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Chapter 1 Homework 1

Assignment 1.1 (Exercise 1.4.9)

Show that in polar coordinates, the Cauchy—Riemann equations take the form
Ju 10v J 10u v
—=—-——and —-— = ——.
ar  rof r 00 ar

Use these equations to show that the logarithm function defined by

log z = logr + i, where z = re® with —m <6 <m

is holomorphic in the region r > 0 and —m < 6 < 7. 4

Proof Letxz = rcosf and y = rsin6, and write f = u + iv where u = u(z,y), v = v(z,y). Then
Uy = Up®y + UylYy = Uy €08 O 4wy, Sin b, ug = uyTg + wyYp = uy(—rsind) + uy,(r cosh).
And similarly we have

Uy = v, cos b + v, sin b, vy = r(—v, sinh 4 v, cos 9).

By the Cauchy-Riemann equations u, = v, and u, = —v,, we get
) 1 1 . .
Uy = Uy €080 — v, sinf = —vy, —ug = —u, sinf + u, cos = —(v, sinf + v, cosf) = —v,.
ror
That is the form we want. Conversely, the above process can be inverted to get u, = v, and u, = —v,,

so the two formulations are equivalent when r > 0.
Now define log z = logr + 6 in the region » > 0 and —7 < 6 < 7. Then we have u(r,6) = logr
and v(r,0) = 6. Then
1
U= —, upg =0, v, =0, v9g = 1.
r

Therefore we have

1 1
U, = —vg and —ug = —v,.
r r

So the Cauchy-Riemann equations hold. Hence log z is holomorphic in this region.

Assignment 1.2 (Exercise 1.4.10)

Show that
0 0 0 0
—— =d—— = A
0z 0z 0z 0z ’
where A is the Laplacian
0? 0?
A=t o
[

Proof Firstly, we know that

o _1(0 0\ o _1(0 0
dz 2\0x Oy)’ 0z 2\0xr 0Oy)’

Then we have (for any C? function)

W20 (0 0N(0 ON_O 00 0 O,
00z \odx Oy or  dy) 0x2  Oxdy  Oydr Oy




So we are done.

Assignment 1.3 (Exercise 1.4.13)

Suppose that f is holomorphic in an open set (). Prove that in any one of the following cases:
(a) Re(f) is constant;
(b) Im(f) is constant;

(c) | f| is constant;

one can conclude that f is constant. a

Proof (Assume that €2 is connected.) Write f = u + v, since f is holomorphic in €2, then by the
Cauchy-Riemann equations, we have

(a) If Re(f) = w is constant, then u, = u, = 01in Q. So, v, = u, = 0 and v, = —u, = 0, hence v is
constant in €). Therefore f = u + v is constant in €.

(b) If Im(f) = v is constant, then v, = v, = 0in 2. So, u, = —v, = 0 and u, = v, = 0, hence u is
constant in €). Therefore f = u + ¢v is constant in ).

(c) If | f| is constant, let |f| = c¢. If ¢ = 0, thenu = v = 0, so f = 0. Now assume ¢ > 0, then
we have u? + v* = ¢?, so uu, + vv, = 0,uu, + vv, = 0. Since v, = —u, and v, = u,, we have

Uty — vy = 0, vu, + uu, = 0. That is

TR ug\ (0
voou Uy ~\o/’
The determinant of the coefficient matrix is u* + v* = ¢* > 0. So u, = u, = 0. Then, v, = u, =

0,v; = —u, = 0. So both u and v are constant in ). Therefore f = u + iv is constant in 2.

Assignment 1.4 (Exercise 1.4.17)

Show that if {a, }52, is a sequence of non-zero complex numbers such that

an+1
G,

lim

n—oo

=1L,

then

lim |a,|'/" = L.
n—o0

In particular, this exercise shows that when applicable, the ratio test can be used to calculate

the radius of convergence of a power series. o

Proof Ve > 0, there exists N € N such that for all n > N, we have
Un+1
G,
For any £ > N. Multiplying the inequalities forn = N, N + 1,--- |k — 1, then we can obtain

L —e< < L+e.

Qg

(L—e)f N« < (L4,

an
Thus we have
lan|(L — )" < ar| < Jan|(L+e)* V.

k—N

lan|H(L = €)% < Jan] 7 < Jay]VH(L + ) F



Let k — oo, we have |ay|"* — 1 and =X — 1,50
L — & < liminf |ag|"* < limsup |ap|V* < L+«
k=00 k—00
Since € > 0 is arbitrary, let ¢ — 0, we can obtain

lim |a,|"" = L.
n—oo

When L = 0, it suffices to replace the left-hand side of the initial inequality by 0.

Assignment 1.5 (Exercise 1.4.18)

Let f be a power series centered at the origin. Prove that f has a power series expansion around
any point in its disc of convergence.

[Hint: Write z = zy + (2 — zo) and use the binomial expansion for z".] o

Proof We can denote that

f(z) = Z anz".
n=0

And it has radius of convergence R > 0 (It’s trivial when R = 0). Fix zy with |2y| < R. For z near

29, Write z = 2y + w where w = z — 2. Then by the binomial theorem, we have

2" =(z0+w)" = Z (Z) zg’kwk.
k=0
Hence, formally, we have

flzo+w) = Z an <Z> 2ok = Z (Z an <Z) zgk> w.
n=0 k=0 k=0
Define that

by, := i A, (Z) Zgik-

n=~k
For each fixed k& > 0, we first show that by is well-defined. Choose r such that |zy| < r < R. Since R

is the radius of convergence of >~ a,z", we have

oo
Z la,|r" < oo.
n=0

Let p := |zo|/r € (0,1). Then for n > k, we have

n|Z|n—k77,n1 n n
g0 T E )

Since k is fixed and 0 < p < 1, (Z) p" is bounded. Hence there exists a constant C, > 0 such that

(Z) |,20]”_]C <Curon > k.

Therefore we have

o0 n o0
Z , (k:) 27k < Gy Z lan|r™ < 0.
n=~k n=k

Thus by, is well-defined. Now we claim that the series Y -, byw® converges for |w| < R — |z and



equals f(zy + w). Choose r’ with |zy| + |w| < " < R. So for each n, we have

- n
n—k, k
ap (k‘) 2y W

Because ) |a,|(r")" < oo, so the rearrangement above is valid and we can obtain

= lan|(lz0] + [w])" < |an|(r)".
k=0

flzo +w) = Zbkwk for Jw| < 1" — |z
k=0
Since 7’ can be chosen arbitrarily with |zg| 4+ |w| < 7" < R, the identity holds for all |w| < R — |z|,

and 2 is arbitrary, so f has a power series expansion around any point in its disc of convergence.

Assignment 1.6 (Exercise 1.4.19)

Prove the following:

(a) The power series > nz" does not converge on any point of the unit circle.
(b) The power series >, 2" /n? converges at every point of the unit circle.

(c) The power series 2" /n converges at every point of the unit circle except z = 1. [Hint:

Sum by parts (Abel transformation)] o

Proof (a) If |z| = 1, then the modulus of n th term of this power series is [nz"| = n 4 0. Hence
this power series dose not converge on any point of the unit circle.
(b) If |z| = 1, then we have

o0 o0

SE= <
—| = — < 0
n? n?

n=1 n=1

So this power series converges absolutely, hence converges, at every point of the unit circle.
(c) If z = 1, this power series is » | 1/n, which diverges. Now assume that |z| = 1 and z # 1. Let

2
11—zl

N 1— 2N
SN:ZZn:Z 1_Z,’SN|<
n=1

So {Sx} is bounded. The sequence b,, := 1/n is monotone decreasing to 0. Hence by Dirichlet’s test,
this power series converges in S' \ {1}. On the other hand, by Abel transformation, we have

N N—-1

2" SN 1 1
g —_— = E Sn | —— .
—n N +n:1 (n n+1)

Since {Sy} is bounded and 7, (& — =) = 1, we can conclude convergence in S" \ {1}.

Assignment 1.7 (Exercise 1.4.20)

Expand (1 — 2)~™ in powers of z. Here m is a fixed positive integer. Also, show that if

1—2)™""= a, 2"
(1-2) :
n=0

then one obtains the following asymptotic relation for the coefficients:
m

1 —1
——n asn — oQ.
(m —1)!

m — i

Ay ~




Proof Firstly, we know that

1 = .
::ZZ ,|Z’<1.
n=0

Differentiating it (m — 1) times, we have

dm-t 1 (m—1! d™ ! [& >

_ n _ o 1 . o 2 n—m—i—l'
dzm-t (1 - Z) (1—2)m" dzm-1 ;Z nn—1)--(n—m+2)z
Letk=n—m+1 >0, for |z| < 1, we can obtain

1 _ “(k+m—-1)(k+m—2)--- ~ (k+m—1 K
(1—=z)m 2 (m —1)! Z( ) '

k=0

Thus we have

. (n—;wz;l) _ (n—i—m—l)(r(zn;l—inl;!Q)---(n—i—l) _ (f,zm_i)!m_l (1+%).

Asn —oo0,(1+j/n) —1,7=1--- ,m — 1. Therefore

1
Ay ~ mnm*1 as n — o0o.
Assignment 1.8 (Exercise 1.4.23)
Consider the function f defined on R by
0 ifr <0

flo) = e 7 ifr > 0.

Prove that f is indefinitely differentiable on R, and that ™ (0) = 0 for all n > 1. Conclude

that f does not have a converging power series expansion y .~ a,z" for x near the origin. .

Proof Forz <0, f(x) = 0, hence f is C* there and all derivatives are identically 0. For x > 0, let

g(z) =e * 'We claim that for each n > 0 there exists a polynomial P, such that

1
¢ (z) =P, (—) VP 2> 0.

T
This holds when n = 0 and F, = 1. If it holds for n, then differentiate it, we have

dz T T2 x 3 T T

So the claim is proved. Thus g is C*° on (0, c0). Since P, are all polynomials, we can obtain

lim ¢ (z)=0,n>0.

z—0t
Therefore f € C*°(R) with f™(0) = 0 for all n > 1. Finally, if f has a converging power series

expansion near the origin, let

o0
= Zanx”, lz| < R,

then we would have a,, = (f™(0))/n! =0 for all n > 1, and also ap = f(0) = 0. Hence the series
would be identically 0, implying f(z) = 0 when |z| < R, which contradicts f(z) = e~*/*" > 0 for
€ (0, R). Therefore f does not have a converging power series expansion near the origin.



Chapter 2 Homework 2

Assignment 2.1 (Exercise 1.4.21)

Show that for |z| < 1, one has
2 2n

z z z =z
1—z2+1—z4+”.+1—z2"+1+”._1—z’
and
2z 222 ok ;2" _z
11z 112 Ty TIoo

Justify any change in the order of summation.
[Hint: Use the dyadic expansion of an integer and the fact that 2841 —1 = 1+2422 ... +2F | o

Proof  For the first identity, since |z| < 1, for every n > 0 we have

on (o]
E —l—mT“r1
22n+1
m=0
Hence
9]
§ : § :E : 2m+1)2”
2n+1
n_O < n=0 m=0

Now every positive integer N can be written uniquely as N = 2"(2m + 1) with n, m > 0. Therefore

each monomial z"V appears exactly once in the above double sum, so formally the sum equals

oo
g 2N =
N=1

It remains to justify the rearrangement We have

Z Z |z 2’”“)2"} < Z 12| < o0.

n=0 m=0

This is because (2m+ 1)2™ are all distinct positive 1ntegers. So the double series converges absolutely,

and the change in the order of summation is justified.

For the second identity, for |z| < 1, we have
_ 2kz2k Z(_l)mszk — Z 2k(_1)m712m2k.

m=0 m=1

1+ 22

Therefore we obtain

Fix N > 1, and write N = 2"m,0 < k < vo(N) := 7 and let ¢ = N/2". So the coefficient of 2

Z 2k N/2k 1 ZQk 2T kq -1

k:2k| N

If k < r, then 2" % is even, so (—1)2" "1 = —1;if k = r, then 2" "¢ = ¢ is odd, so (—1)7"* = 1.



Hence the coefficient is
=Y =2 -1 +2 =1

Therefore every z¥ has coefficient 1, N > 1, and so
oo 2k ok

Zl+22k_zz

Again, we show absolute convergence to justify the rearrangement since

e o] o] m m . o0 2k ok
>3 P = ooy =5 B

k=0 m=1 k=0

For all sufficiently large k we have |2|%" < 1/2, so
k|, |2k

2 ‘ | 2k+1| |2’g

1— [z =

Since we have

2N "2k 42" < 2 e )
2 HIAT 2D nll = T < o0

So the double series converges absolutely. So we are done.

Assignment 2.2 (Exercise 1.4.24)

Let v be a smooth curve in C parametrized by z(t) : [a,b] — C. Let y~ denote the curve with

the same image as -y but with the reverse orientation. Prove that for any continuous function f

/Vf(z)dz = —/V_ f(2)dz

Proof LetZ(t) = z(a +b—t),t € [a,b]. Then Z is a parametrization of 7. By definition we have

/f dz—/f

Since Z'(t) = —2'(a + b — t), we can obtain

[ s = [ retarv-par-oa

Now let v = a + b — t, then du = —d¢, and when ¢t = a, u = b, while when t = b, © = a. Thus

/W_ f(z)dz = — /ba f(z(w)2' (u)(—du) = — /abf(z(u))zl(u)du — _/wf<2)dz

This holds for any continuous function f on . So we are done.

on y

)

Assignment 2.3 (Exercise 1.4.26)

Suppose [ is continuous in a region ). Prove that any two primitives of f (if they exist) differ
by a constant. o

Proof Let F and G be two primitives of f in 2. Then we have F'(z) = G'(z) = f(2),Vz € Q.
Hence (F' — G)'(z) = 0,Vz € Q. Let H = F' — . Then H is holomorphic and H' = 0 in ). Hence



by Corollary 3.4 of the textbook we have H is constant, i.e., /' — (' is constant, so any two primitives

of f differ by a constant. So we are done.

Assignment 2.4 (Exercise 2.6.1)

Prove that
[e.e] oo /2
/ sin(x2)dx = / cos(xQ)dx = —7T.
0 0 4
00 R
These are the Fresnel integrals. Here, / is interpreted as P}im
0 —>Jo
o
[Hint: Integrate the function e~ over the path in Figure 1. Recall that / e dy = Nz
Rezﬁr/él
0 R
Figure 1. The contour in Exercise 1 a

Proof For R > 0, let I'p be the boundary of {re? : 0 < r < R,0 < § < 7/4}, consisting of the
three curves 7, (t) = ¢,0 < t < R;72(0) = Re,0 < 0 < m/4; y3(t) = te™* R >t > 0. Since e’
is entire, Cauchy’s theorem gives
/ e #dz = 0.
I'r

/e_z2dz+/ e_z2dz—l—/ e dz = 0.
71 Y2 V3

3

2 R 2
/ e “dz = / e dax.
Y1 0

Also, along 75, writing z = te'™/*, we have 2> = t?e'™/? = it? dz = e'™/4dt, so

2 R 12
/ e “dz = —/ e i/t
Y5 0

3

R 2 2 - 4 R 't2
/ e ¥dx +/ e dz = e/ / e " dt.
0 Y2 0

. _ .2
lim / e “dz=0.
R—o0
Y2

Indeed, on 75, we can write 2 = Re? 0 < § < 7 /4 so that

dz = iRe™df, |e | = ¢ 1 c0s20),

Therefore

Firstly, we have

Hence

‘We now show that



Hence we can obtain

2 ﬂ/4 2
/ e “dz| <R / e 7 cos(20) qg.
Y2 0

Now let ¢ = 7/2 — 26. Then cos(20) = sin ¢ and df = —1d¢, so

w/4 /2
R/ efR2 Cos(29)d0 _ E / efR2 Sin¢d¢.
0 2 0

Since we have

sin¢ >

3

$,0< ¢ <

)

bo|

we can obtain

R /2 R2si R /2 2 R o 2 T
R Rrensgy o B MR, < B / ~@/mEgs — ™ 0(R .
5 /0 e o 5 /0 e 1) 2, e 1) iR — 0 (R — o)

Therefore we have

lim e dz = 0.
R—o0
Y2
Let R — oo, and use
[o¢]
/ e dg = ﬁ
0 2

‘We can obtain
eirr/4/ ot — ﬁ
0

Hence we have

/oo it g — ge_”/‘l _ g 1—2 _ V2T
0

Taking real and imaginary parts gives

/0 COS(Q?Q)d]Z = @, — sin(xQ)dx = —@.

Therefore we obtain

So we are done.

Assignment 2.5 (Exercise 2.6.2)

Show that/ Smmdx = z.
0 x 2

eix o

1 o
[Hint: The integral equals % / dx. Use the indented semicircle. |
? —00

Proof Denote that
1 [ e —1

I := - dzx.
2t ) =«
Since we have
e —1 cosx — 1 sinx
= —+1 .
T T T



And (cosx — 1)/x is odd, we can obtain

[:1/00 sinxdx:/oosinxdx'
2 ). « = 0 x

Thus it suffices to prove that [ = 7/2. Fix R > ¢ > 0, and consider the contour consisting of the

interval [— R, —¢|, the small upper semicircle C. : z = ce? 7w > 0 > 0, the interval |¢, R], and the

large upper semicircle C'z : 2z = Re? 0 < § < 7. Since we have

iz =1

is entire because the singularity at z = 0 is removable. Hence the integral over the contour is 0, i.e.,

—€ eiT _ ] iz _ 1 Rix_l iz _ ]
/ ¢ dx+/ ¢ dz+/ ¢ d:zc+/ ¢ T ldz—o.
R X c- z € xr Cr z
Since we have
1 1 <1 R
/ —-dz = iw,/ —dz = —iw,/ —dx +/ —dx = 0.
Cr zZ c- zZ R X € X

— eix eiz R iz iz
/ —d:c+/ —dz+/ e—dx+/ dz=o0.
R X o= < c xXr Cr z

€

Firstly, on C'r, we have z = Re?,0 < 0 < , then dz = iRe?df and hence

iz T ; T T . /2 .
/ e—dZ Z/ ezRe ede‘ < / do = / e—RsmGde _ 2/ e—Rstd@'
Crp ? 0 0 0 0

Since for 0 < 0 < 7/2, we have sin 6 > 20/, hence

we can obtain

eiRew

w/2 ) /2 i
2/ e—RsmGde < 2/ e—QRQ/WdQ — 1(1 — e_R) — 0 (R — OO) = lim e_dZ =0.
0 0 R R—o00 Cr z

Next, on C., we have z = e, 7 > 6 > 0 and hence

eiz 0 Tl
/ —dz:/ 1e'*¢ dé.
c- < T

€
Since we have || = e~5¢ ¢ [e7< ¢] and arg(e*®”) = £ cosf € [—¢, ¢]. Hence we can obtain

- _ 16 . .
e*” — 1 uniformly in 6, so we have

eiz 0
/ —dz — / 1df = —im.
Co T

Letting R — oo and ¢ — 0T, we obtain

—€ _ix R iz
lim (/ e—dx +/ e—dx) = 4.
R—o0 R X e X

e—071
Since we have

<1 R

lim (/ —dx—i—/ —dx) =0.

R—o0 _R x c x

e—0t

Then we can obtain
| R iz 1

lim </ ¢ dz —i—/ ¢ dx) = Im.
R—o0 _R x c x

e—=0t

That is 2i] = im, I = /2. So we are done.



Assignment 2.6 (Exercise 2.6.3)

Evaluate the integrals

o0 o0
/ e " cosbxdxr and / e “sinbrdxr,a >0
0 0

by integrating e=4%, A = \/a? + b2, over an appropriate sector with angle w, with cos w = a/A. o

Solution Let A = Va? 4+ b?,cosw = a/A,sinw = b/A. Assume that w € (0,7/2) WLOG. Then
a= Acosw,b= Asinw. For R > 0, consider the sector contour I, consisting of [0, R], { Re® : 0 <

0 < w}, {te™ : R >t > 0}. Since e=** is entire, we have

/ e dz = 0.
I'r
R R o
/ e 4%dy —i—/ e dz —/ e~ A et = 0.
0 Cr 0

lim e dz = 0.
R—o0 C
R

ndeed, on C, z = Re" wi <0< w s0|e | =e <e” — ¢ 9% then
Indeed OR R i0 th0 < 0 < Az ARcos?@ < ARcosw aR th

/ e 4%z
Cr

The claim is proved. Then letting R — oo, we obtain

00 oo ]

_ ; _ iw
/ e Amdx:e’“/ S
0 0

Since Ae™ = A(cosw + isinw) = a + ib, so e A = o=@+l — o=l (cog bt — isin bt). Also

oo 1
—Ax
e dx = —.
/0 A

< . _e™  cosw—isinw a—ib a—ib
/Oe (cosbt — isinbt)dt = = ) = T aip

Thus

Now we claim that

< Rwe™ — 0(R — o0) = lim e Mdz = 0.
R—o0 Cr

Therefore

Taking real and imaginary parts, we obtain

“cosbrdr = —— “sinbrdr = ——.
/0 e “ cosbrdx a2+b2’/0 e “sinbrdx prRy

Assignment 2.7 (Exercise 2.6.4)

Prove that for all ¢ € C, we have

00

— g2 e g

e e :/ e ™% 627”‘”5dx.
—00

Proof Fix ¢ € C, and denote that RH S := I(£). Since we have —mx? + 2mixé = —7(z? — 2ix€) =

—7(x — i€)? — 72, hence we can obtain

I(§) = e_’r52/ e T 4

11



If we claim that

/ e_“(x_iﬁ)zdxz/ e ™ dg.

Then we can obtain the original equality by

o 2 1 [ _» 1
/_Ooe”dx:ﬁ/_ooexdx:ﬁ-ﬁzl.

Tz

Now we prove the claim. Let f(z) = e~ *, which is entire. For R > 0, assume that —i¢ is in the

upper half of complex plane WLOG. Consider the parallelogram with vertices —R, R, R — £, —R —
1€, Connect these four points in a counterclockwise order with straight lines to obtain I'z. Then by

/FR f(z)dz =0.

