of Chapter 6, we have

ξ(s) =
1

s− 1
− 1

s
+

ˆ ∞

1

(u−s/2−1/2 + us/2−1)ψ(u)du

where ψ(u) = (ϑ(u)− 1)/2 =
∑∞

n=1 e
−πn2u. Substituting s = 1/2 + it into the integral givesˆ ∞

1

(u−3/4−it/2 + u−3/4+it/2)ψ(u)du ∈ R.

And 1/(−1/2 + it) and 1/(−1/2− it) are also conjugate to each other. Therefore ξ(1/2 + it) ∈ R.

Assignment 12.3 (Exercise 7.3.8)

♠

The function ζ has infinitely many zeros in the critical strip. This can be seen as follows.
(a) Let

F (s) = ξ(1/2 + s), where ξ(s) = π−s/2Γ(s/2)ζ(s).

Show that F (s) is an even function of s, and as a result, there exists G so that G(s2) = F (s).
(b) Show that the function (s− 1)ζ(s) is an entire function of growth order 1, that is,

|(s− 1)ζ(s)| ⩽ Aεe
aε|s|1+ε

.

As a consequence G(s) is of growth order 1/2.
(c) Deduce from the above that ζ has infinitely many zeros in the critical strip.
[Hint: To prove (a) and (b) use the functional equation for ζ(s). As for (c), use a result of
Hadamard, which states that an entire function with fractional order has infinitely many zeros
(Exercise 14 in Chapter 5).]

Proof (a) By the functional equation ξ(s) = ξ(1− s), we have F (−s) = ξ(1/2− s) = ξ(1− (1/2+

s)) = ξ(1/2 + s) = F (s). Thus F is an even function. Consequently its Laurent expansion contains
only even powers of s, so there exists a meromorphic function G such that G(s2) = F (s).
(b) We first estimate the order of ξ(s). Let σ = Re(s), then by the proof of Theorem 2.3 of Chapter 6,
we can obtain

|ξ(s)| =
∣∣∣∣ 1

s− 1
− 1

s
+

ˆ ∞

1

(
u−s/2−1/2 + us/2−1

)
ψ(u)du

∣∣∣∣
⩽
∣∣∣∣ 1

s− 1

∣∣∣∣+ ∣∣∣∣1s
∣∣∣∣+ ˆ ∞

1

(
u−σ/2−1/2 + uσ/2−1

)( ∞∑
n=1

e−πn
2u

)
du
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⩽
∣∣∣∣ 1

s− 1

∣∣∣∣+ ∣∣∣∣1s
∣∣∣∣+2

∞∑
n=1

ˆ ∞

0

u|σ|/2+1e−πn
2udu

t=πn2u
======

∣∣∣∣ 1

s− 1

∣∣∣∣+ ∣∣∣∣1s
∣∣∣∣+2

∞∑
n=1

ˆ ∞

0

t|σ|/2+1

(πn2)|σ|/2+2
e−tdt

=

∣∣∣∣ 1

s− 1

∣∣∣∣+ ∣∣∣∣1s
∣∣∣∣+ 2Γ

(
|σ|
2

+ 2

) ∞∑
n=1

1

(πn2)|σ|/2+2
⩽ c · Γ

(
|σ|
2

+ 2

)
when |s| is sufficiently large. By Theorem 2.3 of Appendix A, we have Γ(x) ⩽ Cex log x for sufficiently
large x > 0. Thus we can obtain |ξ(s)| ⩽ A′

εe
a′ε|σ|1+ε ⩽ A′

εe
a′ε|s|1+ε when |s| is sufficiently large. Since

(s−1)ζ(s) = πs/2(s−1)ξ(s)/Γ(s/2), and the functions πs/2 and 1/Γ(s/2) have growth order 1 and at
most 1 respectively, hence (s−1)ζ(s) is an entire function of growth order 1. SinceF (s) = ξ(1/2+s),
the function (s2 − 1/4)F (s) is entire of growth order 1. While (s2 − 1/4)F (s) = (s2 − 1/4)G(s2),
thus (s− 1/4)G(s) is entire of growth order 1/2. Hence G(s) is of growth order 1/2.
(c) Applying Hadamard’s theorem to (s − 1/4)G(s), we see that it has infinitely many zeros. So G
and hence F and ξ have infinitely many zeros. Outside the critical strip, ξ has no zeros: in Re(s) > 1

this follows from the Euler product for ζ and π−s/2Γ(s/2) 6= 0, while in Re(s) < 0 it follows from the
functional equation ξ(s) = ξ(1− s). Thus ζ has infinitely many zeros in the critical strip since π−s/2

has no zeros and 1/Γ(s/2) is entire. So we are done.

Assignment 12.4 (Exercise 7.3.10)

♠

In the theory of primes, a better approximation to π(x) (instead of x/ log x) turns out to be Li(x)
defined by

Li(x) =

ˆ x

2

dt

log t
.

(a) Prove that

Li(x) =
x

log x
+O

(
x

(log x)2

)
as x→ ∞,

and that as a consequence

π(x) ∼ Li(x) as x→ ∞.

[Hint: Integrate by parts in the definition of Li(x) and observe that it suffices to proveˆ x

2

dt

(log t)2
= O

(
x

(log x)2

)
.

To see this, split the integral from 2 to
√
x and from

√
x to x.]

(b) Refine the previous analysis by showing that for every integer N > 0 one has the following
asymptotic expansion

Li(x) =
x

log x
+

x

(log x)2
+ 2

x

(log x)3
+ · · ·+ (N − 1)!

x

(log x)N
+O

(
x

(log x)N+1

)
as x→ ∞.

Proof (a) Integrating by parts in the definition of Li(x) gives

Li(x) =

ˆ x

2

dt

log t
=

x

log x
− 2

log 2
+

ˆ x

2

dt

(log t)2
.

ˆ x

2

dt

(log t)2
=

ˆ √
x

2

dt

(log t)2
+

ˆ x

√
x

dt

(log t)2
⩽

√
x− 2

(log 2)2
+

4(x−
√
x)

(log x)2
= O(

√
x) +O

(
x

(log x)2

)
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as x→ ∞. Since
√
x = O(x/(log x)2), we can obtainˆ x

2

dt

(log t)2
= O

(
x

(log x)2

)
⇒ Li(x) =

x

log x
+O

(
x

(log x)2

)
as x→ ∞.

Since π(x) ∼ x/ log x as x→ ∞, it follows that π(x) ∼ Li(x) as x→ ∞.
(b) For every integer N > 0, repeated integration by parts gives

Li(x) =

(
t

log t
+

t

(log t)2
+ 2

t

(log t)3
+ · · ·+ (N − 1)!

t

(log t)N

) ∣∣∣∣x
2

+N !

ˆ x

2

dt

(log t)N+1
.

As in (a), splitting the last integral at
√
x givesˆ x

2

dt

(log t)N+1
= O

(
x

(log x)N+1

)
as x→ ∞.

Therefore we can obtain the asymptotic expansion

Li(x) =
x

log x
+

x

(log x)2
+ 2

x

(log x)3
+ · · ·+ (N − 1)!

x

(log x)N
+O

(
x

(log x)N+1

)
as x→ ∞.

Assignment 12.5 (Exercise 7.3.11)

♠

Let

φ(x) =
∑
p⩽x

log p

where the sum is taken over all primes ⩽ x. Prove that the following are equivalent as x→ ∞:
(i) φ(x) ∼ x,
(ii) π(x) ∼ x/ log x,
(iii) ψ(x) ∼ x,
(iv) ψ1(x) ∼ x2/2.

Proof Firstly, the functions appearing in the problem are

φ(x) =
∑
p⩽x

log p, π(x) =
∑
p⩽x

1, ψ(x) =
∑
pm⩽x

log p, ψ1(x) =

ˆ x

1

ψ(u)du.

(i) ⇔ (ii): For any 0 < α < 1, we have

α log x(π(x)− xα) ⩽ log xα(π(x)− π(xα)) ⩽ φ(x) ⩽ ψ(x) ⩽ π(x) log x. (⋆)

If φ(x) ∼ x, then these inequalities give 1 ⩽ lim infx→∞ π(x) log x/x ⩽ lim supx→∞ π(x) log x/x ⩽
1/α. Letting α → 1− gives π(x) ∼ x/ log x. Conversely, if π(x) ∼ x/ log x, the same inequalities
give α ⩽ lim infx→∞ φ(x)/x ⩽ lim supx→∞ φ(x)/x ⩽ 1. Letting α → 1− gives φ(x) ∼ x.
(ii) ⇔ (iii): By (⋆), for any 0 < α < 1, we have

α log x (π(x)− xα)

x
⩽ ψ(x)

x
⩽ π(x) log x

x
.

The rest of the argument is completely analogous to the proof of (i) ⇔ (ii).
(iii) ⇔ (iv): For all α, β satisfying 0 < α < 1 < β, we have

1

1− α

(
ψ1(x)

x2
− ψ1(αx)

(αx)2
α2

)
⩽ ψ(x)

x
⩽ 1

β − 1

(
ψ1(βx)

(βx)2
β2 − ψ1(x)

x2

)
.

If ψ(x) ∼ x, then we have
1

β + 1
⩽ lim inf

x→∞

ψ1(x)

x2
⩽ lim sup

x→∞

ψ1(x)

x2
⩽ 1

1 + α
.
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Letting α → 1− and β → 1+ gives ψ1(x) ∼ x2/2. And if ψ1(x) ∼ x2/2, then we have
1 + α

2
⩽ lim inf

x→∞

ψ(x)

x
⩽ lim sup

x→∞

ψ(x)

x
⩽ β + 1

2
.

Letting α → 1− and β → 1+ gives ψ(x) ∼ x.

Assignment 12.6 (Exercise 7.3.12)

♠

If pn denotes the nth prime, the prime number theorem implies that pn ∼ n log n as n→ ∞.
(a) Show that π(x) ∼ x/ log x implies that

log π(x) + log log x ∼ log x.

(b) As a consequence, prove that log π(x) ∼ log x, and take x = pn to conclude the proof.

Proof (a) Since π(x) ∼ x/ log x, we have π(x) log x/x → 1. Taking logarithms gives log π(x) +
log log x− log x→ 0. Therefore log π(x) + log log x ∼ log x.
(b) Since log log x/ log x→ 0, (a) implies log π(x) ∼ log x. Taking x = pn, we have π(pn) = n, and
hence log n ∼ log pn. Also π(x) log x/x → 1 gives π(pn) log pn/pn = n log pn/pn → 1. Combining
this with log n/ log pn → 1, we obtain n log n/pn → 1. Thus pn ∼ n log n as n→ ∞.

Assignment 12.7 (Problem 7.4.1)

♠

Let F (s) =
∑∞

n=1 an/n
s, where |an| ⩽M for all n.

(a) Then

lim
T→∞

1

2T

ˆ T

−T
|F (σ + it)|2dt =

∞∑
n=1

|an|2

n2σ
if σ > 1.

How is this reminiscent of the Parseval-Plancherel theorem? See e.g. Chapter 3 in Book I.
(b) Show as a consequence the uniqueness of Dirichlet series: If F (s) =

∑∞
n=1 ann

−s, where
the coefficients are assumed to satisfy |an| ⩽ Cnk for some k, and F (s) = 0, then an = 0 for
all n.
Hint: For part (a) use the fact that

1

2T

ˆ T

−T
(nm)−σn−itmitdt→

n−2σ, n = m,

0, n 6= m.

Proof (a) Since σ > 1 and |an| ⩽M for all n ⩾ 1, the series defining F (σ+ it) converges absolutely
and uniformly in t. Let FN(s) =

∑N
n=1 an/n

s, where N ⩾ 1. Then we have

|FN(σ + it)|2 =
N∑
n=1

N∑
m=1

anam
(nm)σ

eit log(m/n).

Therefore, we can obtain
1

2T

ˆ T

−T
|FN(σ + it)|2dt =

N∑
n=1

|an|2

n2σ
+

∑
1⩽n,m⩽N,n ̸=m

anam
(nm)σ

1

2T

ˆ T

−T
eit log(m/n)dt.