Writing this integral as the sum over the four sides, we obtain

R 1 R 1
/ o™ qp 1 / o (B (_ie)dt — / e m(@=i€)? 4y 4 / o TR (jeYqt = 0,
_ 0 — 0

Cauchy’s theorem, we have

R R
Write ¢ = a+1ib, then R— it = (R+tb) —ita, so Re((R—itf)?*) = (R+1tb)? — t*a*. Hence we have
e m(R-itd)*| — e=mRe((R-it)*) — o=n((R+0)*~1%a%) "Gince ¢ € [0, 1], for sufficiently large R we have

(R+1b)*—t%a* = R*4+-2Rtb+1t*(b*—a?) > R*—2R|b|—|b*—a?| > R?>—2R|b|—|¢|* > R?/2—|&?
and hence |e™"(R~i)*| L e™l€Fe~mR*/2 Thys

1
/ O L U
0

Similarly we have

R—o0

1
< €™ e ™2 5 0(R — 00) = lim / e RO (_i)dt = 0.
0

1
lim [ o "CRTEHIO® (ie)qt = 0.

R—o00 0

/ e_“(x_ié)zdxz/ e ™ dg.

This proves the claim, and therefore I(£) = e ™. So we are done.

Letting R — oo, we can obtain



Chapter 3 Homework 3

Assignment 3.1 (Exercise 2.6.6)

Let § be an open subset of C and let T' C () be a triangle whose interior is also contained in ).

Suppose that f is a function holomorphic in ) except possibly at a point w inside T'. Prove that

/Tf(z)dz = 0. .

Proof Let C. be the circle centered at w with radius ¢ and contained inside 7" (anticlockwise). Since

if f is bounded near w, then

f is holomorphic in the region between 7" and C, Cauchy’s theorem gives

[ sez= [ s

Since f is bounded near w, so 3M > 0 such that |f(z)| < M on C. for all sufficiently small . So

f(z)dz

Ce

< 2meM — 0

as ¢ — 07. Therefore we have / f(z)dz = 0. So we are done.
T

Assignment 3.2 (Exercise 2.6.7)

Suppose f : D — C is holomorphic. Show that the diameter d = sup, ,cp | f(2) — f(w)| of the
image of f satisfies

21/(0) < d
Moreover, it can be shown that equality holds precisely when f is linear, f(z) = ag + a; 2.
Note. In connection with this result, see the relationship between the diameter of a curve and
Fourier series described in Problem 1, Chapter 4, Book I.
1 f(Q) = f(=9)

[Hint: 2f'(0) = 5 o o

d¢ whenever 0 < r < 1.]
[ )

Proof Fix0<r < 1. LetC, ={(¢ € C:|(| =r} (anticlockwise), Cauchy’s integral formula gives

Fo= o [ I

2mi Je, (2
/ o 1 f(_C)
ﬂm—ﬁﬁéﬂe

oy — L f(©) = f(=9)
0>—%/0er5‘

2y
T

Replacing ¢ by —(, we can obtain

Hence we have

Therefore




Letting » — 1~ gives 2|f'(0)| < d. It is obvious that equality holds when f is linear. We now prove
the converse. Write f(z) = >~ a,2" near the origin and define

1
N(r):= — f'(2)|*dzdy.
0= [, V)
If f/(0) = 0, then d = 0, so f is constant. Hence we can assume f’(0) # 0, then N(0%) = |f/(0)|> >

0. So f is locally injective near the origin. Then by expanding f’ and the area formula, we have

vy = 2B T / Znanp wove]

N'(r) :Z (2n — 2)|an[>r?" 2.

n=2

[e.9]

pdfdp = " nlay|*r*"?,

n=1

If f is not linear, then there exists a,, # 0 with n > 2, so N'(r) > 0 for all sufficiently small . Hence
for sufficiently small 7, we have |f/(0)|* = N(0") < N(r). And the isodiametric inequality gives

Area(f(B(0,7))) <7 (@)2

where d(r) is the diameter of f(B(0,r)). Therefore
d(r)\?
rop<ye < (92

On the other hand, by the maximum modulus principle, we have

0
) _ | I = 1G]
r 0€(0,27] |z|=r z

For each fixed 6, the function (f(e?z) — f(z))/z is holomorphic in ID because the singularity at z = 0
is removable, so by the maximum modulus principle, its maximum on |z| = r is nondecreasing in .
Taking the supremum over 6, we obtain that d(r)/r is nondecreasing in r. So if the equality holds in
2|f'(0)| < d, then for small  we would have

d(r d(1

W) < 8D _ 4= i),

r
which contradicts the strict inequality above. Therefore f must be linear.

Assignment 3.3 (Exercise 2.6.8)

If f is a holomorphic function on the strip —1 < y < 1, x € R with

|f(2)| < A(1+ |2])",n a fixed real number,
for all z in that strip, show that for each integer n > 0 there exists A,, > 0 so that
|f(x)| < Au(1+ |z)", forall z € R.
[Hint: Use the Cauchy inequalities. | o

Proof Fixn > 0and x € R. Then B(x,1/2) is contained in the strip, so Cauchy inequalities give

[f™ (@) <nl2" sup [f(2)].

|z—x|=1/2
Now if |z — x| = 1/2, then |z| < |z| + 1/2, hence 1 + |z| < 3(1 + |z])/2. Also |z| = |z| — 1/2,
so 1+ |z| = (1 + |z|)/2. Therefore there exists a constant C,, > 0, depending only on 7, such that



(14 ]2))" < Cy(1 4+ |z|)? on |z — x| = 1/2. Tt follows that | f(z)] < AC,(1 + |x|)" on the circle
{z € C:|z—x =1/2}, and so |f™(z)| < n!2"AC,(1 + |z|)". Thus the conclusion holds with
A, = nl2"AC,. So we are done.

Assignment 3.4 (Exercise 2.6.9)

Let Q) be a bounded connected open subset of C, and ¢ : Q) — Q) a holomorphic function. Prove

that if there exists a point zy € §) such that

©(20) = 29 and ¢'(29) = 1
then o is linear.
[Hint: Why can one assume that zg = 0? Write p(2) = z + a,2" + O(z"™!) near 0, and prove
that if pj, = @ o - - - 0 p (Where @ appears k times), then ¢(2) = z + ka,z" + O(z"). Apply
the Cauchy inequalities and let k — oo to conclude the proof. Here we use the standard O
notation, where f(z) = O(g(z)) as z — 0 means that | f(z)| < C|g(z)| for some constant C' as
|z| = 0.] )

Proof By replacing ¢ with z — (2 + z) — 2o on Q — 2o, we can assume that zy = 0. Suppose,
for contradiction, that ¢ is not linear. Then there exist n > 2 with a,, # 0 such that p(z) = 2z +
an2"™ + O(2""1) near 0. Let ¢, = p o --- o ¢, where o appears k times. We claim that ¢, (2) =
z + ka,z" + O(2""1) near 0. This is proved by induction on k. The case k = 1 is clear. If it holds for
k, then pri1(2) = p(pr(2)) = pr(2) + anpr(2)™ + O(2"1). Since @i (2) = 2 + ka,z" + O(z"),
we have i (2)" = 2" + O(2"1), and therefore ;. 1(2) = 2 + (k + 1)a,z™ + O(z"™). So the
claim is proved. Now each ¢, maps €2 into €2, and €2 is bounded, so there exists // > 0 such that
lok] < M on (2 for all k. Choose r > 0 such that W,r) C (). By Cauchy inequalities, we have
o™ (0)] < n!M/r™. But from the expansion of ¢, we have ¢\ (0) = nlka,,. Hence |a,| < M/ (kr")

for every k£ > 1. Letting £ — oo, we get a,, = 0, which leads to a contradiction. Therefore  must be

linear. So we are done.

Assignment 3.5 (Exercise 2.6.10)

Weierstrass’s theorem states that a continuous function on [0, 1] can be uniformly approximated
by polynomials. Can every continuous function on the closed unit disc be approximated uni-

formly by polynomials in the variable z? o

Solution No. We prove the following lemma firstly.

Let f be a continuous function on the closed unit disc . If there exists a sequence of polynomials

{pn} such that p, — f uniformly on D. Then f is holomorphic on the unit disc D. ©

Proof Let zg € D. Choose r > 0 such that B(zy,7) C D,andletI’ = {( € C : | — 29| = r}. Since

each p,, is a polynomial, it is holomorphic on C. Hence Cauchy’s integral formula gives

pa(e) = e [ 28

2mi Jp ( — 2
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for every z € B(zy,r). Now fix p with 0 < p < r. Since p, — f uniformly on D, in particular
pn — [ uniformly on the circle I'. Also, for ¢ € I" and z € B(z, p), we have | — z| = 1 — p > 0.
Thus we can obtain

mlQ) | S©
(—z (=2
uniformly on I" x B(zg, p). So we can pass the limit through the integral sign and obtain
1 [ f(©
= — d
/) 21 /F (—=z ¢
for every z € B(zg, p). Now we claim that f is holomorphic on B(z, p). For z € B(z, p) and for

h € C with |h| is sufficiently small, we have z + h € B(zg, p) and |( — 2z — h| > (r — p)/2, then

flz+h)—flz) 1 /(<) 1 f(¢) f(©)
‘ L £<<<—z—h><<—z>‘<¢—z>2)d<
<%/supceﬂf |‘<_Z 27’s1(1f¢_€rp!)f( >|]h]—>0(h—>0)
Therefore we have
v Lo fO)
1= 5

forevery z € B(zg, p). Thus f is holomorphic near zy. Since zj is chosen arbitrarily, f is holomorphic
on D and the lemma is proved.

Now let’s return to the original question. Consider the function f(z) = Z on . It is continuous
on D. If there were polynomials p,(z) such that p, — f(2) uniformly on D, then f(z) = Z would be

holomorphic on D by the lemma, which leads to a contradiction. So the answer is negative.

Assignment 3.6 (Exercise 2.6.11)

Let f be a holomorphic function on the disc Dy, centered at the origin and of radius Ry.
(a) Prove that whenever 0 < R < Ry and |z| < R, then

f(z) = L f(Re™) Re (%) de.

2 J, Rew — z

(b) Show that

Re ReT+rY R?2 _ ¢2
Rev —r )  R?—2Rrcosy+ 12’

[Hint: For the first part, note that if w = R?/Z, then the integral of f(¢)/(¢ — w) around the
circle of radius R centered at the origin is zero. Use this, together with the usual Cauchy’s

integral formula, to deduce the desired identity. | o

(a) Let ¢ = Re™. Then d¢ = i¢d, so it is sufficient to prove

1 L(Hz)
)= 5 [ JOR ()<

2m
Let w = R?/z. Since |z| < R, we have |w| > R, so ¢ — f(¢)/(¢ — w) is holomorphic on Dg. So
/ FO 4 _ .
I<

\RCw




Combining this with the Cauchy’s integral formula, we obtain
1

1 1
1 =g |10 (e«

Since w = R?/z and |¢| = R, we have

Therefore

I\

=5 Jn? Ve e =3

)d L (O—C =2 4.

1 1
flz) = 2i |c|=Rf(O (C—Z i (¢ -72)
Since we have 3 B
C+z\ _1(¢+z C+2\_  ((-=2=
Re(C—Z)_2<C—Z+Z—E> (=2)(C—7)

Substituting this into the previous formula gives the desired identity.

(b) Let { = Re” and z = r. Then the identity we just obtained in (a) becomes

Re Re" 41\ R? — 12
Re™” —r ) R?—2Rrcosvy+r2’

Assignment 3.7 (Exercise 2.6.12)

Let u be a real-valued function defined on the unit disc D. Suppose that u is twice continuously

differentiable and harmonic, that is,
Au(z,y) =0
forall (z,y) € D.

(a) Prove that there exists a holomorphic function f on the unit disc such that
Re(f) = u.

Also show that the imaginary part of f is uniquely defined up to an additive (real) constant.
[Hint: From the previous chapter we would have f'(z) = 20u/0z. Therefore, let g(z) =
20u/0z and prove that g is holomorphic. Why can one find F with F' = g? Prove that Re(F)
differs from u by a real constant. |

(b) Deduce from this result, and from Exercise 11, the Poisson integral representation formula
from the Cauchy’s integral formula: If u is harmonic in the unit disc and continuous on its
i0

closure, then if z = re' one has
1

2
ue) =50 [ PO ol
where P,(v) is the Poisson kernel for the unit disc given by

1—12
Po(v) = .
() 1 —2rcos~y +r? o

(a) Define g(z) = 20u/dz = u, — iu,. Since u € C*(D) and Au = 0, we have
dg 1[0 0

. , 1
5~ 3 (% + za—y) (uy — tuy) = §(um + uy,) = 0.
Hence ¢ is holomorphic on . Thus by Theorem 2.1 of the textbook, g has a primitive F' on D with



F" = g. Then Re(F'), = Re(F") = u, and Re(F), = —Im(F") = u,, hence Re(F’) — u is constant.
Thus there exists a real constant ¢ such that Re(#'—c¢) = u. Letting f = F'—c, we obtain a holomorphic
function on D with real part u. If f; and f, are two such functions, then Re(f; — f2) = 0. Hence
f1 — fo is constant because it’s holomorphic. Since its real part is 0, this constant is purely imaginary.
Therefore the imaginary part of f is uniquely defined up to an additive real constant.

(b) By (a), let f be a holomorphic function on D with Re(f) = u, and let z = re. Applying Exercise
11(a) with Ry = 1, for |z| = r < 1, choose R such that 0 < r < R < 1, we get

Re™ + 2
) de.
27r/ J(He (R ip — z) 4

Take real parts and let R — 17, since u is continuous on D and |z| = r < 1is fixed, the integral

converges uniformly in ¢ as R — 1. Hence we can pass to the limit under the integral sign. So

Lo i 4 rei?

e'? + ret? 1—r?
R , — | = = P.(0 — o).
¢ (ew — 7“(319) 1 —2rcos(p —0) +1r? (0 =)

By Exercise 11(b),

Therefore we can obtain

L / " PO — u(e)dg.

u(z) = 2m

Thus the Poisson representation integral formula holds for z = re¢® € . And the boundary values
u(e®) are obtained by letting » — 17, since the Poisson kernel forms an approximate identity and u

is continuous on [D. So we are done.



Chapter 4 Homework 4

Assignment 4.1 (Exercise 2.6.14)

Suppose that f is holomorphic in an open set containing the closed unit disc, except for a pole

at zy on the unit circle. Show that if

o0
E anz"
n=0

denotes the power series expansion of f in the open unit disc, then
Qnp,

lim = 2.

Proof Let the pole of f at z, have order m. Since f is holomorphic in a neighborhood of D \ {z,},

we can write
m

Ck,
() =3 (),
where ¢, # 0 and g is holomorphic in some disc |z| < p with p > 1. For each & > 1 we have

1 = <n +k— 1> i
- P= 2 _ %0 7
(I—2/z)" =\ k-1
for |z| < |29 = 1. Also, since g is holomorphic on |z| < p, we can write

g(z) = Z by2"
n=0

with [b,| < Cr~" for some C' > 0,1 < r < p (by Cauchy inequalities). Therefore we have a,, =
+

2y "P(n) + by, where

= n+k—1
P(n) = ;Ck< ko1 >
This is a polynomial in n of degree m — 1, and its leading coefficient is ¢,,/(m — 1)! # 0. Therefore
P(n) # 0 for all sufficiently large n, and
P(n)
P(n+1)
Since |zp| = 1 and r > 1, we have z;,"b,, — 0. Thus a,, = z; " (P(n) +o(1)), ans1 = za(nﬂ)(P(n +
1) 4+ o(1)). It follows that
ap P(n) +o(1)

an
=z — 2o (n — o0) ie., lim
anp1  CP(n+1)+o0(1) 7 ( Jie, lim ot

Assignment 4.2 (Exercise 2.6.15)

Suppose f is a non-vanishing continuous function on D that is holomorphic in D. Prove that if

— 1(n — o0).

= 20-

|f(2)| = 1 whenever |z| = 1,

then f is constant.




[Hint: Extend f to all of C by f(z) = 1/ f(1/Z) whenever |z| > 1, and argue as in the Schwarz
reflection principle. ] A

Consider the function
f(2), |z| <1
1/f(1/z), [z] =1

If |z| = 1, then 1/Z = z, and since | f(z)| = 1 on the unit circle, we have

1 1
RO

Hence g is continuous on C. Now 1/f(1/z) is holomorphic on |z| > 1, since f is holomorphic and

non-vanishing in D. Fix z, with |zo| > 1. Since 1/f(1/ z) is holomorphic near z;, we can write

1/z Zan —Z (z — z)"

near z = zg. Thus g is holomorphlc when |z| > 1. So g is holomorphlc in|z| < landin |z| > 1,

and continuous on all of C. Similar with the proof of the Schwarz reflection principle, using Morera’s
theorem and Cauchy’s theorem, we can obtain ¢ is holomorphic on C. Since g is entire and bounded,

Liouville’s theorem implies that g is constant. Therefore f is constant as well.

Assignment 4.3 (Problem 2.7.1)

Here are some examples of analytic functions on the unit disc that cannot be extended

analytically past the unit circle. The following definition is needed. Let f be a function defined
in the unit disc D, with boundary circle C. A point w on C'is said to be regular for f if there
is an open neighborhood U of w and an analytic function g on U, so that f = gonDNU. A
function f defined on D cannot be continued analytically past the unit circle if no point of C' is
regular for f.

(a) Let

o0
— Zanfor |z| < 1.
n=0

Notice that the radius of convergence of the above series is 1. Show that f cannot be continued
analytically past the unit disc. [Hint: Suppose § = 2mwp/2F, where p and k are positive integers.
Let z = re®, then | f(re?®)| — coasr — 1.]

(b) Fix 0 < a < 0o. Show that the analytic function f defined by

[e.9]

f(z) = Z 272" for |z| < 1
n=0
extends continuously to the unit circle, but cannot be analytically continued past the unit circle.

[Hint: There is a nowhere differentiable function lurking in the background. See Chapter 4 in
Book I.] o
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(a) Let @ = 2mp/2¥ p,k € Nt and z = re?, 0 < r < 1. Then for n > k we have "% = 1, so

k—1
Fre) = 3176 4 31 = [f(re) Z 4 Z
n=0 n=k

As 1 — 17, the first sum tends to +o0, while the second remains bounded. Therefore | f(rei?)| — oo.
Now the set of points ¥ with § = 2wp/2¥, p, k € N* is dense on the unit circle. If f had an analytic
continuation across some boundary point w, then there would exist an arc of the unit circle containing

: k
270/2% for some

w on which f remained bounded near the boundary. But every such arc contains e
p, k € N*, and along the corresponding radius we have just proved that | f(re?)| — oo as r — 1~.
This is impossible. Hence no point of the unit circle is regular for f, so f cannot be analytically
continued past the unit circle.

(b) Since >~ 27" < oo, the series y 2-m22" converges uniformly on D. Thus f extends
continuously to the unit circle. We now show that f cannot be analytically continued past the unit

circle. Fix an integer m > «. Let

d
L := z&
Then for |z| < 1, we have
L™f(z) = i gnrmoTne 2 i grm—a) ;2

n=0 =

Suppose 6 = 27p/2*. Then for n > k we have ¢/?"? =1, so for z=re? 0 <r <1, wehave
L™ f(re?) = § gr(m=—a) 2" gi2"0 4 Z gn(m=—a),.2"
n=0 n=k

The second sum consists of positive terms and tends to +oc as r — 17, since > o0, 27"~ = o0,
Hence |L™ f(re)| — oo as r — 1. Again the set of points {e2™/2" : p k e N*} is dense on the
unit circle. If f could be analytically continued across some boundary point, then so could L™ f, and
hence L™ f would remain bounded near this point, which leads to a contradiction. Therefore f cannot
be analytically continued past the unit circle.

There is another way to prove that f cannot be analytically continued past the unit circle.
Since f(z) = Y07 ,27"*2*" converges uniformly on D, its boundary values define a continuous
function F'(0) := f(e”) = >_°7 ,27"*e2"%. The real and imaginary parts of F are lacunary Fourier
series of Weierstrass type and nowhere differentiable. But if f could be analytically continued across
some boundary point, then F'(f) would be real analytic in a neighborhood of the corresponding angle.

This is impossible. Hence f cannot be analytically continued past the unit circle.

Assignment 4.4 (Problem 2.7.2)

Let

= Zd(n)z”for |z| <1
n=1

where d(n) denotes the number of divisors of n. Observe that the radius of convergence of this
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series is 1. Verify the identity

n

Sodm) =)

n=1 n=1
Using this identity, show that if z = r with 0 < r < 1, then
1 1
F > 1
F(r)| > ¢ = log ——
asr — 1. Similarly, if 0 = 2wp/q where p and q are positive integers and z = re®, then

) 1 1
0 >
|F(re”)| = cp/q - _rlog —

as r — 1. Conclude that F' cannot be continued analytically past the unit disc. a

We first verify the identity. For |z| < 1, we have

oo

N B

n=1m=1

‘We can obtain that

mn Sk
> Semi= Y <3 = i <o

n=1m=1

So the double series converges absolutely, so we may rearrange it by the powers of z. The coefficient

of 2V is exactly the number of positive divisors of N, namely d(/N). Hence

o0

Zl_zn—Zd F(z).