By the fact in the hint, the second term is equal to∑
n ̸=m

anam · 1

2T

ˆ T

−T
(nm)−σn−itmitdt =

∑
n ̸=m

anam
sin(log(m/n)T )

(nm)σ log(m/n)T
→ 0 as T → ∞.
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Therefore, we can obtain

lim
T→∞

1

2T

ˆ T

−T
|FN(σ + it)|2dt =

N∑
n=1

|an|2

n2σ
.

Now let N → ∞. Since FN → F uniformly on the line Re(s) = σ, we have

lim
T→∞

1

2T

ˆ T

−T
|F (σ + it)|2dt =

∞∑
n=1

|an|2

n2σ
.

This is analogous to the Parseval-Plancherel theorem, with the functions n−it = e−it logn playing the
role of mutually orthogonal exponentials in the limiting mean.
(b) Suppose F (s) =

∑∞
n=1 ann

−s = 0, and |an| ⩽ Cnk. Let cn = an/n
k. Then |cn| ⩽ C, and

F (s+ k) =
∞∑
n=1

cnn
−s.

For every σ > 1, applying (a) to this Dirichlet series gives

0 = lim
T→∞

1

2T

ˆ T

−T
|F (σ + k + it)|2dt =

∞∑
n=1

|cn|2

n2σ
.

Hence cn = 0 for all n ⩾ 1, so an = 0 for all n ⩾ 1. This proves the uniqueness of Dirichlet series.
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Chapter 13 Homework 13

Assignment 13.1 (Exercise 8.5.2)

♠

Suppose F (z) is holomorphic near z = z0 and F (z0) = F ′(z0) = 0, while F ′′(z0) 6= 0. Show
that there are two curves Γ1 and Γ2 that pass through z0, are orthogonal at z0, and so that F
restricted to Γ1 is real and has a minimum at z0, while F restricted to Γ2 is also real but has a
maximum at z0.
[Hint: Write F (z) = (g(z))2 for z near z0, and consider the mapping z 7→ g(z) and its inverse.]

Proof Since F (z0) = F ′(z0) = 0 and F ′′(z0) 6= 0, the zero of F at z0 has order exactly 2. Therefore,
near z0, we may write F (z) = (g(z))2, where g(z) is holomorphic and g(z) = c(z − z0) + · · ·, with
c 6= 0. Thus g′(z0) 6= 0. The inverse function theorem gives neighbourhoods U of z0 and V of 0 such
that g|U : U → V is biholomorphic. We choose ε > 0 sufficiently small such that B(0, ε) ⊂ V . Now
let Γ1 = (g|U)−1((−ε, ε)), Γ2 = (g|U)−1(i(−ε, ε)). Then both curves pass through z0. Since g|U is
biholomorphic, (g|U)−1 preserves angles, so Γ1 and Γ2 are orthogonal at z0. On Γ1, g is real-valued,
and hence F = g2 ⩾ 0, with equality only at z0. So F has a minimum on Γ1 at z0. On Γ2, g is purely
imaginary, and hence F = g2 ⩽ 0, with equality only at z0. So F has a maximum on Γ2 at z0.

Assignment 13.2 (Exercise 8.5.4)

♠

Does there exist a holomorphic surjection from the unit disc to C?
[Hint: Move the upper half-plane “down” and then square it to get C.]

Solution Yes. Consider the holomorphic function on D defined by

H(z) =

(
i
1− z

1 + z
− i

)2

= (G(z)− i)2 =
−4z2

(1 + z)2
.

SinceG(z) = i(1−z)/(1+z) is a biholomorphic map fromD toH,G(z)− i is a biholomorphic map
from D to {w ∈ C : Imw > −1} ≜ S. For any w ∈ C, choose η such that η2 = w and Im η ⩾ 0.
Then η ∈ S, so ∃ z ∈ D such that G(z)− i = η. Thus H(z) = w. So H is a holomorphic surjection
from D to C. This proves the desired result.

Assignment 13.3 (Exercise 8.5.7)
Provide all the details in the proof of the formula for the solution of the Dirichlet problem in a
strip discussed in Section 1.3. Recall that it suffices to compute the solution at the points z = iy

with 0 < y < 1.
(a) Show that if reiθ = G(iy), then

reiθ = i
cos πy

1 + sin πy
.

This leads to two separate cases: either 0 < y ⩽ 1/2 and θ = π/2, or 1/2 ⩽ y < 1 and
θ = −π/2. In either case, show that

r2 =
1− sin πy

1 + sin πy
and Pr(θ − φ) =

sin πy

1− cos πy sinφ
.



♠

(b) In the integral 1

2π

ˆ π

0

Pr(θ−φ)f̃0(φ)dφmake the change of variables t = F (eiφ). Observe
that

eiφ =
i− eπt

i+ eπt
,

and then take the imaginary part and differentiate both sides to establish the two identities

sinφ =
1

cosh πt
and dφ

dt
=

π

cosh πt
.

Hence deduce that
1

2π

ˆ π

0

Pr(θ − φ)f̃0(φ)dφ =
1

2π

ˆ π

0

sin πy

1− cos πy sinφ
f̃0(φ)dφ

=
sin πy

2

ˆ ∞

−∞

f0(t)

cosh πt− cos πy
dt.

(c) Use a similar argument to prove the formula for the integral 1

2π

ˆ 0

−π
Pr(θ − φ)f̃1(φ)dφ.

Proof (a) From the definition of the conformal map G, we have

G(iy) =
i− eiπy

i+ eiπy
=

− cos πy + i(1− sin πy)

cos πy + i(1 + sin πy)
= i

cos πy

1 + sin πy
.

Thus, if G(iy) = reiθ, then for 0 < y ⩽ 1/2 we have θ = π/2 and r = cos πy/(1 + sin πy), while for
1/2 ⩽ y < 1 we have θ = −π/2 and r = − cos πy/(1 + sin πy). In both cases, we have

r2 =

(
cos πy

1 + sin πy

)2

=
1− sin πy

1 + sin πy
.