N=1

Now if 2 = r € (0,1). Since all terms are positive and we have 1 —7" = (1 —7)(1+7r+---+7r""1) <
n(1 — r), hence we can obtain

ZOO ™ ZOO rm 1 1 1
F = F = _— > .= — 1 1 - - 1 .
F ()l (r) el T n(l—r) 1—r og(1 =) 11—+ 81,

Thus the desired estimate holds for all 0 < r < 1 with ¢ = 1. Now let § = 27p/q, where p,q € NT
and z = re’. Assume that ¢ > 1 and (p, ¢) = 1 WLOG, by the identity above, we have

n ,ind

i = rve
F(Te 0) - Z 1 — pneint’
1

n—=

We split the series according to the residue class of n modulo g, i.e., F(re?’) = A(r) + B(r), where

00 rma g—1 oo ymatagiad
A(r) = g E E
( ) 1— qu 1 — ,,nmq—l—aewé?
m=1 a=1 m=0

By the estimate already proved for real arguments, we have

A =3 T s e

(1—(ra)m 7 1—re " 1—1re

Also,sincel—rq:(1—r)(1+r_|_...+rq S
1 1 1

> :

1—r1" q(1—r)

< ¢(1 —r), we have

1
= log ] —loggq.
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Hence there exists ry € (0, 1) such that for ry < r < 1,

1,1
1—r 72 %1

log

Therefore, for rg < r < 1,

1 1 1
log

Alr) >

>

2q1 —r
It remains to estimate B(r). For 1 < a < g — 1, we have ¢’ # 1. Let 6(p/q) := minjcacy1 |1 —
e'@®| > 0. If r is sufficiently close to 1, then for every m € N and every 1 < a < ¢ — 1, we have

. . ) 0
‘1 . rmq—i—aezaO‘ > ‘1 . ezael . |(1 . qu+a)eza9| > 5 — (1 o T,mq—i—a) > 5
Thus for r sufficiently close to 1, we have
mq+a ,ial

e e < Zrm“a.

1 — rquraeiaO = )
Hence

PR 20g—1) & 20q—1) 1 20g—1) 1
B < = mq-+a < M 7 mq __ < .
| (r)|\5;n;’" ST mz::(f 5 1-r Y 5 1-7

So there exists a constant C,,;, > 0 such that |B(r)| < C,/,/(1 — r) for all r sufficiently close to 1.
Now we can obtain

Z. 11 1 1
|F(Te9)|>A(T)_|B(T>|>Z1_T10g1_r_ play
Sincelogﬁ%—l—oo as r — 17, there exists 7; € (0, 1) such that for r; < r < 1, we have
1 1
Cy < —1 .
p/a 4q Ogl—r

Therefore, we can obtain

b 11 1 1 1
| (re”)] =

> ] 2 1
dql—r B1—p M %T

as r — 1~ for some constant c,,, > 0 depending only on p/q. Since the set of points {emp/ 9:p,q€
N*, (p,q) = 1} is dense on the unit circle, no point of the unit circle can be regular for F. Hence F
cannot be continued analytically past the unit disc.

Assignment 4.5 (Problem 2.7.3)

Morera’s theorem states that if f is continuous in C, and / f(2)dz = 0 for all triangles T, then
T

f is holomorphic in C. Naturally, we may ask if the conclusion still holds if we replace triangles
by other sets.

(a) Suppose that f is continuous on C, and

() [ =0
c
for every circle C. Prove that f is holomorphic.

(b) More generally, let I' be any toy contour, and F the collection of all translates and dilates
of I'. Show that if f is continuous on C, and

/f(z)dz =0 forally € F
v
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then f is holomorphic. In particular, Morera’s theorem holds under the weaker assumption that

/ f(2)dz = 0 for all equilateral triangles.
T

[Hint: As a first step, assume that f is twice real differentiable, and write f(z) = f(z9) +a(z —
20) +b(Z—20) + O(|z — 20|?) for z near zy. Integrating this expansion over small circles around
2o yields 0f /0zZ = b = 0 at zy. Alternatively, suppose only that [ is differentiable and apply
Green’s theorem to conclude that the real and imaginary parts of f satisfy the Cauchy-Riemann
equations.

In general, let p(w) = @(x,y) (When w = x +1iy) denote a smooth function with 0 < p(w) <
1, and/ e(w)dV(w) = 1, where dV(w) = dzdy, and / denotes the usual integral of a
RQ

function of two variables in R?. For each e > 0, let p.(z) = e 2p(e7'2), as well as

/fz— (w)dV (w),

where the integral denotes the usual integral of functions of two variables, with AV (w) the area

element of R2. Then f. is smooth, satisfies condition (x), and f. — [ uniformly on any compact
subset of C.]

o

We use the mollifier indicated in the hint. Define that
cexp (_W>7 |Z| <]./2
0, |z| > 1/2

0:C~R?* - R,z

where ¢ > 0 is chosen such that / o(w)dV (w) = 1. For each € > 0, define
R2

oel2) = e 2p(e 712, Lol / £z — w)pe(w)dV (w).

Then f. is smooth and f. — f uniformly on every compact subset of C as € — 0. Moreover, for part
(a), if C'is a circle, then C' — w is again a circle, thus we have

/Cfe(z)dz = /R (/O f(z— w)dz) o (w)dV (w) = 0.

(Since . has compact support and f is continuous, so we can change the order of integration.) For

part (b), if v € F, then for every w the translate v — w still belongs to F, so similarly we have

Lfe(z)dz - /R (L e — w)dz) o () AV () = 0.

Thus, by Theorem 5.2 of the textbook, it suffices to prove the result when f is smooth.
(a) Fix z5 € C. Since f is twice real differentiable, we can write

f(2) = f(20) +a(z = 20) + b(z = ) + O(|z — 2|*)

for z near zy. Integrating over the circle |z — zo| = ¢ for sufficiently small ¢ > 0, we have

o [’«’ zo|=¢ flz)dz= /|Z zolze[b(z —%0) + O(]2 = 2[7)ld=

2
= 0= / bee Pice®d + O(e%) = 2mibe® + O(&®).
0
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Then we have 27ib 4+ O(g) = 0, letting € — 0, we can obtain b = 0. that is df/0Z(zp) = 0. Since 2
is arbitrary, f is holomorphic.
(b) Fix zy € C. Since f is twice real differentiable, again write

f(2) = f(z0) +a(z — 20) + b(Z — %) + O(]z — 20]*)
for z near 2. Let ['. := 2y + <I', which belongs to F. Then
0= [ f(x)ds = / b(Z — %) + O(|= — = [2)]d=.
Writing z = z + cw with w EFEF, we get E
0= baQ/Edw +O(£%).
Since I forms a region of positive area, let w :Fa: + 1y, by Green’s theorem, we have
/@dw = /xdaf; +ydy +1 / xdy — ydx = 2i - Area(Qr) # 0.
r r r

Therefore b = 0, that is 0f /0Z(z9) = 0. Since z is arbitrary, f is holomorphic. Taking I" to be an

equilateral triangle gives the last statement.

Assignment 4.6 (Problem 2.7.4)

Prove the converse to Runge’s theorem: if K is a compact set whose complement is not con-

nected, then there exists a function f holomorphic in a neighborhood of K which cannot be
approximated uniformly by polynomials on K.

[Hint: Pick a point zy in a bounded component of K¢, and let f(z) = 1/(z — zo). If f can be
approximated uniformly by polynomial p such that |(z — zo)p(z) — 1| < 1. Use the maximum
modulus principle (Chapter 3) to show that this inequality continues to hold for all z in the

component of K€ that contains z.] a

Proof Since K is compact and K€ is not connected, so K has a bounded component, call it U, and
pick a point zy € U. Define f(z) = 1/(z — 2p). Then f is holomorphic in a neighborhood of K,
since zp ¢ K and K is compact. Suppose, for contradiction, that f can be approximated uniformly by
polynomials on K. Let M := max,ck |z — zo| + 1. Then there exists a polynomial p such that

£ ()] < 32 =1z — 20)plz) — 1] < E 2

for all z € K. Define h(z) := (z — 29)p(z) — 1, then h(z) is entire. Since we have OU C K, so
|h(2)| < 1 on 0U. By the maximum modulus principle, |h(z)| < 1 on U. In particular, taking z = z

<1

gives |h(zp)] = | — 1| = 1 < 1, which leads to a contradiction. Therefore f cannot be approximated

uniformly by polynomials on /K. So we are done.

Assignment 4.7 (Problem 2.7.5)

There exists an entire function F' with the following “universal” property: given any entire

function h, there is an increasing sequence { Ny }32, of positive integers, so that
lim F(z+ Ni) = h(2)
k—o00

uniformly on every compact subset of C.
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(a) Let p1,ps,--- denote an enumeration of the collection of polynomials whose coefficients
have rational real and imaginary parts. Show that it suffices to find an entire function F' and an

increasing sequence { M, } of positive integers, such that
1
(x)  |F(2) — pu(z — M,)| < — whenever z € D,,
n

where D,, denotes the disc centered at M,, and of radius n. [Hint: Given h entire, there exists a
sequence {ny} such that limy_,. py, (2) = h(z) uniformly on every compact subset of C.]

(b) Construct F satisfying (x) as an infinite series

= Z“n(z>

en(2=Mn)? , and the quantities c, > 0 and M, > 0 are chosen

where u,(2) = pn(z — M,)e”

~=* yanishes rapidly as |z| —

appropriately with c,, — 0 and M, — oo. [Hint: The function e
oo in the sectors {| arg z| < w/4 — §} and {|m — arg z| < 7 /4 — 6}.]

In the same spirit, there exists an alternate “universal” entire function G with the following
property: given any entire function h, there is an increasing sequence {Ny}2, of positive

integers, so that

klim DG (z) = h(2)

uniformly on every compact subset of C. Here DG denotes the j'" (complex) derivative of G. a

(a) Assume that F' and {M,,} satisfy (). Let h be any entire function. Since polynomials
with rational real and imaginary coeflicients are dense in the space of entire functions for the topology
of uniform convergence on compact sets, there exists a subsequence {p,, } such that p,, (2) — h(z)
uniformly on every compact subset of C. We claim that NV}, := M,,, works. Let K C C be compact.
For £ large enough, we have K + M,,, C D,, . Hence for 2 € K and sufficiently large k, we have

1
(24 Ni) = h(2)] < (2 4 M) = Py (2)] [y (2) = h(z)] < 2 [Py (2) = (=)l
The RHS tends to 0 uniformly on K. Therefore F'(z + Ny) — h(z) uniformly on every compact
subset of C. So it suffices to find F' and {M,,} satisfying (x).

(b) We construct u,,(z) = p,(z — Mn)e*C”(Z*M")2 recursively. For each fixed n € N*, choose ¢,, > 0

sufficiently small such that ¢, — 0 as n — oo, and also such that

1
Ipn(w) (e —1)| < 5~ forall fw| < n. (1)

C’LU2

This is possible because for fixedn € N*, e™

M, € N, then suppose uy, -+ ,u,_1 have been chosen. Let B,,_1 := B(0, M,,_1 +n — 1) (n > 2).
—cj(z—=M;)?

— 1 uniformly on |w| < nas ¢ — 0. Now choose any

Since each factor e ,1 < j < n — 1 decays faster than any polynomial as z — oo in the
sector near the positive or negative real axes, we can choose M,, € N* so large that D, N B, 1 = &

and

Z]u] ]<—f0rz€Dn, un(2)] <

i forz € B,_;. (2)

Indeed, when z € Dn, each z — M; for 1 < j < n — 1 lies far out in a sector near the positive real
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axis, so |u;(z)| is tiny there; when z € B,,_1, z — M, lies far out in a sector near the negative real axis,

S0 |u,(z)] is tiny there. Also, we can obtain M,, T 400 as n — co. Define

=3 )

We first show that the series converges uniformly on every compact set. Let /& be compact. Since K
is bounded, there exists N € NT such that K’ C By. Then by (2), for all m > N, we have

lum (2)] < LS forall z € K

Therefore the series converges uniformly on K. Since K is arbitrary, the series converges uniformly
on every compact subset of C. Thus F' is entire by Theorem 5.2 of the textbook. It remains to prove
(%). Fix n and let z € D,,. Then

o0

[F(2) = pu(z = M Z|ug )+ [un(2) = palz = Ma)l + Y Jum(2)]-

m=n+1
By (2), the first term is < 1/(3n). By (1), the middle term is also < 1/(3n). As for m > n, we have
D,, C By,_1, so by (2) again, we have |u,,(z)| < 272, Hence

- = 1 1 1
Z ’um(2)| < Z om+2 - on+2 < 3_7’L
m=n-+1 m=n-+1
Combining these estimates, we obtain

F() = palz = M) <

for all z € D,,. This is exactly (). So we are done.

We now prove the last statement. We can write

dp
z) = Z 27
j=0
We should construct an entire function G and a strictly increasing sequence of positive integers { N, }
such that, for each n € N*, we can obtain
|IDMG(2) — pa(2)| < % for |z| < n. ()
Once this is done, the desired universality follows exactly as in part (a): given any entire function h,

choose a subsequence {p,, } such that p,, — h uniformly on every compact subset of C. Then for
every compact set K C C, if K C {z: |z| < R} and n;, > R, we have

DY G (2) = h(2)| < [DYG(2) = pay (2)] + [pny (2) = h(2)] < nik + |pni.(2) — h(2)|

for all z € K, and the RHS tends to 0 uniformly on K. To construct G, we choose {N,, } recursively.

We choose any N; € N*. For each n, define
dn

J! No+j N
qn(2) = Upj 2 " = Dqu(2) = pu(2).
=Ll ) = (2
Also, if m < nand N,, > N,, + d,,, then D"»q,,(z) = 0. So we choose N,, € N* so large that

N, >Ny q1+d,q(n>=2), |q.(2) <27" for|z| < n. (3)
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and moreover
|DNmg,(2)] < 27" for |z| <m, 1 <m <n. 4)

This is possible because for fixed n and ﬁxed 1 < m < n, we have

7! No+j—N.
DNm » — i ntJ m
q<z> jZ:;aJ(Nn_Fj_Nm)!Z

So on the compact set |z| < m, we have

N dn mNa+i—Nm
sup |[D g, (2)| < |an gl - d —0
|z|<m \jz% J (N + 37— Np)!

as N,, — oo. The process of obtaining (3) is similar. Now define

= Z QH(Z)

We claim that this series converges uniformly on every compact subset of C. Let K C C be compact.
JR > O such that K C {z : |z| < R}. Then by (3), for all n > R we have |g,(z)| < 27" for z € K.
Hence the series converges uniformly on K. Therefore G is entire by Theorem 5.2 of the textbook.
We next prove (1). Fix n and let |z| < n. We have D"q,, = 0 for all 1 < m < n. Hence

o0

DMG(z) —pu(z) = Y DV gu(2).
m=n+1
For every m > n > 1, since |z| < n, so by (4) we have | D¢, (2 )| < 27™. Therefore
1
DM@ 27" = — < =
| ( m;rl n

Thus (1) holds. This proves the last statement.
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Chapter 5 Homework 5

Assignment 5.1

Let 11 = {u = 0} = C be the horizontal plane in R3, where (x,y,u) are the standard co-

ordinates. Consider the two spheres

1\ 1
S:{x2+y2—|—u2=1}andT={x2+y2+(u_§) :Z}

Both spheres have the same north pole N = (0,0, 1). For each sphere, define stereographic
projection from N onto 11: for a point on the sphere different from N, draw the line through
N and that point, and let its intersection with 11 be the image. Denote these projections by
o:S\{N}=>1IL7:T\{N} - IL

(a) Give the explicit formulas for o and .

(b) Show that, on S \ {N, (0,0, —1)}, the stereographic images of the two points (x,y, u) and
(x,y, —u) are inverse points with respect to the unit circle.

(c) Show that, on T\{ N, O}, the stereographic images of the two points (z,y,u) and (z,y, 1 —u)

are inverse points with respect to the unit circle. 4

Proof (a)Let P = (z,y,u) € S\ {IV}. The line through N and P is (0,0,1) + ¢(z,y,u — 1). Its
intersection with I is obtained from 1+¢(u—1) = 0,hencet = 1/(1—u) (u # 1). Hence o(z,y,u) =
(1—u)"Y(z,y,0). We identify it with the complex number, so o(x,y,u) = (z +1iy)/(1 —u). Exactly
the same computation gives, for Q = (z,y,u) € T \ {N}, we have 7(z,y,u) = (1 — u) " (z,y,0).
That is, 7(x, y,u) = (z +iy)/(1 — u) with the complex number form.

(b) Let P = (z,y,u) € S\ {N,(0,0,—1)} and P' = (z,y, —u). Denote z = ¢(P) and 2’ = o(F’),
respectively. Then we have z = (x +iy)/(1 — ) and 2’ = (z + i1y)/(1 + u) by (a). Since P € S, we
have 22 + ¢ + u? = 1, so 22 + y* = 1 — u?. Therefore

||2:x2+y2 14w 1z _a:—{—z'y'l—u_x—l—iyzz,'

(I—-uw? 1-u'z |22 1-u l14+u 1+4u
() Let @ = (z,y,u) € T\ {N,0} and Q' = (z,y,1 — u). Denote w = 7(Q)) and v’ = 7(Q’),
respectively. Then we have w = (x +iy) /(1 — u) and w' = (x + iy)/u by (a). Since Q) € T, we have
22 +y? 4+ (u—1/2)? = 1/4, so 2? + y* = u(1 — u). Therefore
| ’2_9(;2—1—3/2 u 1 w T+ iy 1—u_a:+z'y_w,

T (l-w? 1-uvw |wP l-u u u

Assignment 5.2

az

Take f(z) = e Prove that f is not a meromorphic function on the extended complex plane
eZ
C for any a € C. o
Proof The poles of f are the zeros of 1 + €7, that is e* = —1, so they are exactly the points z =

(2k + 1)mi, k € Z. Since (1 4 ¢*)" = ¢*, and e )™ — _1 =£ 0, each of these zeros is simple.



Therefore f has infinitely many simple poles at (2k + 1)7i, k € Z. Now let Ugr = {2z € C : |z| >
R} U {oo} be an arbitrary neighborhood of oo in C. Since there exist infinitely many integers & such
that |(2k + 1)mi| > R, Ug contains infinitely many poles of f. And co must be a limit point of these

poles and oo € Ug. So f is not meromorphic at oco. So for any a € C, f is not meromorphic on C.

Assignment 5.3 (Exercise 3.8.1)

Using Euler’s formula

ei7rz _ e—iﬂz
sinmz = ————
2i ’
show that the complex zeros of sin 7wz are exactly at the integers, and that they are each of order

1. Calculate the residue of 1/ sinwz at z = n € Z.

)

Proof By Euler’s formula, sinmz = 0 if and only if €™ = e, equivalently *™** = 1. Writing
2 = x + iy, we have e*™* = 2™ 2™ Hence e*™* = 1 if and only if ¥y = 0 and # € Z. Therefore
the zeros of sin 7z are exactly the integers. Now take n € Z. Since (sinmz) = 7 cosmz, we have
(sinmz)|,=, = mcosmn = m(—1)" # 0. Thus each zero is of order 1. Since n is a simple zero of the
function sin 7z, it is a simple pole of the function 1/ sin 7z, so we have

Res(,1 ,n):limz,_n: L = 1 :(_1)71‘

sinz =—nsinmz  (sinwz)|,—, wcosmn T

Assignment 5.4 (Exercise 3.8.2)

Evaluate the integral

Where are the poles of 1/(1 + z%)? .

Solution Let f(z) = 1/(1 + z*). The poles are the zeros of 1 + 2%, namely the fourth roots of —1:

wi = €*™/* I =1,3,5,7. They are all simple. The poles in the upper half-plane are wy = ¢™/* and
3im/4

wy = €34 For a simple pole wy, of f, we have Res(f,wy) = 1/(4w}) = —wy /4, since w* = —1.

Therefore we have

+ 1, . . %
Res(f,w1) + Res(f,w3) = _“ 1 w5 _ -1 (em/4 + e3”/4) = —%.

Let v = 71 U 7 be the standard upper semicircular contour of radius R > 1, where vy, = [—R, R]

and s is the upper semicircle. By the residue formula, we have

V2

/f(Z)dz = 2mi (Res(f,w1) + Res(f,ws)) = .

On v we write z = Re?? 0 <0< Then for R > 1, we have

T Rd# T Rdf ™R
dz| < — < .
Wf(z) 2 /0 T e /O =i V(R o)

Therefore we have
>~ d Bod
L — lim Y lim f
14t R—oo [_p 1+ {E4 R—oo

[e.9]
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Assignment 5.5 (Exercise 3.8.3)

Show that

o —a
cos T e
/ ———de=7—o!, fora>0.
o TTta a o

Proof Let f(z) = /(2 + a?) and consider the standard upper semicircular contour v = v; U 75

of radius R > a > 0. The only pole in the upper half-plane is at z = ai, and it is simple. Thus

eiz
R =1 = .
es(f,ai) = zl—gzlz 24ai  2ai

—a

e

Hence by the residue formula, we have
/f(z)dz = 2mi Res(f, ai) =
v

On 7y, write 2 = Re®, 0 < 0 < 7. Then |e®*| = e~ f51"% 5o for R > a, we have

™ —Rsiné /2 —Rsinf
F(2)dz| < / fe T 40— 2 / Re T 0.
0 0

v R2 —q? RQ — a2

Using sinf > 260/ on [0, /2], we can obtain
2 /2 1—e R
f(2)dz f / e 2R0/mqh = ml-e ) — 0 (R — +00).
72 0

= R2 — g2 R2 — g2
Therefore we have

—a

Taking the real part gives

Show that

* rsinx
/ ———dz =me ™, foralla > 0.
_so It ta

)

Proof Let f(z) = ze"* /(2% + a?) and consider the standard upper semicircular contour y = y; U 75

of radius R > a > 0. The only pole in the upper half-plane is at z = ai, and it is simple. Thus
Res(f,ai) = lim S -

z—ai Z + ai 2a1 2

—a

e

Hence by the residue formula, we have
/f(z)dz = 2mi Res(f, ai) = ime™.
.

On 7y, write 2 = Re®, 0 < 0 < 7. Then |e®*| = e f51% g0 for R > a, we have

2, ,—Rsin6 7/2 1p2,.,—Rsin
/ f(z / e T 49 = 2/ fe 7 .
0 0

R? — a2 R? — a2

Using sin @ > 260 /7 on [0, /2], we can obtain

/2 1 —e R
/f Jd \—/ L T )
- 0

R2_a2
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Therefore we have

el o
5 2dx = me” L.
o Lot a

Taking the imaginary part gives

00 .

rsinw

— 5 dr =me™, foralla > 0.
oo Pt

Assignment 5.7 (Exercise 3.8.5)

Use contour integration to show that

9] e—27ri:c§ q T arle]
— dr=(1+2 —2n
/_oo Qra22 5 (1 +27le])e

Jor all € real.

)

Proof  Since the integral is unchanged if we replace ¢ by —¢ and take complex conjugates, it suffices
to prove the case £ < 0. Let f(z) = e 2% /(1 + 2?)2. Consider the standard upper semicircular
contour v = 7; U of radius R > 1. The only pole in the upper half-plane is at z = ¢, and it is of
order 2. By the residue formula, we have

[ 50z = 2miRest 1.0 = ity L (= — 02 5) = 2mitim - (£
il

2—i dz z—i dz (Z + 2)2
o 2+ i)e*%iff + 2e72miz¢
2> (z+1)3
On vy, write z = Re®, 0 7. Then |e~27%¢| = e?mfésint 1 gince € < 0. So for R > 1 we have

2212 (R2—1)2
o) e—27r7,z§ T i
/; mdﬂ? = 5(1 — 27'('6)62 &7 fOI'rf g 0.
Since for £ < 0 we have || = —&, this becomes

- g(1 — 2mE)e?™,

Therefore we have

/oo T e = T+ 2mle)e ™, for e < 0
Oty x—2 ml&]e , for £ <0.

Then the equality holds for all £ real. So we are done.
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Chapter 6 Homework 6

Assignment 6.1 (Exercise 3.8.6)

Show that

= < Tr.

/°° dz 1-3:-5---(2n—1)
o (T z2)ntt 2-4-6---(2n)

Proof Let f(z) = 1/(1 + 2*)"*! and consider the standard upper semicircular contour v = ~y; U 7,
of radius R > 1. The only pole in the upper half-plane is at z = z', and it is of order n + 1. Thus

Reso = St e iy = R L
1 (=Dm@en)! (2n)! 1-3-5---(2n—1) 1
Tl o202 T 262002 T 2-4-6---(2n) 2

On 7, we write z = Re?, 0 < 6 < 7. Then, for R > 1, we have
de
/f )dz \/0 (R2R = mh — 0(R — 400).

_ 1)n+1 (RZ _ 1)n+1
Hence by the residue formula, we have

*dr L 135 (2n—1)
/_wm—RngAf(z)dZ—2ﬁzRes(f,z)— 316 (2n) ST

Assignment 6.2 (Exercise 3.8.7)

Prove that

2m de B 2ma L
. (a+cost) = (@ - 1)3/2, whenever a > 1.

Proof Let z = e and let C be the unit circle. Then dz = i2df and cos§ = (z + 27 1)/2, so

/2” do / dz _ 4 / zdz
o (a+cosf)? sz(a+(z—|—z—1)/2) i Jo (224 2az+1)%

The zeros of 2% + 2az + 1 are —a 4= v/a? — 1. Since a > 1, only zy = —a + /a? — 1 lies inside C,
and it is a pole of order 2. By the residue formula, we have

/27r do 4 oriR z e i d 2
—_ i Res z 7 lim —

o (a+cos0)? i (224 2az +1)2°7° z=20d2 (2 4+ a4 Va2 —1)2
(z+a+Va> -1 -2z(z+a++Va>—1)  2ma

= 87 lim = , whenever a > 1.
z—20 (Z + a4+ Va2 — 1)4 ((12 _ 1)3/2
Assignment 6.3 (Exercise 3.8.8)
Prove that

/2” deo B 2
o a-+bcosb - P

ifa > |bl and a,b € R.




Proof  Since replacing 6 by 6 + 7 changes b to —b, we may assume b > 0 WLOG. Let z = ¢? and let
C be the unit circle. Then dz = i2df and cos ) = (2 + 271) /2, so

/27r de _2/ dz
o a-+bcosl  bi fo 22+ 2az/b+1

The zeros of 22 +2az/b+ 1 are —a/b+ \/(a/b)? — 1. Since a > |b|, only 2g = —a/b+ +/(a/b)? — 1

lies inside C' and it is a simple pole. By the residue formula, we have

/ o dd oriR 1 A 1 2

= — - 2mi Res 20 ). =—" = :
o a-+bcost b 2+2az/b+1"" b 2/(a/b)? =1 a2 —1?
And the equality holds for all @ > |b|, where a,b € R.

Assignment 6.4 (Exercise 3.8.14)

Prove that all entire functions that are also injective take the form f(z) = az + bwith a,b € C,
and a # 0.
[Hint: Apply the Casorati-Weierstrass theorem to f(1/z).] o

Proof Assume that f is an injective entire function. Then f is non-constant, hence it is unbounded
by Liouville’s theorem. Let g(z) = f(1/z). Then z = 0 is either a pole or an essential singularity of
g. We first show that 0 cannot be an essential singularity of g. If it were, then by Casorati-Weierstrass
theorem, the set (0 < |z| < 1) = f(Jw| > 1) would be dense in C. But we know that f(|jw| < 1/2)
is a nonempty open set by the open mapping theorem. Since [ is injective, the sets f(|w| > 1) and
f(Jw| < 1/2) are disjoint. Thus f(|w| > 1) cannot be dense in C, which leads to a contradiction.

Therefore 0 is a pole of g, then we can write g(z) = Zf_m a,z" for some m € N* and a_,, # 0,
so f(z) = :gim anz™" =Y a_,z". Since f is entire, we can obtain a; = ay = --- = 0,

which means that f is a non-constant polynomial, then f has a zero z,. Since f is injective, z is the
unique zero of f. So we can obtain f(z) = a_,,(z — z9)™. Butif m > 2, we have f(20+1) = a_,, =
f(zo +e*/m) and 1 # e?™/™ then f is not injective, which leads to a contradiction. Therefore we
have m = 1 and f(z) = az + b with a,b € C and a # 0. So we are done.

Assignment 6.5 (Exercise 3.8.15)

Use the Cauchy inequalities or the maximum modulus principle to solve the following problems:

(a) Prove that if f is an entire function that satisfies

sup |f(2)] < AR* + B
|z|=R

forall R > 0, and for some integer k > 0 and some constants A, B > 0, then f is a polynomial
of degree < k.

(b) Show that if f is holomorphic in the unit disc, is bounded, and converges uniformly to zero
in the sector 0 < argz < p as |z| — 1, then f = 0.

(c) Let wy, - - - ,w, be points on the unit circle in the complex plane. Prove that there exists a
point z on the unit circle such that the product of the distances from z to the points w;, 1 < j < n,

is at least 1. Conclude that there exists a point w on the unit circle such that the product of the

distances from w to the points w;, 1 < 7 < n, is exactly equal to 1.
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(d) Show that if the real part of an entire function [ is bounded, then f is constant. 4

(a) By the Cauchy inequalities, for every n > 0 and every R > 0 we have
k
oy < MAR LB
For n > k, letting R — +oo gives f((0) = 0. Hence f is a polynomial of degree < k.
(b) we can choose N € N so large that N (¢ — 6)/2 > 27. Define g(z) = [[o_, f(c™#~9/22) and let
S = {0 < argz < @}, then |J,_, e **=9/23 5 . Let M be a bound for | f| on D. For any given
e > 0, there exists 0 < 7 < 1 such that | f(2)| < € whenever r < |z| < 1 and § < arg z < ¢ because
f converges uniformly to zero in S as |z| — 1. Therefore, for every z with r < |z| < 1, at least one
factor in the product defining g(z) is < ¢, so |g(z)| < M*~e. By the maximum modulus principle,
the same estimate holds on |z| < r as well. Since ¢ > 0 is arbitrary, we get ¢ = 0 on D. If f is not
identically zero, then its zeros on D would be isolated, so the zero set of f is at most countable. Thus
the zero set of g on ID, being a finite union of rotated zero sets of f, is at most countable as well and
could not be all of D, which leads to a contradiction. Therefore f = 0.
(c) Consider the polynomial p(z) = (2 — wy)--- (2 — w,). Since |w;| = 1,1 < j < n, we have
Ip(0)] = |wy - - - w,| = 1. Since p is non-constant, by the maximum modulus principle, there exists a
point ~ on the unit circle such that [p(2)| = []}_, [z — w;| > 1. So this proves the first claim.

Then note that |p(z)| is continuous on the unit circle with [p(w;)| = 0,1 < j < nand |p(z)| > 1.
Hence by the intermediate value theorem, there exists a point w on the unit circle such that |p(w)| =
[I;_, lw — w;| = 1. So this proves the second claim.

(d) Consider the function g(z) = ef*). Then g is entire and |g(z)| = e®¢/(*), Since Re f is bounded, ¢
is bounded. By Liouville’s theorem, g is constant. Then we can obtain ¢(2) = f'(2)ef*) = 0, hence
f'(z) = 0forall z € C. Therefore f is constant.

Assignment 6.6 (Exercise 3.8.18)

Give another proof of the Cauchy integral formula

) — / S 4

i Jol -2

using homotopy of curves.

[Hint: Deform the circle C' to a small circle centered at z, and note that the quotient (f(() —
f(2)/(¢ — z) is bounded. ] o

Let D be the disc bounded by C, for any fixed z € D, we can choose £ > 0 so small that the
positively oriented circle C. := {( € C : | — z| = ¢} lies inside D. Choose a point a € C' and let
b:=z+c¢e(a—=z2)/la—z| € C.. Now lety : [0, 1] — 2 be the straight line segment connecting a, b
with 7(0) = a and v(1) = b, where Q2 is the domain of f containing D. And let o, 3 : [0, 1] — € be
parametrizations of these two circles such that a(0) = «(1) = a and 5(0) = (1) = b. Define two
closed paths based at a by I'; := v and I'y := ~ * 3 % y~1. Itis clear that I'; and I'; are homotopic in
the open set Q2 \ {z}. So for h({) := f(¢)/(¢ — z), which is holomorphic on Q \ {z}, by Theorem 5.1
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of the textbook, we have

[ w0ac= [ o= [aoact [ m@acs [ woac= [ n

Therefore we can obtain
[ Lo [ 1O
cC—=z c.C— %
Now we define ¢(¢) := (f(¢) — f(2))/(¢ — z). Then g extends holomorphically to ( = z since f is
holomorphic, so g is bounded near z. Hence

dg“ 2me sup |g(¢)| = 0( — 0).
|¢—2|=¢

On the other hand, we have

f(2) i— mif(z
/cg<<— 5= f()/OEC—Z_Q 1)

Therefore, letting ¢ — 0, we can obtain

Q[ SO,y G
L= [ Hac=2mise) = )= o [ Fac

Assignment 6.7 (Exercise 3.8.20)

This exercise shows how the mean square convergence dominates the uniform convergence of

analytic functions. If U is an open subset of C we use the notation

1/2
1l = ( / |f<z>|2d:cdy)

for the mean square norm, and
[fll 2oy = sup [f(2)]
zeU

for the sup norm.
(a) If f is holomorphic in a neighborhood of the disc D,.(zy), show that for any 0 < s < r there

exists a constant C' > 0 (which depends on s and r) such that

£l oo (s (z0py < Cllfllz2(Dr(00)

(b) Prove that if { f,,} is a Cauchy sequence of holomorphic functions in the mean square norm
| - |2, then the sequence { f,,} converges uniformly on every compact subset of U to a holo-

morphic function.

[Hint: Use the mean-value property.] o

Proof (a)Fix z € Dy(zp) and let R = (r —5)/2. Then Dy(z) C D,(z). Since f is holomorphic on
a neighborhood of Dy (z) ) for all 0 < p < R, the mean-value property gives

2
o= | f(Z+pei")d9=>|f(Z)I<% |15+ peiao,

By Cauchy-Schwarz inequality, we can obtain
2

1 2 ) 1 27 ]
1P < (5 [ 176+ pelas) < o [T+ g
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Now multiply both sides by 2p and integrate with respect to p from 0 to R, we have

R 1 R 27 ) 1
FEPE =17P [ 2o o [ [5G+ ) P2pdsdp = [ (f(0)Psdy,
0 2 Jo Jo T JDg(z)
Therefore we have

2 1 2
1f(2)]F < =) ) | f(Q)Fdzdy.

Since R = (r — s)/2 and Dg(z) C D,(z), it follows that

4 4
PO < s [ 1O dsdy = o ey

Since this holds for every z € D,(z), we conclude that

2
11l oo (Da(z0)) < ﬁllfllﬂwr(zo))-

m(r—s
Thus the desired estimate holds with C' = 2/(/7(r — s)).

(b) Let K C U be compact. Choose finitely many discs D;, (2;) such that K C (J;2, D;,(z;) C U and
for each j, there exists r; > s; with D, (z;) C U. By (a), for every holomorphic / on a neighborhood
ofm we have [|h[[=(p, (2, < CthHLz(DTj(Zj)) < Cj||h|| 2wy Now apply this to b = f,, — fon.
Since { f,} is a Cauchy sequence in L*(U), it follows that { f,,} is a Cauchy sequence in L>(D,,(z;))
for each j, and hence also in L>°(K). Therefore { f,,} converges uniformly on K. Since K is arbitrary,
{fn} converges uniformly on every compact subset of U to some function f. Since { f,,} is a sequence

of holomorphic functions on U, we have f is also holomorphic on U.

Assignment 6.8 (Problem 5.6.3 of Book I)

The Dirichlet problem in a strip. Consider the equation Au = 0 in the horizontal strip

{(z,y):0<y <1, —oo<ax< o0}
with boundary conditions u(x,0) = fo(x) and u(z, 1) = fi(z), where fo and f, are both in the
Schwartz space.
(a) Show (formally) that if u is a solution to this problem, then

(e, y) = A€)e¥™ + B(g)e™™,

Express A and B in terms of ﬁ) and ﬁ and show that
a6) = Toer PR + St ).
(b) Prove as a result that

/ ju(z,y) — fol@)Pdz — Oasy — 0,

o0
and

/OO lu(z,y) — fi(z)|*dz — Oasy — 1.

o0

(c) If (&) = (sinh27waf)/(sinh27), with 0 < « < 1, then ® is the Fourier transform of ¢

where
sin o 1

2 cosh x 4 cosmar’
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This can be shown, for instance, by using contour integration and the residue formula from
complex analysis (see Book II, Chapter 3).
(d) Use this result to express u in terms of Poisson-like integrals involving fq and f, as follows:

ol ) = o /Oo fole 1) dt+/oo fle =0 g,
’ 2 _ oo Cosh t — cos Ty o« Cosh mt + cos Ty '

(e) Finally, one can check that the function u(x,y) defined by the above expression is harmonic
in the strip, and converges uniformly to fo(x) asy — 0, and to fi(x) as y — 1. Moreover, one
sees that u(x, y) vanishes at infinity, that is, lim ;o u(x,y) = 0, uniformly in y.

In Exercise 12, we gave an example of a function that satisfies the heat equation in the upper
half-plane, with boundary value 0, but which was not identically 0. We observed in this case
that u was in fact not continuous up to the boundary.

In Problem 4 we exhibit examples illustrating non-uniqueness, but this time with continuity up
to the boundary t = 0. These examples satisfy a growth condition at infinity, namely |u(z,t)| <
Ce™ "™ for any ¢ > 0. Problems 5 and 6 show that under the more restrictive growth condition
|u(z,t)

< C’ecmz, uniqueness does hold. o

We use the Fourier transform in the z-variable with the convention

h(&) = / b h(z)e 2™y,

(a) Taking Fourier transforms in x, the equation ., +u,, = 0 becomes 9,,u(¢, y) —4n*¢*u (¢, y) = 0.
For each fixed &, this is an ODE in y, so formally @(¢,y) = A(£)e*™¥ + B(£)e 2. The boundary
conditions give A(&) + B(€) = fo(€), A(€)e*™ + B(£)e 2™ = f,(€). Solving this system, we have
(&) — e o(€) ™ fo(€) — Si(€)
A(§) = o2nf _ g-2m B(&) = o2mf _ g-2mé
Substituting into the formula for @ and rewriting in terms of sinh, we get

a6) = Tor PR + St ).

(b) By Plancherel’s theorem, we have

| /i R . e

) ooy = [ |(PRERCZD9 1) o)+ B e
For each fixed £ # 0, the two coefficients tend to 0 as y — 0. Moreover, for 0 < y < 1 we have
sinh(27(1 — y)§) sinh(27y¢)
sinh(27¢) sinh(27¢)

for £ # 0, and the same is true at £ = 0 by continuity. So the integral is dominated by 2(]]?0(5 )+
|f1(£)\2), which is integrable since fy, f are in the Schwartz space. So by DCT, ||u(-, y)—fOH%Q(R) —0

0< <1,0< <1

as y — 0. The proof of ||u(-,y) — f1”%2(R) — 0 as y — 1 is exactly the same.
(c) Let f(2) = e ™ sin /(2 cosh 7wz + 2 cos mar), where 0 < o < 1. Then we note that

e7rZ _"_ e—7TZ
coshmz 4+ cosma = 0 < —y — tcosTa= 0 <= e’ + (2cosma)e™ + 1 =0
= ™ = —cosTa £isinma = —eT = "N = ] = s = (2n+ 1 Fa)iforn € Z.
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When 0 < « < 1, we have(cosh 7z + cos Wa)’} = mwsinh(m(2n + 1 F «)i) # 0. Thus, the

z=(2n+1Fa)i
poles of f(z) are all simple. Now consider the integral of f(z) over the contour v = 7 U~y U3 U,y

as shown below.

Im
V3| 22
14+ a)
V4 ( a)z 2
(1—a)i
“R " R e

Observe that (1 + «)i are the only two poles of f(z) in the region enclosed by the contour . The
corresponding residues are given by

Res(f, (1 —a)i) = lim (z— (1 —a)i)f(2)

2 (1—-a)i
e 2mil=Mi gin ey 27(1-gin oy 2712
" 2msinh(r(1—a)i)  2misin(ma)  2m
Res(f,(14+ a)i) = lim (z— (1+a)i)f(z2)
2 (1+a)i
e~ 2mi1+e)i€ gin oy e2m(1+0)8 gin ey e2r(1+a)s
L sinh(7(1 + «)i) T omi sin(ma) T 2m
On v,, write z = R + iy with 0 < y < 2 and R > 0, then we have |e27%¢| = ¢?™¢ L !¢l and
|coshmz| = @ > %Hem| — le7™|| = % (™ —e ™) = +00 (R — +00).

which show that the integral over v, goes to 0 as R — +o00. A similar argument applies to 7y,. Finally,

we see that if [ denotes the integral we wish to calculate, then the integral of f over 73 tends to

lim e~ 2208 sin o de = —e'™].
R—+oo [p 2cosh(x 4 2i) + 2 cos T
Letting R — +00, the residue formula gives [ — e*™¢] = e2m(1=a)& _ o2n(140)8 — _ 9627 ginh 270,
and since 1 — ™ = —e?™ (2™ — 72™) = —2e2™ sinh 27€, we find that
—2e¥¢sinh 21 sinh 2ral
[ pu— 0l pu— pu— pu— @ .
PLE) —2e27¢ ginh 27¢ sinh 27¢ (&)
(d) Applying part (c¢) with « = 1 — y and o = y, we obtain
sinh(2w(1 —y)§) sinh(2myl) -
. = 01498, — o5 a = @),
sinh(27¢) sinh(27¢)
where
sinm(1 —y) sin 7y sin 7y
Qpl—y(t) = = ) ‘py(t) = .
2(coshmt +cosm(l —y))  2(coshwt — cosmy) 2(cosh it + cos my)

Hence, by the convolution theorem and part (a), u(-, y) = @1, * fo + ¢, * f1. That is to say

u(z,y) = 2T /OO fole 1) dt+/oo fle =8 gy,
’ 2 o COsh Tt — cosy o coshmt + cosmy )~

(e) The formula in part (d) has Fourier transform exactly equal to the expression found in part (a), so
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it satifies the same transformed boundary-value problem. Therefore u is harmonic in the strip.

Now 1 _, is an approximate identity as y — 0, while ¢, — 0in L' (R) as y — 0. Since fo, f; are
Schwartz functions, hence bounded and uniformly continuous, it follows that 1, * fo — fo uniformly
and ¢, * fi — 0 uniformly. Thus u(x,y) — fo(x) uniformly as y — 0. Similarly, u(x,y) — fi(z)
uniformly as y — 1.

Finally, since f, and f; are Schwartz functions and the kernels ¢,_,, ¢, have uniformly bounded
L' norms for 0 < y < 1, the convolutions ¢;_, * fo and ¢, * f1 tend to 0 as |z| — oo, uniformly in
y. Hence lim;—, (2, y) = 0 uniformly in y.
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Chapter 7 Homework 7

Assignment 7.1 (Exercise 3.8.22)

Show that there is no holomorphic function f in the unit disc D that extends continuously to 0D
such that f(z) = 1/z for z € OD. .

Proof Assume such an f exists. Then Let g(z) = zf(z), we have g is holomorphic in D and extends
continuously to OD. For z € D, we have f(z) = 1/z, hence g(z) = 1 on 9dD. So g— 1 is holomorphic
in D, continuous on D, and vanishes on 9. By the maximum modulus principle, g — 1 = 0 in D, so
g =1.Butg(0) =0- f(0) = 0, which is impossible. This contradiction shows that no such f exists.

Assignment 7.2 (Problem 3.9.3)

If f(2) is holomorphic in the deleted neighborhood {0 < |z — zo| < r} and has a pole of order

k at zy, then we can write

f) = o+ T 00e)

where g is holomorphic in the disc {|z — zy| < r}. There is a generalization of this expansion

that holds even if zy is an essential singularity. This is a special case of the Laurent series
expansion, which is valid in an even more general setting.