Therefore, we can obtain

Pr(θ − φ) =
1− r2

1− 2r cos(θ − φ) + r2
=

sin πy

1− r(1 + sin πy) cos(θ − φ)

=
sin πy

1− (± cos πy)(± sinφ)
=

sin πy

1− cos πy sinφ
.

(b) Let t = F (eiφ), then eπt = i(1− eiφ)/(1+eiφ), hence eiφ = (i− eπt)/(i+eπt) and f̃0(φ) = f0(t).
And as φ travels from 0 to π, then t goes from −∞ to +∞ on the real line. Taking the imaginary parts
of the identity and differentiating the identity give

sinφ =
1

cosh πt
, dφ =

−πeπt(i+ eπt)− πeπt(i− eπt)

ieiφ(i+ eπt)2
dt =

π

cosh πt
dt.

Therefore, we can obtain
1

2π

ˆ π

0

Pr(θ − φ)f̃0(φ)dφ =
1

2π

ˆ π

0

sin πy

1− cos πy sinφ
f̃0(φ)dφ =

sin πy

2

ˆ ∞

−∞

f0(t)

cosh πt− cos πy
dt.

(c) We make the change of variables eiφ = (i+ eπt)/(i− eπt), then we have f̃1(φ) = f1(t). And as φ
travels from −π to 0, then t goes from +∞ to −∞ on the real line. Similarly, we have

sinφ =
−1

cosh πt
, dφ =

−π
cosh πt

dt.

Therefore, we can obtain
1

2π

ˆ 0

−π
Pr(θ − φ)f̃1(φ)dφ =

1

2π

ˆ 0

−π

sin πy

1− cos πy sinφ
f̃1(φ)dφ =

sin πy

2

ˆ ∞

−∞

f1(t)

cosh πt+ cos πy
dt.
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Assignment 13.4 (Exercise 8.5.8)

♠

Find a harmonic function u in the open first quadrant that extends continuously up to the
boundary except at the points 0 and 1, and that takes on the following prescribed boundary
values: u(x, y) = 1 on the half-lines {y = 0, x > 1} and {x = 0, y > 0}, and u(x, y) = 0 on
the segment {0 < x < 1, y = 0}.
[Hint: Find the conformal maps F1, F2, · · · , F5 indicated in Figure 11. Note that arg(z)/π is
harmonic on the upper half-plane, equals 0 on the positive real axis, and 1 on the negative real
axis.]

Figure 11. Successive conformal maps in Exercise 8

Solution Let F1(z) = (z − 1)/(z + 1), F2(z) = log z, F3(z) = −iz − π/2, F4(z) = sin z, F5(z) =

z − 1, and let Φ = F5 ◦ F4 ◦ F3 ◦ F2 ◦ F1. Then Φ maps the open first quadrant conformally to the
upper half-plane H, and the required boundary pieces are mapped respectively to the positive and
negative real axes. We consider the function ũ(z) = arg(z)/π defined in H, where 0 < arg(z) < π

in H. Hence ũ(z) takes the value 0 on the positive real axis and 1 on the negative real axis. Since
ũ(z) = Im(log z/π), where log z is the principal branch restricted toH, ũ(z) is harmonic inH. Define
u(z) = ũ(Φ(z)), then u(z) is harmonic in the open first quadrant by Lemma 1.3 of the textbook and it
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has the required boundary behavior. Thus, u is the desired function.

Assignment 13.5 (Exercise 8.5.9)

♠

Prove that the function u defined by

u(x, y) = Re

(
i+ z

i− z

)
and u(0, 1) = 0

is harmonic in the unit disc and vanishes on its boundary. Note that u is not bounded in D.

Proof The function (i+ z)/(i− z) is holomorphic in D, since i /∈ D. Hence its real part is harmonic
in D. For z = x+ iy, a direct computation gives

u(x, y) = Re

(
i+ z

i− z

)
=

1− |z|2

|i− z|2
.

Therefore, u vanishes on ∂D except possibly at z = i. But the definition u(0, 1) = 0 gives the required
boundary value at that point. Finally, u is not bounded in D. Indeed, for 0 < r < 1, we have

u(0, r) =
1− r2

(1− r)2
=

1 + r

1− r
→ +∞ as r → 1−.

Assignment 13.6 (Exercise 8.5.11)

♠

Show that if f : D(0, R) → C is holomorphic, with |f(z)| ⩽M for someM > 0, then∣∣∣∣∣ f(z)− f(0)

M2 − f(0)f(z)

∣∣∣∣∣ ⩽ |z|
MR

.

[Hint: Use the Schwarz lemma.] [If f(z) ≡ c, the quotient is defined only when |c| < M .]

Proof If f is constant, the result is immediate. Assume that f is not constant. Then by the maximum
modulus principle, |f(z)| < M for all z ∈ D(0, R). Define g : D → D by g(ζ) = f(Rζ)/M . Let

ψα : D → D, ψα(w) =
α− w

1− αw
, where α ∈ D.

Then ψg(0) ◦ g : D → D is holomorphic and ψg(0)(g(0)) = 0. By the Schwarz lemma, we have∣∣∣∣∣ g(ζ)− g(0)

1− g(0)g(ζ)

∣∣∣∣∣ ⩽ |ζ|.

Taking ζ = z/R and substituting g(ζ) = f(z)/M , we can obtain∣∣∣∣∣M(f(z)− f(0))

M2 − f(0)f(z)

∣∣∣∣∣ ⩽ |z|
R

⇒

∣∣∣∣∣ f(z)− f(0)

M2 − f(0)f(z)

∣∣∣∣∣ ⩽ |z|
MR

.

Assignment 13.7 (Exercise 8.5.13)
The pseudo-hyperbolic distance between two points z, w ∈ D is defined by

ρ(z, w) =

∣∣∣∣ z − w

1− wz

∣∣∣∣ .
(a) Prove that if f : D → D is holomorphic, then

ρ(f(z), f(w)) ⩽ ρ(z, w) for all z, w ∈ D.

Moreover, prove that if f is an automorphism of D then f preserves the pseudo-hyperbolic
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♠

distance

ρ(f(z), f(w)) = ρ(z, w) for all z, w ∈ D.