Let f be holomorphic in a region containing the annulus {z : 1 < |z — zo| < 72} where 0 < 14
< 19. Then

o0

f2)= ) anlz—2)"

n=—oo

where the series converges absolutely in the interior of the annulus. To prove this, it suffices to

write

SR (IR 6
(-5 a

f(z) = o= :
2t QC—z 211 CTIC—Z
when 1 < |z — zy| < ro, and argue as in the proof of Theorem 4.4, Chapter 2. Here C,., and

C,., are the circles bounding the annulus. o

Proof Fix z with r; < |z — 29| < re. For ¢ € C,, we have |z — 2| < | — 20|, so

o)

1 1 N (E—A)"
C—Z_(C—Zo)—(z—zo)_;(C—Zo)”“'

And the series converges absolutely and uniformly on C'.,. Hence

1 f(<) — [ 1 f(<) n
el Mt 2 (2— IR 20>n+1d<> S

For ¢ € C,, we have | — 2| < |z — 20|, s0

1 1 —~ (C—z)
(—2 (z—2)—((—2) z:()z—zom“




Again the series converges absolutely and uniformly on C;.,. Hence

L[ Q) . .
—zaﬂhzt?K—g%<g;Cﬁﬂo«—%>«>u—ao g

Choose ¢ > 0 sufficiently small such that the circle C. := {( : |¢ — z| = ¢} lies entirely in the interior
of the annulus, i.e., {¢ : 7 < | — 20| <12} Let D ={¢ 1 < |C— 20| <o} \{C:|C—2| <e}.
Then f(¢)/(¢ — z) is holomorphic on a neighborhood of D. Connect C,.,, C,., and C. by three curves
lying in the interior of the annulus such that D is divided into two simply connected regions. For each
of the two regions, applying Corollary 5.3 of Chapter 3 to a neighborhood of it, we can obtain
[ Lo [ Lo [ [y [ LGy
op G — 2 Cry C— 2 CTIC_Z . (—=
Therefore we can obtain

£(0) £(0) £(0)
/CC—ZC o (-2 o C=2

by Cauchy’s integral formula. Thus we have

O B

2

———d( = 2mif(z)

2mi Jo,, C— = 2mi Jo, C— 2
o0 o0 oo
= Z an(z—20)"+ Y a_pm1(z—2) " = Z an(z — 20)"
n=0 m=0 n=-—00

where the coefficients are given by
1 f(©) 1 m
(n = 5 ﬁdga amlz—,/ F(O(C = 20)™dC.
2mi Je,, (C—z0)™" 2mi Je,,
To prove absolute convergence in the interior of the annulus, choose numbers p;, po such that r; <
p1 < |z — 20| < pa < 1o Let My = maxeee,, | f(C)], M1 = maxcec,, |f(C)]. Since the length of C,,

1S 277y, We can obtain

1 |£(Q) My M,
nl S o= —_— S22y - — = = —.
|an| 9 /C ¢ — |n+1’ d¢| < T2 nt1 r

T2

lan(z — 20)"] < My (@> < My (”—)
T2 T2

Since pa/ra < 1,307 an(z — 29)™ converges absolutely. Similarly, we have

1
la—m-1] < 5= |F(O]C = zo|™ [d¢| < = - 2mry - Myr(® = Myr?
2w
81
m—+1 m—+1
|a—m—1(2 — Zo)_m_1| < My < n ) <M,y (T—l) .
|z — 2o P1

Since r1/p1 < 1, s a_m—1(z — ) ™ ! also converges absolutely. Combining the two parts, we

conclude that the series ) - a,(z — z)" converges absolutely in the interior of the annulus.

Assignment 7.3 (Exercise 4.4.1)

~

Suppose f is continuous and of moderate decrease, and f(§) = 0 for all ¢ € R. Show that [ =
0 by completing the following outline:
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(a) For each fixed real number t consider the two functions

Az) = /_ f(2)e ™=@ DAy and B(z) = —/t Fl@)e 250y,

Show that A(§) = B(§) forall £ € R.

(b) Prove that the function F equal to A in the closed upper half-plane, and B in the lower
half-plane, is entire and bounded, thus constant. In fact, show that F' = 0.

(¢) Deduce that

t
/ f(z)dx =0,
for all t, and conclude that f = 0. o

Proof (a) For £ € R we have
A©-BO = [ 1) — nefi) o,
Hence A(§) = B(&) forall £ € R.

(b) Since A and B are holomorphic in the upper and lower half-planes respectively and agree on the
real axis, the function F'(z) is entire by the symmetry principle. Since f is of moderate decrease, there
is a constant C' > 0 such that | f(x)| < C/(1 + 2?) forall z € R. If Im 2z > 0, we have
t t
C
D A e e

Similarly, if Im z < 0, we have

OO 27 Im(z)(xz—t -
BEI< [ @t < [T

Thus F'is a bounded entire function, hence constant by Liouville’s theorem. Now for s > 0, we have

r < nwC.

z < 7wC.

A(is) = /_t f(x)e?™ @ Vdz — 0(s = 400)

by DCT. Since F'is constant, it follows that F' = 0.
(c) Since F'(0) = 0, we have

t
0= A0) = / f(z)dz £ H(t)
forall t € R. Then H(t) = 0. Since f is continuous, H'(t) = f(t) = 0forallt € R,so f = 0.

Assignment 7.4 (Exercise 4.4.2)

If f € §, with a > 0, then for any positive integer n one has f™ € §, whenever 0 < b < a.
[Hint: Modify the solution to Exercise 8 in Chapter 2.] o

Proof Fix bwith 0 < b < a, and let 7 = a — b > 0. It is clear that " is holomorphic in the strip
Sp. Thus only the condition (ii) needs to be checked. Let z = x + iy with x,y € R and |y| < b. Then
B(z,r) lies in the strip S,. By the Cauchy inequalities, we have
FOERI<E sup (£
I g—zl=r
Since f € §,, there is a constant A > 0 such that | f(z +iy)| < A/(1+2?) forall z € R and |y| < a.
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Therefore
nlA 1 nlA 1

su — ) ‘
rr oe[o,Iz)w] 1+ (z+1rcosf)? 1+ (x| — )2

£ (2 +iy)| <

Now, since we have

1 2
T 1 (Ja > o),
L+ (] =)
so there exists a constant C' > 0 such that 1 + (|z| — r)? > C(1 + z?) for all z € R. Hence
A 1
(n) ) < AL
£+ i) < o T

for all # € R and |y| < b. Thus for any positive integer n, we have f(™ € F, whenever 0 < b < a.

Assignment 7.5 (Exercise 4.4.3)

Show, by contour integration, that if a > 0 and £ € R then

1 [ a »
- - 26—27rzz§dx _ e—27raL|.£\7
T ) o0+

oo
/ —27Ta|£\ 27m§zd§ _

[e.9]

and check that
a

>1|+~

2+x2'
[ )

Proof Assume that £ < 0 WLOG. The case £ = 0 is immediate. Now let £ < 0, define

_ a —27iz€
f(Z) - a2 4 22 € .
and consider the standard upper semicircular contour v = ~y; U, of radius R > a > 0. The only pole

in the upper half-plane is at z = az, and it is simple. Thus

a - 1
Res(f, ai) = lim. oy me”””£ = Ee%af .

Hence by the residue formula, we have
/f(z)dz = 2mi Res(f, ai) = me?™® = qe~ 2k,
On 7y, write z = Re®, 0 < 0 < 7. Since & < 0, |e™ 2% | = e2mHesing < 1 50 for R > a, we have
/ F(2)dz \/ _ol g TR (R = +00).
0

R2 _ g2 R2 — g2
Therefore we can obtain

1/~ a 5, 1 _
- - 26 2m:1:£dx — Z . 7e —2malé| __ —e 271'a|£\.
T J)_ 0t T

For the second equality, by Lemma 2.3 of the textbook, we have

0o
/ e—27ra\§|827ri§xd§

o0

0 oo 00 o)
_ / eZn(a+ix)£d§ + / efZW(afix)gdg _ / ef2ﬂ(a+ix)£d£ + / ef27r(a7ix)£d£
—o0 0 0 0

1 1 1 a

- 27 (a + ix) * 27(a — ix) T At a?
Therefore, we have proved the two required equalities, as desired.
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Assignment 7.6 (Exercise 4.4.4)

Suppose Q) is a polynomial of degree > 2 with distinct roots, none lying on the real axis. Cal-

culate

[e8) e—27rw:§

o Qz)

in terms of the roots of (). What happens when several roots coincide?

——dz, £ €R

[Hint: Consider separately the cases € < 0, £ =0, and £ > 0. Use residues. | a

Proof Let U be the set of roots of () in the upper half-plane and L the set of roots of () in the lower
half-plane. Assume first that £ < 0. Let

eme'zf

and consider the standard upper semicircular contour v = v, U 7, of radius R > Ry > 0, where R,

is large enough that |Q(z2)| > C/|z|? for some constant C' > 0 and all |z| > R, (since deg @ > 2
and all the roots of ((z) are contained in B(0, Ry). The poles in the upper half-plane are precisely

the points in U, and they are all simple since the roots are distinct. Thus
—2mia

e
Res(f,a) = ———foralla € U.
U= G
Hence by the residue formula, we have
e—27rio¢§
f(z)dz = 2mi Res(f, a) = 2mi _—
/ 2 2w
On v,, write 2 = Re®, < . Since € <0, |e*27”25| = 2™ hEsint < 1 5o for R > R, we have
R
)dz| < dd = — = 0(R —
/fz/oom oF = 0 (R = +00).
Therefore we can obtain
oo e—2mm§ —2mia€
Q( = RLIToo/f )dz = 27?@(;]1168 fra) 27?@2 )
If £ > 0, consider the polynomial Q(—x) and substitute —z for . Then we have
o0 e—27ri1‘§ e—27riﬁ§
——dz = -2m —Q, (20
o Q) [; QB

If several roots coincide, the same contour argument still works, but the residues at poles of higher

order are computed by higher derivatives.

Assignment 7.7 (Exercise 4.4.5)

More generally, let R(x) = P(x)/Q(x) be a rational function with (degree Q) > (degree P)+2
and Q(x) # 0 on the real axis.
(a) Prove that if oy, - - - , ay, are the roots of () in the upper half-plane, then there exists poly-

nomials P;(§) of degree less than the multiplicity of o so that

o k
/ R(z)e ™% dy = Z P;(€)e 2™ when & < 0,
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(b) In particular, if Q(z) has no zeros in the upper half-plane, then
/ R(z)e ™ dx = 0 for € < 0.

(c) Show that similar results hold in the case & > 0.
(d) Show that
/ R(z)e ™2¢dy = O(e7 ) £ € R

o0

as || — oo for some a > 0. Determine the best possible a’s in terms of the roots of R.

[Hint: For part (a), use residues. The powers of & appear when one differentiates the function
f(2) = R(2)e 2" (as in the formula of Theorem 1.4 in the previous chapter). For part (c)
argue in the lower half-plane. | A

(a) When € < 0, let f(2) = R(z)e~?""*¢ and consider the standard upper semi-circular contour
v =y Ug of radius p > Ry > 0, where Ry is large enough that |R(z)| < C/|z|? for some constant
C' > 0andall |z| > Ry (since deg ) > deg P + 2), and all the roots of ()(z) in the upper half-plane
are contained in B(0, Ry). On 7y, write z = pe?, 0 < 0 < 7. Since & < 0, [e™27¢| = e2™résinb L )
so for p > R, we can obtain
f(z)dz

72
Hence by the residue formula, we have

00 k
/ R(x)e **¢dr = lim /f(z)dz = 27 E Res(f, o).
- ” =t

00 p—r+00

g/ O—de9=@—>0(p—>+oo).
o P P

If ov; has multiplicity m;, write

m;

fwzzrﬁ—ww>

z—a;)

=1

where h; is holomorphic near «;;. Therefore Res(f, ;) is of the form Q;(£)e ?™¢, where @) is a
polynomial of degree < m; — 1. Let P;(§) = 2miQ; (), deg P; < m;, then we have

o k
/fMWWW:me%W£w-
] 2

o0

(b) If Q(z) has no zeros in the upper half-plane, the sum in (a) is empty, so the integral is 0 for £ < 0.
(c) For ¢ > 0, consider the standard lower semicircular contour v = ; U 75 of radius p > Ry > 0.
The same argument gives
/00 R(x)e 2™ dy = Z ﬁﬁ(g)e—%iﬁf’ >0
- BeL

where L is the set of roots of () in the lower half-plane and deg 155 is less than the multiplicity of /3 for
every 3 € L. Hence the similar results hold in the case £ > 0.

(d)Let; = min{lma : aisapole of R, Ima > 0},0_ = min{—Im g : fisapoleof R, Imf <
0}. For & < 0, (a) shows that the integral is a finite sum of terms P;(&)e~2™*¢, whose absolute values
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are bounded by C(1 + [£|")e~2m+Iél. Hence
/ R(z)e 2™ dy = O(e™ ) (¢ — —00)

o0

for every 0 < a < 2md,. Similarly, for & > 0 we obtain the same estimate for every 0 < a < 27_.
Therefore, for £ € R, as |{| — oo, we have
/ R(z)e 2™ dy = O(e )
—00
for every 0 < a < 27w min(d,,0_). Since the poles nearest to the real axis determine the dominant

exponential decay, the best possible a is 27 min(d,,d_)~. Moreover, if all poles of R are simple, then

this supremum is attained.
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Chapter 8 Homework 8

Assignment 8.1 (Exercise 4.4.7)

The Poisson summation formula applied to specific examples often provides interesting iden-

tities.

(a) Let T be fixed with Tm(7) > 0. Apply the Poisson summation formula to

f2) = (T +2)7F,

where k is an integer > 2, to obtain

o0

1 2Z 7rzm7'
Z(T+n W'Z k=142

(b) Set k = 2 in the above formula to show that if Im(T) > 0, then
S e
= (t+n)2  sin®(r7)’

(c) Can one conclude that the above formula holds true whenever T is any complex number that

o

is not an integer?

[Hint: For (a), use residues to prove that f(f )=0,if§ <0, and
~ —2mi)*
fle= 2

k—1 _2miéT
(k—l)!€ e , when & > 0.]

Proof (a) We compute the Fourier transform of f first. For £ < 0, we have

M

o0

Consider the standard upper semicircular contour 7 = ~; U 7y, of radius R > || > 0. Since —7 lies

in the lower half-plane, the integrand is holomorphic in the upper half-plane. And on ~», we have

™ ReQﬂ'Rﬁsin@ TR
(1 + 2) ke 2, /  _d0<——— 0 (R — +00)
/72 o (R—]r)* (R —|7])*

since £ < 0 and k£ > 2. Hence f(/f ) =0for & < 0. If £ > 0, consider the standard lower semicircular

contour ¥ = 1 U 7, of radius R > |7| > 0 (anticlockwise). Then the only pole inside is at z = —,
and it has order k. The residue at —7 is

1 dk_l —2miz€ _ (_QWig)k_l e27ri§7'

—k —2miz§ _
Res((7 + z)"e ,—T) = =] L . =]
Similarly, the integral over 7, tends to 0 as R — +o0. Because the contour is anticlockwise, we get
-~ . —27i)k 4
f(§) = —2mi Res((T + z) kem2miz —7') = ((k ﬂi))'gkle%z&,f > 0.
Since f € §, the Poisson summation formula gives
- 1 o Y 27” k—1 27r1m7'
n:z—oo(T—i_n)k_T;Zf( o IZ

The equality obtained above is precisely the desired 1dent1ty.



(b) Setting k& = 2, we obtain

[e.e]

Z (T—:n — 472 ZmeQﬂ"LmT

n=—oo

Now |e?™7| = e=27Im(") < 1, 50 we have

OO ) 1 0 i ) 1 9 2miT 2miT
Z me2mmT _ — - Z p2mimT | — 2 ( € — ) _ e —
— 271 Ot 21 O \ |1 — e?mir (1 — e?mim)

Since 1 — e*™ = —2e™7 sin(77), we can obtain
e2mit > 1 2
ot A qin2 = Z 2 T 2 :
(1 — e?mir) dsin*(r7) = (T +n) sin®(7r)

(c) Both sides are holomorphic functions of 7 on C \ Z. Since they agree on the open set Im(7) > 0,
the Corollary 4.9 of Chapter 2 implies that they agree for all 7 € C \ Z.

Assignment 8.2 (Exercise 4.4.8)

Suppose f has compact support contained in [—M, M) and let f(z) = ", anz™. Show that
omi)® M
on =L [ Flerena
n ) oy

and as a result

lim sup(n!|a,| )Y/ < 27 M.
n—oo
In the converse direction, let f be any power series f(z) =Y~ a,2" with
lim sup(n!|a,|)/™ < 27 M.

n—oo

Then, f is holomorphic in the complex plane, and for every € > 0 there exists A, > 0 such that
|f(Z>| < AEeQW(M-l—E)M )

)

Proof  Since f has compact support contained in [—M, M|, by Fourier inversion formula, we have

9= [ e

Expanding the exponential into its power series and interchanging sum and integral, we obtain

f(z)—Z (Zmiz)" / Floende
2y

§)§"dE = Jan| < 1Az - aray M

An =

Therefore (n!|a,|)'/" < 27rM||f||1L/1"[ - Letting n — oo, we getlim SUp,,_ o0 (N a, )V"™ < 27 M.
Conversely, suppose f(z) = > > a,z" satisfies limsup,,_,.(n!|a,|)/" < 2rM. Fix ¢ > 0. Then
for all sufficiently large n we have n!|a, | < (27 (M +¢))", and after multiplying the RHS by a constant
if necessary, this holds for all n. That is, there exists A. > 0 such that

|f(z)| < Asz (27T(M+5)|Z|) _ A€G2W(M+6)|Z‘.

n!
n=0

1/n _

In particular, the radius of convergence is +00 since lim,, . (n!) +00, so f is entire.
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Assignment 8.3 (Exercise 4.4.9)

Here are further results similar to the Phragmén-Lindelof theorem.
(a) Let ' be a holomorphic function in the right half-plane that extends continuously to the
boundary, that is, the imaginary axis. Suppose that |F(iy)| < 1 forall y € R, and

|F(2)] < Ced?l”
for some ¢,C > 0 and v < 1. Prove that |F(z)| < 1 for all z in the right half-plane.
(b) More generally, let S be a sector whose vertex is the origin, and forming an angle of /.

Let F be a holomorphic function in S that is continuous on the closure of S, so that |F(z)| < 1

on the boundary of S and
|F(2)] < Ce™" forall z € S
for some ¢,C' > 0and 0 < o < (3. Prove that |F(z)| < 1forall z € S. o

Proof We only need to prove (b), since (a) is the special case of (b) when 5 = 1 and S is the right
half-plane. Let F.(z) = F(z)e™**", where r € (o, )N Q and ¢ > 0. After a rotation, we may assume
Sz{zé@:—%<argz<2l}.

Thenrarg z € (—n/2,7/2) for z € S, socos(rarg z) > 0. Hence | F.(z)| = |F(z)|ecl*I" cos(rarg =) <
Ceclz®—elzl"cos(rare2) - Gince r > a, we have |F.(z)| — 0 as |z| — +oo in S. If F. is constant, then
F. = F = 0. If not, then by the maximum modulus principle, the maximum of | F_| is attained on 0.S.
But on 9SS we have |F(z)| < 1, while cos(rarg z) > 0, s0 |F.(z)| < 1forall z € S. Lettinge — 07,
we obtain |F'(z)| < 1 forall z € S. This proves (b). As noted above, (a) follows by letting 3 = 1 and

S be the right half-plane. So we are done.

Assignment 8.4 (Exercise 4.4.10)

This exercise generalizes some of the properties of e related to the fact that it is its own

Fourier transform.

Suppose f(z) is an entire function that satisfies
[f(e +iy)] < om0

for some a,b,c > 0. Let
fo= [ faye s

Then, ]?is an entire function of ( that satisfies
|F(E +im)| < om0
for some a’, b, ¢ > 0.
[Hint: To prove f(é ) = O(e™€"), assume & > 0 and change the contour of integration to x — iy
for some y > 0 fixed, and —oo < x < oo. Then

f(€) = O(e7m5e").

Finally, choose y = d¢ where d is a small constant. | o
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Proof We first show that fextends to an entire function. For { = & + in, we have

Since | f ()| < ce*" on the real axis, for ¢ = £ + in in any compact subset of C, the integrand and
all its derivatives with respect to  are dominated by integrable functions. Hence we can interchange
differentiation and integration, thus fis entire. Now fix £ € R, we choose y = d§, where d > 0 is
sufficiently small such that bd*> < 27d. Then Cauchy’s theorem allows us to change the contour of

integration from R to R — 7y by taking the rectangle contour. Therefore

,]/C\(é. + ZT]) = / f(gj — iy)e_27ri(z_iy)(£+i77)dx.
Hence
Fl&+in)l < C/ emaa Hby? 2man=2mye g — ceby22”y5/ e—a(a=) 50 g

Since y = d¢ and bd? < 27d, we have by? —2myé = (bd? —2md)E? = —a'€2. Therefore, let b = 72 /a,

we have | f(£ + in)| < e~ for some o', b/, ¢ > 0.

Assignment 8.5 (Exercise 4.4.11)

One can give a neater formulation of the result in Exercise 10 by proving the following fact.