[Hint: Consider the automorphism ψα(z) = (z − α)/(1 − αz) and apply the Schwarz lemma
to ψf(w) ◦ f ◦ ψ−1

w .]
(b) Prove that

|f ′(z)|
1− |f(z)|2

⩽ 1

1− |z|2
for all z ∈ D.

This result is called the Schwarz-Pick lemma. See Problem 3 for an important application of
this lemma.

Proof (a) For α ∈ D, let ψα(z) = (z − α)/(1− αz). Fix w ∈ D and consider h = ψf(w) ◦ f ◦ ψ−1
w .

Hence we have h : D → D is holomorphic and h(0) = 0. By the Schwarz lemma, |h(ζ)| ⩽ |ζ| for all
ζ ∈ D. Taking ζ = ψw(z) gives |ψf(w)(f(z))| ⩽ |ψw(z)|. This is exactly ρ(f(z), f(w)) ⩽ ρ(z, w). It
holds for all z, w ∈ D. And if f is an automorphism of D, applying the same inequality to f−1 gives
the reverse inequality. Therefore ρ(f(z), f(w)) = ρ(z, w) for all z, w ∈ D.
(b) From (a), for all z, w ∈ D and z 6= w, we have∣∣∣∣f(z)− f(w)

z − w

∣∣∣∣ ⩽
∣∣∣∣∣1− f(w)f(z)

1− wz

∣∣∣∣∣ .
Letting w → z, we can obtain the desired inequality:

|f ′(z)|
1− |f(z)|2

⩽ 1

1− |z|2
for all z ∈ D.

Assignment 13.8 (Problem 8.6.3)
The Schwarz-Pick lemma (see Exercise 13) is the infinitesimal version of an important classical
observation in complex analysis and geometry.
For complex numbers w ∈ C and z ∈ D we define the hyperbolic length of w at z by

‖w‖z =
|w|

1− |z|2
,

where |w| and |z| denote the usual absolute values. This length is sometimes referred to as the
Poincaré metric, and as a Riemann metric it is written as

ds2 =
|dz|2

(1− |z|2)2
.

The idea is to think of w as a vector lying in the tangent space at z. Observe that for a fixed w,
its hyperbolic length grows to infinity as z approaches the boundary of the disc. We pass from
the infinitesimal hyperbolic length of tangent vectors to the global hyperbolic distance between
two points by integration.
(a) Given two complex numbers z1 and z2 in the disc, we define the hyperbolic distance between
them by

d(z1, z2) = inf
γ

ˆ 1

0

‖γ′(t)‖γ(t)dt,
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♠

where the infimum is taken over all smooth curves γ : [0, 1] → D joining z1 and z2. Use the
Schwarz-Pick lemma to prove that if f : D → D is holomorphic, then

d(f(z1), f(z2)) ⩽ d(z1, z2) for any z1, z2 ∈ D.

In other words, holomorphic functions are distance-decreasing in the hyperbolic metric.
(b) Prove that automorphisms of the unit disc preserve the hyperbolic distance, namely

d(φ(z1), φ(z2)) = d(z1, z2), for any z1, z2 ∈ D

and any automorphism φ. Conversely, if φ : D → D preserves the hyperbolic distance, then
either φ or φ is an automorphism of D.
(c) Given two points z1, z2 ∈ D, show that there exists an automorphism φ such that φ(z1) = 0

and φ(z2) = s for some s on the segment [0, 1) on the real line.
(d) Prove that the hyperbolic distance between 0 and s ∈ [0, 1) is

d(0, s) =
1

2
log

1 + s

1− s
.

(e) Find a formula for the hyperbolic distance between any two points in the unit disc.

Proof (a) Let γ : [0, 1] → D be a smooth curve joining z1 and z2. The Schwarz-Pick lemma gives
|f ′(γ(t))|

1− |f(γ(t))|2
⩽ 1

1− |γ(t)|2
⇒
ˆ 1

0

|(f ◦ γ)′(t)|
1− |f(γ(t))|2

dt ≜ L(f ◦ γ) ⩽
ˆ 1

0

|γ′(t)|
1− |γ(t)|2

dt.

Since f ◦ γ : [0, 1] → D is a smooth curve joining f(z1) and f(z2), taking the infimum over all such
γ, we can obtain d(f(z1), f(z2)) ⩽ infγ L(f ◦ γ) ⩽ d(z1, z2) for any z1, z2 ∈ D.
(b) If φ ∈ Aut(D), applying (a) to both φ and φ−1 gives d(φ(z1), φ(z2)) = d(z1, z2). Conversely, we
suppose that φ : D → D preserves the hyperbolic distance. Then let Cr(z0) = {z ∈ D : d(z, z0) = r}
be the hyperbolic circle centered at z0 ∈ D with radius r > 0. Since ψz0 ∈ Aut(D), it preserves the
hyperbolic distance and hence induces a bijection from Cr(z0) to Cr(0), which is also a Euclidean
circle since d(0, w) > d(0, z) when |w| > |z| and d(0, w) = d(0, z) when |w| = |z|. And since ψ−1

z0

is a Möbius transformation, Cr(z0) is also a Euclidean circle if Cr(z0) 6= ∅. By composing φ with
ψφ(0) and a rotation, we can assume φ(0) = 0 and φ(1/2) = 1/2. Now consider the hyperbolic circles
centered at 0 and 1/2 passing through i/2, they intersect exactly at ±i/2. Therefore, φ(i/2) = i/2 or
φ(i/2) = −i/2. By composing φ with conjugation if necessary, we can assume φ(i/2) = i/2. Since
0, 1/2, i/2 are not collinear, we have φ(z) = z. Undoing these compositions, we conclude that either
φ or φ is an automorphism of D. So we are done.
(c) We can compose ψz1 with an appropriate rotation to get the desired automorphism φ.
(d) Let γ(t) = x(t) + iy(t) : [0, 1] → D be a smooth curve in D joining 0 to s ∈ [0, 1). Thenˆ 1

0

|γ′(t)|
1− |γ(t)|2

dt ⩾
ˆ 1

0

|x′(t)|
1− |x(t)|2

dt =

ˆ 1

0

|dx(t)|
1− |x(t)|2

⩾
ˆ s

0

du

1− u2
=

1

2
log

1 + s

1− s
.