Suppose f(z) is an entire function of strict order 2, that is,
f(z) = ()
for some ¢y > 0. Suppose also that for x real,
f(z) = O(e2)
for some co > 0. Then
|f(@ + iy)] = O™ ")

for some a,b > 0. The converse is obviously true. o

Proof Suppose |f(z)| < Cre®l? forall z € C, |f(z)| < Coe=*" for all z € R, where Cy, Cy > 0.
Choose 0 € (0,7/2) and fix A € (0,¢c). Let S, = {z € C: 0 < argz < 6}. Choose B > 0 so large
that ¢; + A cos(20) — Bsin(20) < 0. Consider F(z) = f(z)eAT%)2* on S, . On the positive real axis
we have |F(z)| = | f(x)[e?™” < Che™(@=D7* < . Ontheray z = re’?, using the growth assumption
on f, we get |F(rei9>| < Cleclr2+Re((A+iB)e%9)r2 _ Cle(c1+Acos(29)—Bsin(29))r2 < ). Moreover, F has
an order of growth 2, while the angle of S is < 7w/2. Hence 2 < 7 /6, then by Assignment 8.3, F’
is bounded in S,.. Therefore, for z = x + iy € Sy, | f(2)] < Ce™ Re((A+iB)=%) — O Al —y*)+2Bay
Cle= A" +Ay* +2Bley| (o= Ar®/2+(A+2B*/A)y*  The same argument, with B replaced by — B, gives the

same type of estimate in the sector S_ = {z € C : —0 < argz < 0}. Then, applying the argument

above to f(—z) gives the same estimate in the two sectors around the negative real axis. So there
exist ag, by, Co > 0 such that |f(z + iy)| < Coe %% ¥ when z = = + 4y lies in {|arg 2| < 6}
or {|arg z — m| < 6}. It remains to consider the complement of these sectors. There we have |y| >
(tan #)|z|. Using the global growth estimate, | f(z + iy)| < Cye®* T1%” Choose by > 0 so large that

(by — c1)y? = (c1 + ap)x? when |y| > (tan 6)|x|. Then on the complement of these sectors, we have
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c17? + c1y? < —agx? + byy?, and hence | f(x + iy)| < Cie~90*+h1v” - Combining all the estimates,

we obtain | f(z + iy)| = O(e~***+%") for some a, b > 0. The converse is obviously true.

Assignment 8.6 (Exercise 4.4.12)

The principle that a function and its Fourier transform cannot both be too small at infinity is

illustrated by the following theorem of Hardy.
If f is a function on R that satisfies
f(z) = 0(e™™") and f(€) = O(e™™"),
then f is a constant multiple of €™ . As a result, if f(z) = O(e"™**), and f({) = O(e ™8,
with AB > 1 and A, B > 0, then f is identically zero.
(a) If [ is even, show that ]/‘\extends to an even entire function. Moreover, if g(z) = f(2'/?),

~

then g satisfies
|g(m)| < ce” ™ and|g(z)| < Ce7rRsi112(9/2) < Cew\z|

when v € R and z = Re® with R > 0 and 6 € R.
(b) Apply the Phragmén-Lindelof principle to the function
—im/(28)
e

sin(m/(253))
and the sector 0 < 0 < w/fB < 7, and let B — 17 to deduce that €™ g(z) is bounded in the

closed upper half-plane. The same result holds in the lower half-plane, so by Liouville’s theorem

F(z) = g(2)e"* where v = im

e™¥g(z) is constant, as desired.
(c)If f is odd, then f(()) = 0, and apply the above argument to f(z) /z to deduce that f = f =0.

Finally, write an arbitrary f as an appropriate sum of an even function and an odd function. a

(a) Assume that f is even. Then we have
for = [ swermde =2 [ (o) coszra)da,
—00 0

so f is even on R. Since f (z) = O(e™™), the proof of Assignment 8.4 shows that f extends to an
even entire function. Thus its Taylor expansion at O contains only even powers. Hence there is an entire
function g such that g(z) = f(2'/?). Yz > 0, since f(£) = O(e™™"), we obtain |g(z)| = | f(z'/?)] <
ce” ™, where ¢ > (0. On the other hand, from the integral definition of ]? if ( =& +in, then

Q) < C/ e ™ ey — c/ eTE e g = o™

—00 o0

Now let z = Re” with R > 0 and § € R, let ¢ = 2"/ = /Re?/2. Then (Im ¢)? = Rsin?(6/2), thus

we have |g(z)| = |f(C)] < ce™®51*(#/2) < ceml#l. This proves the required estimates.
(b) Now fix 5 > 1 and consider the sector 0 < # < 7/ < 7. Define
—im/(28)
e

F(z) = g(2)e"*, where vy = mm

On the boundary ray ¢ = 0, we have |g(z)| < ce™™ and Re(yz) = mx, hence |F(z)| < ¢. On the
other boundary ray § = 7//3, the choice of v gives Re(yz) = —|z|. Together with |g(z)| < ce™?l,
we obtain |F'| < ¢ on both boundary rays. Inside the sector, F'(z) has an order of growth < 1, Since
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B > 1, the Phragmén-Lindelof principle (Assignment 8.3) implies that £ is bounded in the sector.
Letting 5 — 17, we deduce that €™*¢(z) is bounded in the closed upper half-plane. The same result
holds in the lower half-plane, so by Liouville’s theorem, e™#¢(z) is constant. Therefore g(z) = Ce™"?,
and hence f(ﬁ) = ¢(£%) = C'e ™. Taking the inverse Fourier transform gives f(z) = Ce ™",

(c) If f is odd. Then [ is odd, then f(0) = 0. Thus h(z) = f(z)/z has a removable singularity at
0, so it extends to an entire function. Moreover, h is even. Since ]/“\(f ) = O(e™) on R, we also
have h(€) = O(e ™) as |€| — oo, and & is bounded near 0. Hence |h(€)| < Ce ™ forall £ € R,
where C' > 0. Now define G(z) = h(z'/2), which is entire since & is even. For any x > 0, we have
IG()] = |h(z/?)| < Ce™. Also, from the estimate | f(¢)] < Ce™™O? obtained in (a), and since
the singularity of h(z) at 0 is removable, after enlarging the constant we get |1(¢)| < C"e™™ ), So for
2= Re and ¢ = 2'/2 = \/Re/2, we obtain |G(2)| = |h(¢)| < C'e™Rsn*(#/2) L C’emll. Hence by
(b), we have e™*G(z) is constant. Hence G(z) = C"e ™, s0 h(z) = C"e™ ™", and f(f) = C"Ee e,
Taking the inverse Fourier transform gives f(z) = Cze™™". But f(z) = O(e=™"), so C' must be 0.
Hence we obtain f = f: 0.

Finally, for an arbitrary f, we write f = f. + f,, where f.(z) = (f(z) + f(—x))/2 and f,(x) =
(f(x) — f(—x))/2. Then f. is even and f,, is odd, and both parts satisfy the same decay assumptions.
Then by (a), (b) and (c), we have f.(x) = Ce™™" and f, = 0. Hence f(z) = Ce™™"  as desired.

To prove the last assertion, assume that f(z) = O(e~™*") and f(¢) = O(e "5, with AB > 1
and A, B > 0. Let h(x) = f(z/v/A). Then h(z) = O(e~™"). Moreover, by the change of variables
u = /A, we have h(¢) = VA F(VAE), hence h(€) = O(e ™BE) = O(e~™"), since AB > 1.
By the result already proved, h(z) = Ce™™", so f(z) = C'e=™=*_ Therefore f(£) = CA~1/2em/A,
If C' # 0, then this is not O(e~"P¢"), since B > 1/A. Hence C' = 0 and f = 0.

Assignment 8.7 (Exercise 5.6.1)

Give another proof of Jensen’s formula in the unit disc using the functions (called Blaschke

factors)
a—z

Yal2) = 1—az

[Hint: The function f/(1,, - - - 1., ) is nowhere vanishing.] .

Let © be an open set that contains Dy, and let f be holomorphic in €2, with £(0) # 0 and f
vanishes nowhere on C'g. Let z1,--- | zy be the zeros of f in Dg, counted with multiplicities. First,

by setting f(z) = f(Rz), we can assume R = 1 WLOG. Let g(2) = f(2)/(¢.,(2) - - - ., (2)). Since
each factor 9., has a simple zero at z;, each z; is a removable singularity. Then g is holomorphic in

€2 and has no zeros in . By the same argument as in the textbook, the mean-value property gives

1 27 )
@szgﬁhmwmﬂ

Now |1, ()| = 1 for every 6 € R, and ¢, (0) = z;. Hence we have

1 2m )
lg [V, (0)] = log 5] = log 1 + 5 [ loglu, e 0.
0

Now note that if two functions satisfy the hypotheses and the conclusion, then so does their product.
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Hence we can obtain Jensen’s formula since f(z) = v, (2) - - - 1, (2)g(2).

Assignment 8.8 (Exercise 5.6.2)

Find the order of growth of the following entire functions:

(a) p(z) where p is a polynomial.
(b) ¥ for b # 0.
(c)e®. o

Solution (a) For every p > 0, we have |p(2)| < AePF’ for all z € C and some A, B > 0 since pis a
polynomial. So the order of growth of p is 0.

(b) Let f(z) = e*", where b # 0. Since |f(z)| = eR®=") L lPllZI" | the order of growth of f is at most
n. Conversely, choose 0 such that be™ = |b|. Then along z = re®, we have |f(z)| = €™, So the
order of growth of f(2) = " is n.

(c) Let f(z) = . Along the positive real axis, we have | f(r)| = e". Now for any p > 0, if f had an
order of growth at most p, then ¢ < AeP™ for some A, B > 0, which is impossible as v — +00. So

the order of growth of f(z) = e is cc.

Assignment 8.9 (Exercise 5.6.3)

Show that if T is fixed with Tm(7) > 0, then the Jacobi theta function

00
@(Z|T) _ Z erinzTGZan

is of order 2 as a function of z. Further properties of © will be studied in Chapter 10.
[Hint: —n?t + 2n|z| < —n’t/2 whent > 0 and n > 4|z|/t.]

e
Proof We first show that the order of growth is at most 2. Write 7 = s + ¢t with ¢ > 0. Then
|@(Z|7')| < Z eTrin27'eQ7rinz < Z e—ﬂn2t+27r|n||z\ — 1+ 2Ze—7rn2t+27rn|z|‘
n=—o0o n=-—00 n=0
Split the sum into n < 4|z|/t and n > 4|z|/t. If n < 4|z|/t, then 27n|z| < 8x|z|*/t. If n > 4]z|/t,

82 2|2

then —n?t + 2n|z| < —n?t/2. Hence we have |O(z|7)| < Ciet " + Cy < Ce?*’. Thus the order
of growth of O(z|7) is at most 2. Then we use the quasi-periodicity of ©(z|7) to prove that the order
of growth is at least 2, we have ©(z + m7|7) = e ™"’ T-21m=Q (2| 7), where m € Z. Setting z = 0
and taking absolute values, we obtain |©(m7|7)| = ¢™|0(0|7)| = AePI™™*. Therefore the order

of growth cannot be smaller than 2. Hence O(z|7) is of order 2 as a function of z.

Assignment 8.10 (Exercise 5.6.4)
Let t > 0 be given and fixed, and define F(z) by

o0

F(z) = H (1 —e72me?™?)

n=1
Note that the product defines an entire function of z.

(a) Show that |F(z)| < Ae®*F, hence F has an order of growth < 2.

(b) F vanishes exactly when z = —int + m for n > 1 and n,m integers. Thus, if z, is an
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enumeration of these zeros we have

1 1
ZW:OO[?MZW<OO'

[Hint: To prove (a), write F(z) = Fi(2)Fy(z) where

Al 0o
Fl(Z) — H (1 . e—2ﬂ'nteQﬂ'iz) and FQ(Z) _ H (1 . e—27rnt627riz> ‘
=t n=N+1

Choose N = c|z| with c appropriately large. Then, since

00
(Z e—27rnt) e27r|z\ < 1,

N+1
one has |F»(z)| < A. However,

‘1 . 6727rnt627rzz‘ <1+ e27r\z| < 2€2ﬂ|2|.

Thus |Fy(z)| < 2Ne2™Nil < e¢I#°. Note that a simple variant of the function F arises as a

factor in the triple product formula for the Jacobi theta function ©, taken up in Chapter 10.] a

(a) Given z, choose an integer N such that |z|/t < N < |z|/t + 1, write F(z) = Fi(2)Fy(z),
where Fy(2) = [[0_, (1 — e 2™?™#) and Fy(2) = [[7% v, (1 — e 2™e>™#). Since N > |2|/t, we

n=1
have e~ 27(N+1t+27lz[ 1 Therefore
o0 00
|F2(Z)| < H (1 + e—277nt6271'\z|) < H exp (e—2wm&e27r|z\)
n=N+1 n=N+1
- 1
= exp (e—27r(N+1)t+27TZ| Z e—27rmt) < exp (1 - e_2m> .
m=0

For Fy, from N < |z|/t + 1 we can obtain

N
[Fi(2)] < H (1 4+ e72m™te?ml) < (1 4 2N < (20271)Y
n=1

L QLAY — oxpy (logQ + <27T + —> 2| + —|z|2>

t+1 t+1 log2
< exp ((27r+ il logQ) + (27r% + Of ) |z|2) :
So |[F(2)] = |Fi(2)||Fa(2)] < Ae® for some A, a > 0. Hence F' has an order of growth < 2.
(b) By Proposition 3.1 of the textbook, F'(z) = 0 exactly when 1 — e™2™¢?™ = () for some n > 1,

1.e., when z = —int + m withn > 1 and n,m € Z. If {zn} is an enumeration of these zeros, then
— 2n+1
Yp-2 ¥ et S X it - S

While for every € > 0, by (a) and Theorem 2.1 of the textbook we have

1
Z ’Zn’2+a Z Z m2—|—n2t2 1+e/2

n=1 m=—oo

Moreover, we obtain that the order of growth of F'is exactly 2 by Theorem 2.1 of the textbook.
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Chapter 9 Homework 9

Assignment 9.1 (Exercise 5.6.11)

Show that if f is an entire function of finite order that omits two values, then f is constant. This
result remains true for any entire function and is known as Picard’s little theorem.

[Hint: If f misses a, then f(z) — a is of the form e**) where p is a polynomial.] o

Proof Suppose that f omits two distinct values a, b. Since f is of finite order and f —a never vanishes,
Hadamard’s factorization theorem implies that f(z) — a = () for some polynomial p. Since f also
omits b, we have e?(*) =# b — afor all z € C. If p were nonconstant, then by the fundamental theorem
of algebra there would exist zy € C such that p(zy) = log(b — a) for a suitable branch value of the

logarithm, equivalently e?(*0) = b — a, a contradiction. Thus p is constant. Therefore f(2) = a + eP(*)

is also constant. So we are done.

Assignment 9.2 (Exercise 5.6.12)

Suppose f is entire and never vanishes, and that none of the higher derivatives of f ever vanish.

Prove that if f is also of finite order, then f(z) = e***° for some constants a and b. o

Proof Since f is entire, of finite order, and never vanishes, Hadamard’s factorization theorem gives
f(2) = e?® for some polynomial p. Then f'(z) = p/(z)e’*). By our assumption, f’ never vanishes,
so p’ never vanishes. Therefore degp < 1. Thus p(z) = az + b for some constants a,b € C, and

consequently f(z) = e%**’. So we are done.

Assignment 9.3 (Exercise 5.6.13)

Show that the equation €* — z = 0 has infinitely many solutions in C.

[Hint: Apply Hadamard’s theorem. ] o

Proof Define F'(z) = e* — z. This is an entire function of order 1. Suppose that F' has only finitely
many zeros. By Hadamard’s factorization theorem, we can write F'(z) = e*°P(z), where P is a
polynomial. On the positive real axis, F'(z) = e* — z,s0o e " F(z) — 1 as * — +o0o. Hence we have
ela=Vo+ P(g) — 1 as # — +oo. This forces P to be constant and a = 1. Therefore F'(z) = Ce* for
some nonzero constant C'. But this is impossible, since F'(z)/e* = 1 — ze~* is not constant. Hence F’

must have infinitely many zeros, so the equation e* — z = 0 has infinitely many solutions in C.

Assignment 9.4 (Exercise 5.6.14)

Deduce from Hadamard'’s theorem that if I' is entire and of growth order p that is non-integral,

then F' has infinitely many zeros. 4

Proof Suppose that /" has only finitely many zeros. By Hadamard’s factorization theorem, since F'is
of finite order, we can write F'(z) = e”’(*)()(z), where P and @ are polynomials. If P is nonconstant,
then the order of F'is deg P, a positive integer. If P is constant, then F'is a polynomial, and its order

is 0. In every case, the order of F' must be an integer. This contradicts the assumption that the growth



order p is non-integral. Therefore F' has infinitely many zeros.

Assignment 9.5 (Exercise 5.6.15)

Prove that every meromorphic function in C is the quotient of two entire functions. Also, if {a,}
and {b,, } are two disjoint sequences having no finite limit points, then there exists a meromorphic

function in the whole complex plane that vanishes exactly at {a,,} and has poles exactly at {b,, }. .

Proof Let f be meromorphic in C, and let {p,,} be the sequence of poles of f, counted with multi-
plicities. Since f is meromorphic, |p,| — 400 as n — +oo. Thus by Theorem 4.1 of the textbook,
there exists an entire function g whose zeros are exactly the points {p, }, with the same multiplicities.
Therefore h(z) := f(z)g(z) has removable singularities at each point p,, hence extends to an entire
function. Thus f(z) = h(z)/g(z) is the quotient of two entire functions.

For the second assertion, since {a,, } and {b,, } have no finite limit points, |a,| — 400 and |b,| —
+00 as n — 4o00. Thus by Theorem 4.1 of the textbook, we can find entire functions F' and G such
that F' vanishes exactly at the points {a, }, and G vanishes exactly at the points {b, }, with the same
multiplicities. Since the two sequences are disjoint, the quotient '(z)/G(z) is meromorphic in C, has

zeros exactly at {a, }, and has poles exactly at {b, }. So we are done.

Assignment 9.6 (Exercise 5.6.16)

Suppose that

Nnp
k
Qn(z) = Z Crz
k=1
are given polynomials for n = 1,2, ---. Suppose also that we are given a sequence of distinct

complex numbers {a, } without limit points. Prove that there exists a meromorphic function

f(2) whose only poles are at the distinct points {a,}, and so that for each n, the difference

&= (=)

is holomorphic near a,,. In other words, f has prescribed poles and principal parts at each of

these poles. This result is due to Mittag-Leffler. a

Proof  Since the sequence {a, } has no finite limit points, we have |a,,| — +00 as n — +00, and we
can add on @),,(1/z) by hand, so we may assume a,, # 0. For each n, the function @Q),,(1/(z — a,,))
is holomorphic in an open neighborhood of the disc B(0, |a,|/2). Its Taylor series at 0 converges

uniformly on this disc. Therefore we can choose a polynomial P, such that

(=) - R

For every compact set K C C, we have K C {|z| < |a,|/2} for all sufficiently large n. Therefore we

2 s fuld)l < =

sup
l21<lanl/2 2"

|z[<[anl/2

can obtain that ) ° | f,, converges uniformly on K away from the finitely many points a,, that lie in K.
Thus f(z) = > 7, fa(z) converges uniformly on every compact subset of C \ {a,, }°°, and defines a
meromorphic function on C. Near a fixed point ay, all terms f,, with n # N are holomorphic. And
the term fy(z) = Qn(1/(z — an)) — Pn(2), s0 fn(2) — QN (1/(z — ay)) is holomorphic near ay.
Therefore f(z) — Qx (1/(z — ay)) is holomorphic near a,. And the only poles of f(z) are at distinct
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points {a,}. So we are done.

Assignment 9.7 (Exercise 5.6.17)

Given two arbitrary countably infinite sequences of complex numbers {ay }7° o and {by }32 , with

limy o |ax| = o0, it is always possible to find an entire function F that satisfies F(ay) = by,
for all k.
(a) Given n distinct complex numbers ay, - - - , a,, and another n complex numbers by, - - - , b,

construct a polynomial P of degree < n — 1 with
P(a;) =bifori=1,--- n.
(b) Let {ax }32 , be a sequence of distinct complex numbers such that ag = 0 and limy,_, |a| =

oo, and let E(z) denote a Weierstrass product associated with {ay}. Given complex numbers

{br}52, show that there exist integers my, > 1 such that the series

bo BE(z) ~~ b E(2) [(z\™
(2) = E'(0) =z * E’(l;k) Z— ay (a_k>

defines an entire function that satisfies

F(ay) = by forall k > 0.

This is known as the Pringsheim interpolation formula. a

(a) The required polynomial is given by the Lagrange interpolation formula
= z—a;
P(z) = b; .,
(z) Z ’ H a; — aj
i=1 J#i
It has degree < n — 1, and substituting z = a; gives P(a;) = b;.
(b) Since E is a Weierstrass product associated with {ay}, it has simple zeros precisely at the points

{ax}. Hence F(z)/(z — ax) extends to an entire function and takes the value F'(ay;) at z = ay. Let
by E(z) b, E(z) (2\™
To(z) = ) = ) k>t
0(2) E'0) z k(2) E'(ag) z — ap \ ay '
where my, > 1 is chosen so large that |T;(2)| < 27% on B(0, |ag|/2). Since |ay| — +oc as k — +o0,

the series > -, Tj(z) converges uniformly on every compact subset of C. Since each T} is entire, the

sum is entire. Adding the entire function 7j(z), we get an entire function F'.
It remains to check the interpolation. At z = 0, all terms 7}, with £ > 1 vanish because m;, > 1,
and E(z)/z takes the value £'(0) at 0. So F'(0) = bo. If j > 1, then at z = a;, all terms with k # j
vanish because E(a;) = 0, while the j-th term
o) = gl (2) =
Therefore F'(a;) = b;. Hence we have F'(ay) = b, for all £ > 0.
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Chapter 10 Homework 10

Assignment 10.1 (Exercise 5.3.2)

Prove that

22 (n+a)(n+b) Fla+b+1)
whenever a and b are positive. Using the product formula for sin s, give another proof that
L(s)I'(1 —s) = 7/sin7s.

ﬁ(n(n+a—|—b) ~_ Tla+1)I(b+1)

)

Proof By Theorem 1.7 of the textbook, for all s € C \ Z<, we have

T(s+1)=s(s)=e ﬁ (1 + %)1 es/m,

n=1

Substituting s = a, b, a + b, where a,b,a + b € C \ Z,, we can obtain

e’} _1 e’} b —1
Tla+1)=e]] (1+%) e Th+1)=e"]] (1+ﬁ> .
n=1 n=1

00 b —1
Pla+b+1)=e ] (1 M ) elrto)/n

n
n=1

Since 1/I'(s) is entire, the condition a + b € C \ Z«, can be removed. Therefore, we have

= nn+a+b) Da+1)I0b+1)
_ Va,b e C\ Ze.
g(n+a)(n+b) Tla+btl) V<o
Now take @ = s and b = —s, where s € C \ Z. This gives I'(1 + s)I'(1 — s) = [[[—,(1 — s*/n?) .
Since sinms = ws [[°,(1 — s?/n?), we get I'(s)['(1 — s) = (1 4+ s)['(1 — s)/s = 7/ sin7ws. And

both sides have poles at the integers. So we are done.

Assignment 10.2 (Exercise 5.3.4)

Prove that if we take

for|z| <1

1
f(Z) - (1 _ Z)a,
(defined in terms of the principal branch of the logarithm), where « is a fixed complex number,
then

with




Hence we can obtain

o — ala+1)---(a+n—1)
le) = (-1 ( ) - . .
So a,(a) =T'(n + a)/(I'(a)n!). By Exercise 5.3.1, we have
n*t  ala+1)---(a+n)n*t  ala+1)--(a+n—1)
(o) - non! ~ n!
Then if o« € Z<g, we have n®~!/T'(a) = a,(a) = 0 forall n > —a + 1. So the result is trivial in this

case. Hence we only need to prove Exercise 5.3.1.

Assignment (Exercise 5.3.1)

Prove that

= ap(a) asn — oo.

n°n!

P(s):,}LIEOS(S+1)---(s+n)

whenever s # 0, —1,—2,---
[Hint: Use the product formula for 1 /T, and the definition of the Euler constant . ] N

Proof By the Weierstrass product formula, for s # 0, —1, —2, - - -, we have

e s e s

2 s/k — T 2 s/k
s H<1+k) " = lim — g<1+k> ¢

I'(s) =

Since
ko n!
s+k  (s+1)(s+2)---(s+n)

=
~
—

+

™ ®»
—
IIH
=

k=1 k=1
we can obtain
1as(14+1/24-41/n—7)
[(s) = lim e :
n—oo s(s+1)---(s+n)

Since
es(1+1/2—|—--~+1/n—7)

_ es(1+1/2+~~~+1/n—7—10gn) — 1,

nS
we can obtain

n°n!
I'(s) = 1 .
(s) nl—>rf>los(s+1)~~(s+n)

This proves the desired formula.

Assignment 10.3 (Exercise 5.3.6)

Show that
1 1 1 1 v
l+4=+=+--- — =1 — — +log2
T3tE Tt 1 T e T g TES
where vy is Euler’s constant. a

Proof LetH, = 1+1/2+---41/n. We use the standard asymptotic formula H, = logn+~y+o(1),
sincel +1/3+4---+1/(2n—1) = Hy, — H, /2, we have
1 1 1

1 1 1
1+—-—+-=-+4--- — =1 = Hy, —-H, — =1
+3+5—|— +2n—1 2ogn 9 2 2ogn

1 1
= log(2n) +~v — i(logn +7) — §logn +o(l) — %—i— log 2.
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Assignment 10.4 (Exercise 5.3.8)

The Bessel functions arise in the study of spherical symmetries and the Fourier transform. See
Chapter 6 in Book 1. Prove that the following power series identity holds for Bessel functions of
real order v > —1/2:

v i yr—(1/2 T\Y o (_1)m%m
(@) = 1/+/12/2 N - e db = (5) Z:o m!T (v -I-(m ?I— 1)

whenever x > 0. In particular, the Bessel function J,, satisfies the ordinary differential equation
d?J, 1dJ, V2
— 1-—=1J,=0.
dz? * x dz - ( x? >

it

[Hint: Expand the exponential €** in a power series, and express the remaining integrals in

terms of the gamma function, using Exercise 7.] A

Proof Since v > —1/2, and since the power series for ¢! is uniformly absolutely convergent for

ixt

—1 <t <1, we may expand e
' it 2\v—1/2 - (ix)* ' k 2\v—1/2
K (L= Pde=>" o 1t (1 — 2"~ 1/24s.
_ — _
The odd terms vanish. For k = 2m, using u = * gives
! ! r 1/2)r 1/2
/ £2m(1 — t2)”_1/2dt _ / um—1/2(1 _ u)”_l/Qdu _ (v+1/2)I'(m +1/ )
1 0 Fv+m+1)
Therefore the left-hand side in the definition of J, becomes
(x)’/ i (=1)ma®™  T(m+1/2)
2 (2m)!  /al(v+m+1)
Since I'(m + 1/2) = (2m)!y/7/(4™m!), this is exactly

132 m
<§> mZ:O mT'(v+m+1)
It remains to check the differential equation. Write
. . v+2m . (_1)m
J, () = Z Con X , where ¢,,, = SRS —

m=0
Termwise differentiation is allowed by local uniform convergence. The coefficient of z*™2™ in J/
eI+ (1= v?/2?) 18 ¢ + 4(m + 1) (m + v + 1)cpyr = 0,m > 0. And the coefficient of 22

isv(v — 1)cy + veg — v2co = 0. Hence J, satisfies the stated ordinary differential equation.

Assignment 10.5 (Exercise 5.3.9)

The hypergeometric series F(«, [3,7; z) was defined in Exercise 16 of Chapter 1. Show that

Fla, B,7;2) = %/{) 7 (1 — )P (1 — 2t) .

Here >0, 5> 0,v > f,and |z| < 1.

and integrate term by term. Thus

Show as a result that the hypergeometric function, initially defined by a power series convergent

in the unit disc, can be continued analytically to the complex plane slit along the half-line [1, 00).
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Note that
log(1 —2) =—2F(1,1,2;2),
e* =limg , F(1,8,1;2/8),
(1—-2)"%=F(o,1,1;2).
[Hint: To prove the integral identity, expand (1 — zt)~® as a power series. | o

Since |z| < 1and 0 < ¢ < 1, we have |zt| < 1. Hence

- -
1—zt) %= -1)" A
e =30 ()
Since # > 0 and v > [, and since the above expansion is uniformly absolutely convergent for 0 <

t < 1, substituting this into the integral and integrating term by term gives

_ I'(7) S EREVY B e 1n+,371 \—p-1
RHS = i S () et e

SR G B S P A A W )| G DR S ) [0 I
- T(B)T(y-B) nzz()( D (n) L(n+7) _nzzo(_l)n(—nw) = F(a, B,7;2).

For z € C\ [1, 00), the function 1 — zt does not meet the non-positive real axis for 0 < ¢ < 1. Thus
the principal branch of (1 — zt)~® is single-valued and holomorphic in z on the slit plane C \ [1, c0).
The integral formula therefore gives an analytic continuation of F' to this domain.

Finally, the identities log(1 — 2) = —2F(1,1,2;2), (1 —2)"* = F(«,1,1; 2),and €* = limg_,
F(5,1,1;2/P) = limg_,o, F(1, B, 1; /) follow directly from the power series definition of F'.

Assignment 10.6 (Exercise 5.3.10)

An integral of the form

/ f)=de

is called a Mellin transform, and we shall write M(f)(z) = F(z). For example, the gamma
function is the Mellin transform of the function e™*.

(a) Prove that

M(cos)(z) = /00 cos(t)t*~*dt = I'(2) cos (Wg) for0 < Re(z) <1
and ’

M(sin)(z) = /00 sin(t)t*'dt = I'(2) sin (71’%) for0 < Re(z) <1
(b) Show that the second of t;)le above identities is valid in the larger strip —1 < Re(z) < 1, and
that as a consequence, one has

/ Smxdxzzand/ wdx:\/%r.
0 x 2 0o

This generalizes the calculation in Exercise 2 of Chapter 2.
[Hint: For the first part, consider the integral of the function f(w) = e “w*"! around the

contour illustrated in Figure 1. Use analytic continuation to prove the second part.]|
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~

0 ¢ R

Figure 1. The contour in Exercise 10 a

(a) Take the contour in the hint and choose the principal branch of w*~!. Let ¢ = Rez. On
the large arc C'r, write w = Re with R > 0 and 0 < § < 7/2. Then

/2
/ ewwzldw’ < eTrImz|/2R0'/ echosede.
Cr 0
Since cos 6 = sin(n/2 — 0) > 2(n/2 — 0) /7 for 0 < 0 < 7/2, we have

/ﬂ-/2 7RCOS€d0 < /ﬂ-/2 72R(7T/279)/7Td9 T (1 7R> < .
e < e = —(1—-e g —.
; ; oR 2R

Since o < 1, we have

7T.e7r|Irnz|/2
/ e“’w21dw‘ < TRU’1 — 0(R — +00).
Cr

On the small arc C., write w = e with0) < ¢ < Rand 0 < 6 < 7 /2. Since o > 0, we have

/ e Y tdw
(>

Therefore, by Cauchy’s theorem, we can obtain
/ e ldt = / e "(it)* tidt.
0 0

[(z) =i* / e At = / e T dt = e (2).
0 0

7TeTr| Im z|/2

w/2
< e7r|Imz|/2€O'/ e—acosﬁde < 5
0

e” = 0(e—0").

Thus we have

For real z with 0 < z < 1, taking real and imaginary parts gives

/ cos(t)t*dt = I'(z) cos (ﬂg) : / sin(t)t*~'dt = I'(2) sin <7T%) :

0 0

Since both sides are holomorphic in 0 < Re z < 1, the identities hold throughout this strip.

(b) Firstly, we show that M (sin)(z) converges in the strip —1 < Rez < 1. Near 0, since sint ~ t,
the integrand behaves like ¢#, which is integrable because Re z > —1. Near +o0, write ¢.(t) = t*71,
since Rez < 1, g.(t) — 0ast — +oo, and ¢.(t) = (z — 1)t*~2 is integrable on [1, 00). Hence, by

/ sin(t)t*~'dt
1

converges. Similarly, the integral defining M((sin)(z) converges uniformly on every compact subset

integration by parts, we can obtain that

of the strip —1 < Re z < 1. Therefore M sin(z) is holomorphic in this strip.
On the other hand, I'(z) sin(7z/2) can extend holomorphically to the same strip —1 < Rez < 1
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since z = 0 is a removable singularity. Thus by (a) and Corollary 4.9 of Chapter 2, we have
/ sin(t)t*'dt = I'(2) sin <7T§> for —1 <Rez < 1.
0

Taking 2 = 0, we obtain

/ " 4o = lim ['(z) sin =_T
0 x z—0 2

Taking z = —1/2, we obtain

[ (<5} () = var () - v

Assignment 10.7 (Exercise 5.3.11)

Let f(2) = e%e™ where a > 0. Observe that in the strip {x + iy : |y| < m/2} the function

f(z +1iy) is exponentially decreasing as |x| tends to infinity. Prove that

]?(f) =T'(a — 27i&), forall € € R. .

Proof For z = x + iy, we have | f(z)| = exp(Re(az — €*)) = exp(ax — €” cosy). Thus in the strip
ly| < m/2, the function decreases faster than exponentially as x — +00, and decreases exponentially

as © — —oo. So for all real &, the Fourier transform exists and is given by

f(g) — / ea:ce—e” G_QWiZEdZL‘.

o0

Let t = e”. Then x = logt and dz = dt/t. Hence
o L dt > .
[ = / t“e_tt_%’g? = / e P qt = D(a — 2mi€).
0 0

Since a > 0, the gamma integral is well-defined for all £ € R.
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Chapter 11 Homework 11

Assignment 11.1 (Exercise 6.3.13)

Prove that

d?logI'(s) f: 1

ds? (s +mn)?

whenever s is a positive number. Show that if the left-hand side is interpreted as (I /T")', then

n=0

the above formula also holds for all complex numbers s with s # 0, —1,—2, - - - o

Proof By Theorem 1.7 of the textbook, we have

logT'(s) = —vys — log s + f: <% — log <1 + %)) .
n=1

The expansion is locally uniformly convergent away from 0, —1, —2, ..., so we can differentiate term

01 (i)

Differentiating term by term once more gives

n=1 n=0

by term. Thus we have

For s > 0, this is exactly d? log I'(s) /ds?. Since both sides are holomorphic on C \ {0, —1,—2,...},

the formula holds for all complex numbers s with s # 0, —1, =2, - - -

Assignment 11.2 (Exercise 6.3.14)

This exercise gives an asymptotic formula for log n!. A more refined asymptotic formula for T'(s)

as s — oo (Stirling’s formula) is given in Appendix A.

(a) Show that
x+1

d
e logI'(t)dt = log x, for x > 0,

xT
and as a result

z+1
/ logI'(t)dt = zlogz — x + c.

(b) Show as a consequence that logT'(n) ~ nlogn as n — oo. In fact, prove that logT'(n) ~
nlogn + O(n) as n — oo. [Hint: Use the fact that I'(x) is monotonically increasing for all
large x.] [ )

Proof (a) For x > 0, we have I'(x) > 0, so by the identity I'(z 4+ 1) = zI'(x), we can obtain
z+1
e logI'(t)dt = log'(x 4+ 1) — log I'(x) = log x.
x T

z+1
/ logI'(t)dt = zlogz — x + c.



(b) For all sufficiently large ¢, the function log I'(¢) is increasing. Hence for all large n, we have

logT'(n) < /n+1 logI'(t)dt < log'(n+ 1) = logn + log'(n).
Using (a), we can obtain '
(n—1)logn —n+c<logl'(n) < nlogn —n+ c.
Therefore log I'(n) = nlogn + O(n), and in particular log I'(n) ~ nlogn as n — oc.

Assignment 11.3 (Exercise 6.3.17)

Let f be an infinitely differentiable function on R that has compact support, or more generally,

let f belong to the Schwartz space. Consider

/ F(@)z o da.

(a) Observe that 1(s) is holomorphic for Re ) > 0. Prove that I has an analytic continuation
as an entire function in the complex plane.
(b) Prove that 1(0) = f(0), and more generally

I(=n) = (=1)"f™(0) for all n. > 0.
[Hint: To prove the analytic continuation, as well as the formulas in the second part, integrate

—1)* 00
by parts to show that I(s) = ﬁ / f® (z)zs+*1dg. ]
0

)

Proof (a) For Re(s) > 0, the integral defining /(s) is convergent near 0, and the integrand decays
rapidly as © — oo since f is compactly supported or belongs to the Schwartz space. Hence I(s) is
holomorphic for Re(s) > 0. Integrating by parts gives

I(s) = sFl(s) /OOO flx)da® = —ﬁ /000 f(x)z*dx.

For every integer k£ > 0, by applying integration by parts repeatedly, we have

—1)* 0
I(s) = %/{) f® ()

The RHS is holomorphic for Re(s) > —k. Since k € N is arbitrary, these formulas give an analytic

continuation of / to an entire function in the complex plane.
(b) Taking £k = n + 1 and s = —n in the formula above gives

I=n) = (-0 [ )

0
Since f is compactly supported or rapidly decreasing together with all derivatives, f™(z) — 0 as

x — oo. Therefore I(—n) = (—1)"*1(f™(c0) — £™(0)) = (—=1)"f™(0) for all n > 0.

Assignment 11.4 (Problem 6.4.1)

This problem provides further estimates for ¢ and (' near Re(s) = 1.

(a) Use Proposition 2.5 and its corollary to prove

>

1<n<N n>=N
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for every integer N > 2, whenever Re(s) > 0.
(b) Show that |¢(1+it)| = O(
integer in |t|.

), as [t| — oo by using the previous result with N = greatest

(c) The second conclusion of Proposition 2.7 can be similarly refined.
(d) Show that if t # 0 and t is fixed, then the partial sums of the series > . 1/n'*" are

bounded, but the series does not converge.

A
(a) Let 0 = Re(s). By Proposition 2.5 and its corollary, for each n > 1 we have
n+1 n+1
1 1 1 dz |s|
dn(s) = — ——)dr=—— —, |0n .
o= (m-n)ar=n- [ Enei< 2k
So > d,(s) converges uniformly on every compact subset of Re(s) > 0. For Re(s) > 1, we have
. . M dx B
> i (S Za - ¥ e 2)
1<n<N 1<n<N n=>N

Both sides are holomorphic on {Re(s) > O} except at s = 1, so the identity holds for Re(s) > 0.
(b) Take s = 1 + it and choose N = [|t|]. For sufficiently large |t|, from (a), we have

. 11 1
A+ < > E+H+C|tlzﬁ
n>N

1<n<N
The first term is O(log N) = O(log [t|), and the second term is o(1). As for the last term, we have

1 1 dx N—l—l
E — < Clt|| = + = O(1).
O|t|n>Nn2 clil <N2 / x? ) (1)

Therefore, |((1 + it)| = O(log|t]) as |t| — cc.

(c) Differentiating the formula in (a) term by term, we can obtain

C(s) = — Z logn  —N'""*(1—s)log N + N'"* N Zég(s)

ns (1—s)?
1<n<N n>N
And foreach n > N > 2, we have
n ] 1 dl 1—sl
107.(s)| </ ogsn — ogsa: dr < sup |— ng;z In — x| = sup %gf
n T x £€n,n+1] dz =z 2=¢ £€n,n+1] 5

1—1—\ |log(n + 1) - logn

no‘+1 ~ ‘ ‘ no+1 :

Taking s = 1 + it and N = [|t|], we get
, logn  |t|log N +1 logn
"(1+44t)| < C"|t .
Cavig< 3 By FO Y

[t
1<n<N

n>N
The first term is O(log” N) = O(log? |t|), and the second term is o(1). And for large N, we have

logn log N > log x logN logN +1
> - <t (W* : d:c) :c”|t|( vt = O(log [t]).
n>N

Therefore, |¢'(1 4 it)| = O(log® |t]) as |t]| — 0.

(d) Here ¢t € R is necessary; otherwise ¢ = ¢ gives a counterexample. By (a), for s = 1 + ¢, we have

N—-1
1 L m*C|t]
—| = |C(1+dt) — <|C(L+at)| + —
2 s
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If the series converged, since ) -y 0, (1 +it) — 0as N — oo, for each fixed & € N*, both N —u
and (kN)~" would have the same limit, forcing k~* = 1 for all K € N*. This is impossible for ¢t € R
and t # 0. Hence the series does not converge.

Assignment 11.5 (Problem 6.4.2)

Prove that for Re(s) > 0

s {x}

g(s) - s — 1 1 xs—f—l

where {x} is the fractional part of x. .

Proof We first prove the identity for Re(s) > 1, we have

00
{JZ} q n—l—l 00 dz n+1 n
xr =S E =S — — S E .
l.s+1 $S+1 1 s “ Jn strl
n=

( 1 ) s y N ( 1 1 Lo )
- _ e 1m —_
s +1)s s=1 Nocsi=\ns!  (n+1)7'  (n+1)

s N+1
:s—1_zvhféo<_(jv il +Z )

Therefore, we can obtain

s—1
Both sides are holomorphic on {Re(s) > 0} except for the pole at s = 1. Hence the identity holds on
the whole half-plane {Re(s) > 0}.

Assignment 11.6 (Problem 6.4.3)

If Q(x) = {x} — 1/2, then we can write the expression in the previous problem as

s 1 *Q(x)
g(s):3—1_§_s 1 xsﬂdx.

Let us construct Q(x) recursively so that

| Qutontz =0, S — Q1) Qule) = Qo) and Qule +1) = Qufo)

Then we can write
5 1 dk o
g(s)_s_1—5—3/1 ( Qula )) dz,

and a k-fold integration by parts gives the analytic continuation for ((s) when Re(s) > —k. o

((s) = i —s/looii];dxforRe(s)>1

Proof By the previous problem and the identity {z} = Q(x) + 1/2, we get

s “Q@)+1/2. s 1 [*Q)
C(s)—:—s/l ] dx_s—l 5 sl xsﬂdx.

Since @)y = () and Q,(Ck) = (@, this is the displayed formula
=gy [ ()
Ts—1 2 . B '
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Assume first Re(s

~—

> (), integration by parts gives

00 dk o n+1 dk
/1 (@Qk(x)) vy = 2;/71 (@Qk(m)) r5 e
n+l n+1 k—1
ey (%Qm)) i dx]
0o o) k—1
— Z (Ql(:z:):c’sfl‘zﬂ) + (s + 1)/1 (%Qk(x)) 5 2 dx

——a+ 6+ [ (e ) e

=—Q1(0) + (s +1) [—Q2(0) +(s+2) /100 (ﬂ@,&@) x_s_gdx]

A2
k m—1 k 00
=— Z Q) || (s+j)+ H(s +7) Qr(x)r " da
m=1 j=1 j=1 1
Substituting this into the previous expression yields
k m—1 k
S 1 ; ; = —s—k—1
C(s):8_1—§—|—SmZZIQm(O)jl_[1(s+j)—sjl_[l(s+j)/l Qr(x)x dz.

Since @)y, is bounded on R by its periodicity, the integral converges for Re(s) > —k, which gives the
analytic continuation for {(s) when Re(s) > —Fk, except for a simple pole at s = 1.

Assignment 11.7 (Problem 6.4.4)

The functions Qy, in the previous problem are related to the Bernoulli polynomials By(x) by the
Sformula

B
Qr(x) = (]::-1(13;? for0 <z < 1.
Also, if k is a positive integer, then
(27T)2k
25(2k)::(—4)k+17§%7rE5k,

where By, = By(0) are the Bernoulli numbers. For the definition of By(x) and By, see Chapter
3 in Book 1. Py

Proof Firstly, from Problem 5 of Chapter 3 in Book I, we have

1
Bi(z) =2 —1/2=Qu(x),0 < x < 1. B/(z) = anl(x),/ Bp(z)dz =0,n > 1.
0

Comparing this with the definition and properties of {Q).} in Assignment 11.6, we obtain

By ()
= 0<z<l,keN
Q) =G0 ST
It remains to derive the formula for 2¢(2k). The Fourier series of Qy(z) = {x} —1/2 0on (0, 1) is
. sin(27nx) = sin(27nz)
= — —— =2 ——,0<z <1
Qo() ; ™m ; 2mn v
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1
Integrating it 2k — 1 times and using the condition / Qr(z)dx = 0 at each step, we get
0

2 = cos(2mnx)
Qo1 (z) = (—1)F! T > 0<z<lkeN'
n=1

The series above is absolutely and uniformly convergent on [0, 1]. So both sides are right-continuous
at x = 0. Letting x — 0T, we can obtain

Qaor1(07) = Qap1(0) = (—1)F ! ———
Since Qo1—1(0) = Bay/(2k)!, we have

(2k)! (2m)2k
Here k € NT. This proves the desired formula.