The equality holds if we take γ(t) = st. This proves the desired result.
(e) By (b), (c), (d), and |ψz1(z2)| = ρ(z1, z2) = |z1 − z2|/|1− z1z2|, we have

d(z1, z2) = d(0, |ψz1(z2)|) =
1

2
log

1 + ρ(z1, z2)

1− ρ(z1, z2)
=

1

2
log

|1− z1z2|+ |z1 − z2|
|1− z1z2| − |z1 − z2|

.
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Chapter 14 Homework 14

Assignment 14.1 (Exercise 8.5.17)

♠

If ψα(z) = (α− z)/(1− αz) for |α| < 1, prove that
1

π

¨
D
|ψ′
α|2dxdy = 1 and 1

π

¨
D
|ψ′
α|dxdy =

1− |α|2

|α|2
log

1

1− |α|2
,

where in the case α = 0 the expression on the right is understood as the limit as |α| → 0.
[Hint: The first integral can be evaluated without a calculation. For the second, use polar
coordinates, and for each fixed r use contour integration to evaluate the integral in θ.]

Proof Since ψα ∈ Aut(D), by the change of variables formula we have

π = Area(ψα(D)) =
¨
ψα(D)

dxdy =

¨
D
|ψ′
α|2dxdy.

This proves the first identity. For the second identity, we have |ψ′
α(z)| = (1− |α|2)/|1− αz|2. By the

rotational symmetry of the disc, we have¨
D
|ψ′
α|dxdy = (1− |α|2)

¨
D

dxdy

|1− |α|z|2
.

Using polar coordinates, we get¨
D

dxdy

|1− |α|z|2
=

ˆ 1

0

ˆ 2π

0

ρdθdρ

1− 2|α|ρ cos θ + |α|2ρ2
.

For fixed ρ, the inner integral is the integral of the Poisson kernel divided by 1− |α|2ρ2, henceˆ 2π

0

dθ

1− 2|α|ρ cos θ + |α|2ρ2
=

2π

1− |α|2ρ2
.

Therefore ¨
D
|ψ′
α|dxdy = 2π(1− |α|2)

ˆ 1

0

ρdρ

1− |α|2ρ2
=
π(1− |α|2)

|α|2
log

1

1− |α|2
.

After dividing by π, we obtain the desired formula. When α = 0, the right-hand side is understood as
the limit as |α| → 0, and this limit is 1.

Assignment 14.2 (Exercise 8.5.18)

♠

Suppose that Ω is a simply connected domain that is bounded by a piecewise-smooth simple
closed curve γ (in the terminology of Chapter 1). Then any conformal map F of D to Ω extends
to a continuous bijection of D to Ω. The proof is simply a generalization of the argument used
in Theorem 4.2.

Proof Since γ is piecewise smooth, Ω has finite area and is locally path-connected at every point of its
boundary. Therefore, the proofs of Lemmas 4.3-4.5 apply without change: the area estimate remains
valid, and the curves used in the proof of Lemma 4.4 can still be chosen inside Ω near each boundary
point. It follows that F extends continuously to a map F : D → Ω. Now we let G = F−1 : Ω → D.
The only geometric property of D used in the preceding argument is that, for every point z0 ∈ ∂D, the
intersection of D with any sufficiently small circle centered at z0 is an arc. Since ∂Ω = γ is piecewise



smooth and simple, the same property holds at every point of ∂Ω, including the points at which two
smooth pieces meet. Thus the same argument applies to G, and G extends continuously to a map
G : Ω → D. If z ∈ ∂D, choose a sequence {zn} ⊂ D with zn → z. Since G(F (zn)) = zn, continuity
gives G(F (z)) = limn→∞G(F (zn)) = limn→∞ zn = z. Similarly, F (G(w)) = w for every w ∈ Ω.
Hence F and G are inverses of each other, so F is a continuous bijection from D onto Ω.

Assignment 14.3 (Exercise 8.5.20)

♠

Other examples of elliptic integrals providing conformal maps from the upper half-plane to
rectangles are given below.
(a) The function ˆ z

0

dζ√
ζ(ζ − 1)(ζ − λ)

, with λ ∈ R and λ 6= 0, 1

maps the upper half-plane conformally to a rectangle, one of whose vertices is the image of the
point at infinity.
(b) In the case λ = −1, the image of ˆ z

0

dζ√
ζ(ζ2 − 1)

is a square whose side lengths are Γ2(1/4)/(2
√
2π).

Proof (a) This follows from the Schwarz-Christoffel formula. The singularities of the integrand are
at 0, 1, λ, and ∞. At each of these four points the corresponding interior angle is π/2. Therefore the
image of the upper half-plane is a rectangle whose vertices are the images of 0, 1, λ, and ∞.
(b) Let λ = −1. The two adjacent side lengths of the rectangle areˆ 1

0

dζ√
ζ(1− ζ2)

and
ˆ ∞

1

dζ√
ζ(ζ2 − 1)

.

For the second integral, using the substitution ζ = 1/x, we obtainˆ ∞

1

dζ√
ζ(ζ2 − 1)

=

ˆ 1

0

dx√
x(1− x2)

.

Thus the rectangle is a square. Its side length isˆ 1

0

dx√
x(1− x2)

.

Using x = sin θ, we getˆ 1

0

dx√
x(1− x2)

=

ˆ π/2

0

(sin θ)−1/2dθ =
1

2
B(1/4, 1/2) =

√
π

2

Γ(1/4)

Γ(3/4)
.

Since Γ(1/4)Γ(3/4) =
√
2π, this side length is Γ2(1/4)/(2

√
2π).

Assignment 14.4 (Exercise 8.5.21)
We consider conformal mappings to triangles.
(a) Show that ˆ z

0

ζ−β1(1− ζ)−β2dζ,
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♠

with 0 < β1 < 1, 0 < β2 < 1, and 1 < β1 + β2 < 2, maps H to a triangle whose vertices
are the images of 0, 1, and ∞, and with angles α1π, α2π, and α3π, where αj + βj = 1 and
β1 + β2 + β3 = 2.
(b) What happens when β1 + β2 = 1?
(c) What happens when 0 < β1 + β2 < 1?
(d) In (a), the length of the side of the triangle opposite angle αjπ is

sin(αjπ)

π
Γ(α1)Γ(α2)Γ(α3).

Proof (a) This is a direct application of the Schwarz-Christoffel formula. The derivative of the
mapping is z−β1(1− z)−β2 . Thus the prevertices 0, 1, and ∞ correspond to the vertices of a triangle.
The angles at the images of 0 and 1 are (1−β1)π and (1−β2)π. If we setαj+βj = 1 and β1+β2+β3 =
2, then the third angle is α3π. Therefore the image is a triangle with angles α1π, α2π, and α3π.
(b) If β1 + β2 = 1, then the image rays of (−∞, 0] and [1,∞) are parallel. Thus the limiting triangle
degenerates into a semi-infinite strip.
(c) If 0 < β1 + β2 < 1, then the image rays of (−∞, 0] and [1,∞) meet only after being extended
in the opposite directions. Thus the image is an unbounded polygonal region rather than an ordinary
triangle.
(d) We compute the side lengths. The side opposite the angle α3π has lengthˆ 1

0

z−β1(1− z)−β2dz = B(1− β1, 1− β2) = B(α1, α2).

Hence we have

B(α1, α2) =
Γ(α1)Γ(α2)

Γ(1− α3)
=

sin(α3π)

π
Γ(α1)Γ(α2)Γ(α3).

Similarly, using z = 1/x for the side adjacent to [1,∞), we getˆ ∞

1

z−β1(z − 1)−β2dz = B(α2, α3) =
sin(α1π)

π
Γ(α1)Γ(α2)Γ(α3).

Using z = −x/(1− x) for the side adjacent to (−∞, 0], we getˆ 0

−∞
(−z)−β1(1− z)−β2dz = B(α3, α1) =

sin(α2π)

π
Γ(α1)Γ(α2)Γ(α3).

Thus the side opposite the angle αjπ has length
sin(αjπ)

π
Γ(α1)Γ(α2)Γ(α3).

Assignment 14.5 (Exercise 9.3.1)
Suppose that a meromorphic function f has two periods ω1 and ω2, with ω2/ω1 ∈ R.
(a) Suppose ω2/ω1 is rational, say equal to p/q, where p and q are relatively prime integers.
Prove that as a result the periodicity assumption is equivalent to the assumption that f is periodic
with the simple period ω0 = (1/q)ω1.
[Hint: Since p and q are relatively prime, there exist integers m and n such that mq + np = 1

(Corollary 1.3, Chapter 8, Book I).]
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♠

(b) If ω2/ω1 is irrational, then f is constant. To prove this, use the fact that {m− nτ} is dense
in R whenever τ is irrational andm,n range over the integers.

Proof (a) Suppose ω2/ω1 = p/q, where p and q are relatively prime. Let ω0 = ω1/q. Then qω0 = ω1

and pω0 = ω2, so if f has period ω0, then it has periods ω1 and ω2. Conversely, by Bezout’s identity,
there exist integersm and n such thatmq+np = 1. Thereforemω1+nω2 = (mq+np)ω0 = ω0. Since
integer linear combinations of periods are again periods, ω0 is a period of f . Thus the two periodicity
assumptions are equivalent.
(b) Suppose ω2/ω1 is irrational. By Kronecker’s approximation theorem, the point set {m−nω2/ω1 :

m,n ∈ Z} is dense in R. Thus the set of periods {mω1 − nω2 : m,n ∈ Z} is dense on the real line
spanned by ω1. In particular, there are non-zero periods tending to 0. A non-constant meromorphic
function cannot have non-zero periods tending to 0. Indeed, if Tj → 0 are periods, then at every point
z where f is holomorphic we have f(z + Tj) = f(z) for all large j. Thus

f ′(z) = lim
j→∞

f(z + Tj)− f(z)

Tj
= 0.

Also, f cannot have a pole, since translating one pole by the periods Tj would produce infinitely many
poles accumulating at that pole. Hence f is entire and satisfies f ′ = 0, so f is constant.

Assignment 14.6 (Exercise 9.3.3)

♠

In contrast with the result in Lemma 1.5, prove that the series∑
n+mτ∈Λ∗

1

|n+mτ |2
, where τ ∈ H

does not converge. In fact, show that∑
1⩽n2+m2⩽R2

1

n2 +m2
= 2π logR +O(1) as R → ∞.

Proof Since τ ∈ H, the two norms |(n,m)| = (n2 +m2)1/2 and |n+mτ | are comparable on R2. So∑
n+mτ∈Λ∗

1

|n+mτ |2
<∞ ⇐⇒

∑
(n,m) ̸=(0,0)

1

n2 +m2
<∞.

Since the RHS diverges, so does the LHS. So it remains to prove the stated asymptotic. Compare the
sum with the integral of (x2 + y2)−1 over the annulus 1 ⩽ x2 + y2 ⩽ R2. The usual unit-square
comparison gives an error bounded independently ofR, because the gradient of (x2+y2)−1 isO(r−3)

on the circle of radius r, and summing over shells gives a convergent error. Therefore we have∑
1⩽n2+m2⩽R2

1

n2 +m2
=

¨
1⩽x2+y2⩽R2

dxdy

x2 + y2
+O(1) = 2π logR +O(1) as R → ∞.

Assignment 14.7 (Exercise 9.3.5)
Let σ(z) be the canonical product

σ(z) = z
∞∏
j=1

E2(z/τj),
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♠

where τj is an enumeration of the periods {n +mτ} with (n,m) 6= (0, 0), and E2(z) = (1 −
z)ez+z

2/2.
(a) Show that σ(z) is an entire function of order 2 that has simple zeros at all the periods n+mτ ,
and vanishes nowhere else.
(b) Show that

σ′(z)

σ(z)
=

1

z
+

∑
(n,m) ̸=(0,0)

[
1

z − n−mτ
+

1

n+mτ
+

z

(n+mτ)2

]
,

and that this series converges whenever z is not a lattice point.
(c) Let L(z) = −σ′(z)/σ(z). Then

L′(z) =
(σ′(z))2 − σ(z)σ′′(z)

(σ(z))2
= ℘(z).

Proof (a) LetK ⊂ C be compact. For z ∈ K and |τj| sufficiently large, Chapter 5, Lemma 4.2 gives
|E2(z/τj) − 1| ⩽ CK |z|3/|τj|3. Since

∑
j |τj|−3 converges, the product

∏∞
j=1E2(z/τj) converges

uniformly on compact subsets. Hence σ is entire. Its zeros are exactly the lattice points n +mτ , and
they are simple. It remains to determine the order of σ. Let r = |z| ⩾ 2 and fix 0 < ε < 1. Since |τj|
is comparable to the Euclidean norm of the corresponding lattice point, summing over annuli gives

#{j : |τj| ⩽ 2r} = O(r2),
∑

|τj |⩽2r

1

|τj|
= O(r),

∑
|τj |⩽2r

1

|τj|2
� log r.

We split the product according as |τj| ⩽ 2r or |τj| > 2r. If |τj| > 2r, then |z/τj| < 1/2, and the
power series for logE2 gives |E2(w)| ⩽ exp(C|w|3) for |w| ⩽ 1/2. Hence∏

|τj |>2r

∣∣∣∣E2

(
z

τj

)∣∣∣∣ ⩽ exp

Cr3 ∑
|τj |>2r

1

|τj|3

 ⩽ exp
(
Cεr

2+ε
)

where we used
∑

j |τj|−2−ε <∞. For the remaining factors, we have

|E2(w)| ⩽ (1 + |w|) exp
(
|w|+ |w|2

2

)
.

Therefore, we can obtain∏
|τj |⩽2r

∣∣∣∣E2

(
z

τj

)∣∣∣∣ ⩽ exp

 ∑
|τj |⩽2r

[
log

(
1 +

r

|τj|

)
+

r

|τj|
+

r2

2|τj|2

] ⩽ eCr
2 log r ⩽ eCεr2+ε

.

It follows that |σ(z)| ⩽ Aε exp (Bε|z|2+ε). Since ε > 0 is arbitrary, σ has order at most 2. On the
other hand, if its order were ρ0 < 2, we could choose ρ0 < ρ < 2, and Theorem 2.1 with s = 2 would
imply

∑
j |τj|−2 <∞, a contradiction. Thus σ has order exactly 2.

(b) Taking logarithms, we have locally uniformly away from the lattice

log σ(z) = log z +
∑

(n,m) ̸=(0,0)

[
log

(
1− z

n+mτ

)
+

z

n+mτ
+

z2

2(n+mτ)2

]
.

Thus we may differentiate term by term and obtain
σ′(z)

σ(z)
=

1

z
+

∑
(n,m) ̸=(0,0)

[
1

z − n−mτ
+

1

n+mτ
+

z

(n+mτ)2

]
.

87



The same local uniform convergence also proves that this series converges whenever z is not a lattice
point, as desired.
(c) Let L(z) = −σ′(z)/σ(z). Differentiating the formula in (b), we get

L′(z) =
1

z2
+

∑
(n,m) ̸=(0,0)

[
1

(z − n−mτ)2
− 1

(n+mτ)2

]
.

This is precisely the Weierstrass ℘-function. On the other hand, we have

L′(z) =
(σ′(z))2 − σ(z)σ′′(z)

(σ(z))2
.

Therefore, the desired formula follows from the above discussion, and the proof is complete.

Assignment 14.8 (Exercise 9.3.8)

♠

Let

E4(τ) =
∑

(n,m) ̸=(0,0)

1

(n+mτ)4

be the Eisenstein series of order 4.
(a) Show that E4(τ) → π4/45 as Im(τ) → ∞.
(b) More precisely, ∣∣∣∣E4(τ)−

π4

45

∣∣∣∣ ⩽ ce−2πt if τ = x+ it and t ⩾ 1.

(c) Deduce that ∣∣∣∣E4(τ)− τ−4π
4

45

∣∣∣∣ ⩽ ct−4e−2π/t if τ = it and 0 < t ⩽ 1.

Proof (a) By Theorem 2.5 of the textbook, we have

E4(τ) = 2ζ(4) +
2(2π)4

3!

∞∑
r=1

σ3(r)e
2πirτ .

Since ζ(4) = π4/90 and e2πirτ → 0 as Im(τ) → ∞, and for Im(τ) ⩾ 1, |σ3(r)e2πirτ | ⩽ r4e−2πr, the
dominated convergence theorem gives

∞∑
r=1

σ3(r)e
2πirτ → 0 as Im(τ) → ∞ ⇒ lim

Im(τ)→∞
E4(τ) =

π4

45
.

(b) Let τ = x+it and t ⩾ 1. From the formula above, we have |E4(τ)−π4/45| ⩽ C
∑∞

r=1 σ3(r)e
−2πrt.

Since σ3(r) ⩽ Cr4, it follows that
∑∞

r=1 σ3(r)e
−2πrt ⩽ C ′∑∞

r=1 r
4e−2πrt. Also, we have

∞∑
r=1

r4e−2πrt = A

(
∞∑
r=1

e−2πrt

)(4)

= A

(
e−2πt

1− e−2πt

)(4)

= O(e−2πt)

for t ⩾ 1. Thus we can obtain ∣∣∣∣E4(τ)−
π4

45

∣∣∣∣ ⩽ ce−2πt.

(c) We use the transformation formula that E4(τ) = τ−4E4(−1/τ). If τ = it and 0 < t ⩽ 1, then
−1/τ = i/t. Therefore, by (b), we have∣∣∣∣E4(τ)− τ−4π

4

45

∣∣∣∣ = |τ |−4

∣∣∣∣E4(−1/τ)− π4

45

∣∣∣∣ ⩽ ct−4e−2π/t.
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