C(2k) = 2C(2k) = (—1>k+l%3%.
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Chapter 12 Homework 12

Assignment 12.1 (Exercise 7.3.4)

Suppose {a,}5°, is a sequence of complex numbers such that a, = a,, if n = m mod q for

some positive integer q. Define the Dirichlet L-series associated to {a,} by

— Z %for Re(s) > 1
n=1

Also, with ag = ag, let

q—1
x) = Z Ag—me™”
m=0
Show, as in Exercises 15 and 16 of the previous chapter, that

1 00 s—1
5 /0 Qe(qf)f | dz for Re(s) > 1

Prove as a result that L(s) is continuable into the complex plane, with the only possible sing-
ularity a pole at s = 1. In fact, L(s) is regular at s = 1 if and only ifon_:lO a,, = 0. Note
the connection with the Dirichlet L(s, x) series, taken up in Book I, Chapter 8, and that as a

consequence, L(s,x) is regular at s = 1 if and only if x is a non-trivial character. o

Proof Firstly, for x > 0, we have

IL’) q—1 00 [e’s)
1 D agme™ | [ Do e = ane”
m=0 k=1 n=1
since a,, = a,, whenever n = m mod q. Therefore, for Re(s) > 1, absolute convergence allows us to

interchange summation and integration and we get

LS)/OOO Qe(f)f _ Zan/ - 1dx—; — L(s).

Choose ¢ > 0 small, then we have

L PQ@et 1 [~ Q!
3)/0 et — 1 dx_l—F(s)/(g e — 1 de.

The second integral defines an entire function of s, because the integrand decays exponentially as

x — oo. For the first integral, write

gz Q(x)

e? — 1

Then H is holomorphic near 0, and H(0) = Q(0) = >.% ! a,,. Forany N € N*, we write H(z) =
SVt —|—xNRN )nearO Then

Qx 1 (= s /5 N2
E —_—+ Ry(z)x?® dz | .
/ qF(s) ~s+k—1 " J w(@)

This gives a meromorphlc continuation to {Re(s) > 1 — N'}. And the possible poles other than s = 1

H(x) =

are canceled by the zeros of 1/I'(s). Hence L(s) is continuable into the complex plane, with the only



possible singularity a pole at s = 1, and the coefficient of the pole term 1/(s — 1) is o' /(qI'(s)),
whose value at s = 1 is ¢y/q. Therefore L(s) is regular at s = 1 if and only if ¢o = H(0) = Q(0) =
S°41 @, = 0. We can obtain L(s, x) by taking a,, = x(n). Since % x(m) = 0 if and only if x

is non-trivial, it follows that L(s, x) is regular at s = 1 if and only if x is a non-trivial character.

Assignment 12.2 (Exercise 7.3.7)

Show that the function

£(s) = m~**T(s/2)¢(s)

is real when s is real, or when Re(s) = 1/2. .

Proof When s € R, the conclusion is obvious. When Re(s) = 1/2, write s = 1/2 + it, by the proof

of Theorem 2.3 of Chapter 6, we have

o) =g -+ [ e
1

s—1 S

where (u) = (9(u) — 1)/2 = 3227, e~™"*. Substituting s = 1/2 + it into the integral gives
/oo(u3/4it/2 + u73/4+it/2)w(u)du e R.
1

And 1/(—1/2+it) and 1/(—1/2 — it) are also conjugate to each other. Therefore (1/2 + it) € R.

Assignment 12.3 (Exercise 7.3.8)

The function  has infinitely many zeros in the critical strip. This can be seen as follows.
(a) Let

F(s) = &(1/2 + ), where £(s) = n%/*T(s/2)((s).
Show that F(s) is an even function of s, and as a result, there exists G so that G(s*) = F(s).
(b) Show that the function (s — 1)((s) is an entire function of growth order 1, that is,

(s = 1)¢(s)] < Ace®el®

As a consequence G(s) is of growth order 1/2.

|1+5

(c) Deduce from the above that  has infinitely many zeros in the critical strip.

[Hint: To prove (a) and (b) use the functional equation for ((s). As for (c), use a result of
Hadamard, which states that an entire function with fractional order has infinitely many zeros
(Exercise 14 in Chapter 5).]

)

Proof (a) By the functional equation (s) = (1 — s), we have F/(—s) = £(1/2—s) = &(1— (1/2+
s)) = &(1/2+ s) = F(s). Thus F is an even function. Consequently its Laurent expansion contains

only even powers of s, so there exists a meromorphic function G such that G(s?) = F(s).
(b) We first estimate the order of {(s). Let 0 = Re(s), then by the proof of Theorem 2.3 of Chapter 6,
we can obtain

1 1 o _s/o— s/9—
1£(s)| = __+/ (u 2-1/2 4y s/2 1) d(u)du
s—1 s 1
< 1 + 1 + /OO (ufo/271/2 + uo‘/271) ienn% du
s—1 s 1 ~
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1 1 — [ 2y s temta |1 1 X oo glol/2+
- lo|/2+1 —mn?u t=mn’u - ot
< s—l‘—i_ . +2nE:1/0 u e du 3—1‘+ S +2nE: /0 (7m2)|0|/2+26 dt
1 1 0| - 1 |o|
= “lor (42 < [ 42
| e (5 )§<m2>'a'/2+2 er (5

when |s| is sufficiently large. By Theorem 2.3 of Appendix A, we have I'(x) < Ce®!'°8 for sufficiently
large = > 0. Thus we can obtain |€(s)| < ALe®l7l"™ < ALe%Is"™ when |s] is sufficiently large. Since
(s—1)C(s) = /(s —1)&(s)/T'(s/2), and the functions 72 and 1/T'(s/2) have growth order 1 and at
most 1 respectively, hence (s—1)((s) is an entire function of growth order 1. Since F'(s) = £(1/2+3s),
the function (s* — 1/4)F(s) is entire of growth order 1. While (s> — 1/4)F(s) = (s* — 1/4)G(s?),
thus (s — 1/4)G(s) is entire of growth order 1/2. Hence G(s) is of growth order 1/2.

(c) Applying Hadamard’s theorem to (s — 1/4)G/(s), we see that it has infinitely many zeros. So G
and hence F' and £ have infinitely many zeros. Outside the critical strip, £ has no zeros: in Re(s) > 1
this follows from the Euler product for ¢ and 7—*/2T'(s/2) # 0, while in Re(s) < 0 it follows from the
functional equation £(s) = £(1 — s). Thus ¢ has infinitely many zeros in the critical strip since 7~%/2

has no zeros and 1/I'(s/2) is entire. So we are done.

Assignment 12.4 (Exercise 7.3.10)

In the theory of primes, a better approximation to 7(x) (instead of x/ log x) turns out to be Li(x)

defined by

Todt
, logt’

Li(z) = — +o((L) as T — oo,

B log = log x)?

Li(z) =

(a) Prove that

and that as a consequence
m(x) ~ Li(z) as * — oo.

[Hint: Integrate by parts in the definition of Li(z) and observe that it suffices to prove

To see this, split the integral from 2 to \/x and from \/x to x.]
(D) Refine the previous analysis by showing that for every integer N > 0 one has the following

asymptotic expansion

T X X X X
Li(z) = 2 i (N = I)— v
)= oy * ogap 2aar O Wy O (g
as r — oQ. ‘

(a) Integrating by parts in the definition of Li(x) gives

Li(x) /x dt x 2 n /z dt
i(z) = = - :
o logt logz log2 J, (logt)?

/; dt :/f dt +/x dt <\/_—2+4(x—\/5)20(\/§)+0( T )

logt)? /7 (logt)? = (log2)? (log x)?

—~
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as z — oo. Since v/x = O(z/(log x)?), we can obtain

(b) For every integer N > 0, repeated integration by parts gives

Li(x):(t P tt)3+---+(N—1)! tN)

Since m(x) ~ x/logx as © — oo, it follows that 7(z) ~ Li(z) as x — oc.
logt  (logt)? (log (logt)

¢ Toodt
R
2 2 (logt)N+1
As in (a), splitting the last integral at \/z gives
/ ’ dt 0 x .
—_ = ————— | asz — oo.
o (logt)N+! (log )N+

Therefore we can obtain the asymptotic expansion

T T X T T
2 i (N= 1) 4+ O | ———— — 00.
T + (o 1)? + (log 1)’ +- ) (log )™ + ( (1og;c)N+1> as & — 00

Assignment 12.5 (Exercise 7.3.11)

Let

Li(z) =

:Zlogp

PsT
where the sum is taken over all primes < x. Prove that the following are equivalent as v — oo:

(i) p(x) ~

(ii) w(x) ~ :v/logﬂv,

(iii) P(z) ~ @

(iv) Y1 (x) ~ 3°/2. [ )

Proof Firstly, the functions appearing in the problem are

= logp, w(x) =Y 1, 9(x) = > logp, i (x / W (u

p<T p<T P
(i) & (i1): For any 0 < o < 1, we have

aloga(m(z) - 1°) < loga”(r(z) — 7(2)) < p(z) < ¥(x) < 7(x)loga. (x
If p(z) ~ x, then these inequalities give 1 < liminf, ,. 7(z)logz/z < limsup,_,. 7(z)logx/xz <
1/c. Letting « — 1~ gives m(z) ~ z/logx. Conversely, if 7(z) ~ x/log x, the same inequalities
give a < liminf, ,, p(z)/x < limsup,_, p(z)/z < 1. Letting o« — 1~ gives ¢(x) ~ z.
(ii) < (iii): By (%), forany 0 < o < 1, we have

alogz (m(x) —z%*) _ Y(x) _ 7(x)logz

x x x
The rest of the argument is completely analogous to the proof of (i) < (ii).

(iii) < (iv): For all o, § satisfying 0 < o < 1 < 3, we have

1 (lz) laz) o) (@) 1 (6(Bz) » (@)Y
( )< e (T )

~

l—a \ 22 (ax)? x (Bx)? x?
If ¢)(z) ~ x, then we have
1 1
—— < liminf @Dl_(ff) < limsup () < )
ﬁ + T—00 x? T—00 x? 1+ a

74



Letting o — 1~ and 3 — 17 gives ¢ (z) ~ 2?/2. And if ¢ (z) ~ x?/2, then we have
L0y 20Dy U2) ¢ B

< lim inf <1 <
T—00 T T—00 € 2

Letting v — 1~ and § — 17 gives ¢(x) ~ x.

Assignment 12.6 (Exercise 7.3.12)

If p,, denotes the n' prime, the prime number theorem implies that p,, ~ nlogn asn — oo.

(a) Show that 7t(x) ~ x/log x implies that
log 7(z) + loglog x ~ log .

(b) As a consequence, prove that log m(x) ~ log z, and take x = p,, to conclude the proof. o

Proof (a) Since 7(z) ~ x/logx, we have m(x)logx/xz — 1. Taking logarithms gives log 7(z) +
loglog x — log x — 0. Therefore log w(x) + loglog z ~ log x.

(b) Since log log x/log z — 0, (a) implies log w(x) ~ log . Taking x = p,,, we have 7(p,,) = n, and
hence logn ~ log p,. Also 7(z)logx/x — 1 gives 7(p,) log p,/pn = nlogp,/p, — 1. Combining
this with log n/ log p,, — 1, we obtain n logn/p, — 1. Thus p,, ~ nlogn as n — oo.

Assignment 12.7 (Problem 7.4.1)

Let F(s) =Y > a,/n®, where |a,| < M for all n.
(a) Then

i 5 /T |F(o +it)|*dt i’a"Pf > 1
11m —- ag 1 = — 1l O .
_7 — n20’

T—oo 2T

How is this reminiscent of the Parseval-Plancherel theorem? See e.g. Chapter 3 in Book I.
(b) Show as a consequence the uniqueness of Dirichlet series: If F(s) = > " a,n"%, where
the coefficients are assumed to satisfy |a,| < Cn* for some k, and F(s) = 0, then a,, = 0 for
all n.
Hint: For part (a) use the fact that

1 /7 n—20

— [ (nm) " Tn"“m"dt —
2T J r 0, n # m.

Y an?

)

Proof (a)Since o > 1and |a,| < M forall n > 1, the series defining /(o + it) converges absolutely
and uniformly in t. Let Fy(s) = Y.~ a,/n®, where N > 1. Then we have

B+ =33 B st

nlml

Therefore, we can obtain

! \F (o +it)[2dt = Z' anl* 3 nlm 1 / " gitostm/m gy
2T N (nm)e 2T '

1<n,m<N,n7§m

By the fact in the hint, the second term is equal to

I o sin(log(m/n)T)
Ay * —— InT"mdt = Qm T )
Z Al * 5 /T(nm) n"m Z nlm ()7 log(m /n)T —0asT — oo

n#m n#m

75



Therefore, we can obtain

L7 2g _ N Janl?
,llglgoﬁ/T|FN(U+Zt)| dt:;ﬁ

Now let N — oo. Since F)y — F uniformly on the line Re(s) = o, we have

lim — /T o+ inpa =3 ol
11mM — ag 1 = .
T—oo 2T —1 TLQU

-T

This is analogous to the Parseval-Plancherel theorem, with the functions n~% = e~#1°¢" playing the

role of mutually orthogonal exponentials in the limiting mean.
(b) Suppose F(s) = >°° a,n"* =0, and |a,| < Cn*. Let ¢, = a,,/n*. Then |c,| < C, and

n=1
)

F(s+k)= Z cpn”°.
n=1

For every o > 1, applying (a) to this Dirichlet series gives

. 1 ’ N2 S |Cn|2
= lim — |F(o 4k +it)| dt:§ e
n g

T—o0 27T _T

n=1

Hence ¢, = 0 foralln > 1, so a,, = 0 for all n > 1. This proves the uniqueness of Dirichlet series.
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Chapter 13 Homework 13

Assignment 13.1 (Exercise 8.5.2)

Suppose F(z) is holomorphic near z = zy and F(zy) = F'(zy) = 0, while F"(z) # 0. Show

that there are two curves I'y and ' that pass through z,, are orthogonal at zy, and so that F'

restricted to 1'; is real and has a minimum at zo, while F restricted to I'y is also real but has a

maximum at z.

[Hint: Write F(z) = (g(2))? for z near zy, and consider the mapping = — g(z) and its inverse.]‘

Proof Since F(zy) = F'(29) = 0and F"(z) # 0, the zero of F" at z, has order exactly 2. Therefore,
near zy, we may write F'(2) = (g(z))?, where g(z) is holomorphic and g(z) = ¢(z — 2) + - - -, with
¢ # 0. Thus ¢'(zg) # 0. The inverse function theorem gives neighbourhoods U of z and V' of 0 such
that g : U — V is biholomorphic. We choose ¢ > 0 sufficiently small such that B(0,¢) C V. Now
let Ty = (9]y) ' ((—¢,¢)), 'y = (g|lr) "' (i(—e,€)). Then both curves pass through zy. Since g| is
biholomorphic, (g]U)_1 preserves angles, so I'; and I'y are orthogonal at zy. On I'y, ¢ is real-valued,
and hence ' = g2 > 0, with equality only at z5. So F' has a minimum on I'; at z5. On I'y, g is purely

imaginary, and hence F' = ¢ < 0, with equality only at z5. So F' has a maximum on I'; at zg.

Assignment 13.2 (Exercise 8.5.4)

Does there exist a holomorphic surjection from the unit disc to C?

[Hint: Move the upper half-plane “down” and then square it to get C.] a

Solution Yes. Consider the holomorphic function on D defined by
1—=2 2 —422
H _ o e 2 '
(=) <Zl + 2 Z> (=) =19 (14 2)?
Since G(z) = i(1 — z) /(1 + 2) is a biholomorphic map from D to H, G(z) — i is a biholomorphic map
fromDto {w € C:Imw > —1} £ S. For any w € C, choose 1 such that n*> = w and Imn > 0.
Thenn € S, so 3z € D such that G(z) —i = 1. Thus H(z) = w. So H is a holomorphic surjection

from D to C. This proves the desired result.

Assignment 13.3 (Exercise 8.5.7)

Provide all the details in the proof of the formula for the solution of the Dirichlet problem in a

strip discussed in Section 1.3. Recall that it suffices to compute the solution at the points z = iy
with0 < y < 1.
(a) Show that if re® = G (iy), then

0 . COSTY

re” =j———.
1+ sinmy

This leads to two separate cases: either 0 < y < 1/2and 0 = ©/2, or 1/2 < y < 1 and
0 = —m /2. In either case, show that

9 1 —sinmy sin Ty

r

= d P.(0 — ) =
1+ sinmy an ( 2

1 —cosmysing



1 " ~ -

(b) In the integral e / P.(0 — ) fo(p)dp make the change of variables t = F'(e'?). Observe
T Jo

that

s 4Tt
g _ 1z
i+ emt’
and then take the imaginary part and differentiate both sides to establish the two identities
1 dep s

S = cosh 7t an dt  coshnt’
Hence deduce that
1 [ ~ 1 [ sin Ty ~
P.(6 — dp = — d
(0= ¢)folp)dp = o T cosmy Siwfo(sz?) @

_ sin Ty /°° fo(?) &t

2 o COSh t — cos Ty

27 Jo

I ~
(c) Use a similar argument to prove the formula for the integral e / P.(0 — ) f1(p)de.
ﬂ- —T

A

(a) From the definition of the conformal map G, we have
Gliy) = z — e’:”y _ —cosTy —l—-i(l — éin y) _;_cosmy
i+ ey cosy + i(1 + sin7y) 1+ sin 7y
Thus, if G(iy) = re', then for 0 < y < 1/2 we have § = 7/2 and r = cos 7y /(1 + sin 7y), while for
1/2<y<1lwehave ) = —7/2 and r = — cosy/(1 + sin wy). In both cases, we have

9 Cos TY > 1—sin Y
re = = .
1 +sinmy 1+ sin7wy

Therefore, we can obtain
1—r? sin Ty

P _ — =
(6 =) 1—=2rcos(0 —¢)+r2 1—r(l+sinmy)cos(d — p)

B sin Ty B sin Ty
1 — (Fcosmy)(£sing) 1—cosmysing
(b) Lett = F(e%), then e™ = i(1 —e¥) /(1 + ), hence ¥ = (i —e™) /(i +e™) and fo(¢) = fo(t).

And as ¢ travels from 0O to 7, then ¢ goes from —oo to +00 on the real line. Taking the imaginary parts

of the identity and differentiating the identity give
1 do — —me™ (i 4+ e™) — we™ (i — e™) 7r
T ie¥ (i + em)? ~ cosht

sing = ———,
14 cosh 7t

Therefore, we can obtain

1 7 . 1 [" sin 7y = sin my /OO fo(t)
P.(0 — dp = - dp=——
( ‘P)fO(SD) 2 21T 0 1 — cos Y sin @fo(gp) ¥ 2 NN COSh 7wt — cos Y

dt.

27 Jo
(c) We make the change of variables ¢ = (i + ™) /(i — e™), then we have f1(¢) = f1(t). And as ¢

travels from —7 to 0, then ¢ goes from 400 to —oo on the real line. Similarly, we have
—1 -7

S = oshrt 7 T cosht
Therefore, we can obtain
1 /[ ~ 1 /O sin 7y ~ sinwy [ fi(t)
— | pPH- do = — dp = — "2 dt.
2 J_ . ( P)fi(e)de 2 J_. 1 — cosmysin @f1(90) 7 2 /oo cosh 7t 4 cos my
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axis. |

Assignment 13.4 (Exercise 8.5.8)

Find a harmonic function u in the open first quadrant that extends continuously up to the

boundary except at the points O and 1, and that takes on the following prescribed boundary
values: u(x,y) = 1 on the half-lines {y = 0,z > 1} and {x = 0,y > 0}, and u(x,y) = 0 on
the segment {0 < z < 1,y = 0}.

[Hint: Find the conformal maps Fy, Fy, - -- | Fs indicated in Figure 11. Note that arg(z)/m is

harmonic on the upper half-plane, equals 0 on the positive real axis, and 1 on the negative real

u=1
Fq
u=1
Du—ﬂi u=1 -1 w=0 u:ll
u=20 .
(e
=1 uw=0 F3
-
u=1
= u=1 - uw=1 D
) 2
Fs
—
w=1 Tu=1 u=~0 u=1 ' u=1~0
0 1 0

Figure 11. Successive conformal maps in Exercise 8

&

Solution Let Fy(z) = (2 —1)/(z 4+ 1), Fa(2) = log 2z, F5(z) = —iz — 7/2, Fy(z) = sin z, F5(z) =

z—1,and let ® = F5 0 Fyo F30 F, o Fy. Then ® maps the open first quadrant conformally to the

upper half-plane H, and the required boundary pieces are mapped respectively to the positive and

negative real axes. We consider the function u(z) = arg(z)/n defined in H, where 0 < arg(z) < m

in H. Hence u(z) takes the value 0 on the positive real axis and 1 on the negative real axis. Since

u(z) = Im(log z/m), where log z is the principal branch restricted to H, u(z) is harmonic in H. Define

u(z) = u(P(2)), then u(z) is harmonic in the open first quadrant by Lemma 1.3 of the textbook and it
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has the required boundary behavior. Thus, u is the desired function.

Assignment 13.5 (Exercise 8.5.9)

Prove that the function u defined by
u(z,y) = Re <Z * Z) and u(0,1) =0
i— 2
is harmonic in the unit disc and vanishes on its boundary. Note that u is not bounded in D. o

Proof The function (i + z) /(i — z) is holomorphic in D, since 7 ¢ . Hence its real part is harmonic

in D. For z = z + 1y, a direct computation gives

i+ 2 1—|2|?
u(z,y) = Re (z — z) = i
Therefore, u vanishes on 9D except possibly at z = i. But the definition «(0, 1) = 0 gives the required
boundary value at that point. Finally, u is not bounded in D. Indeed, for 0 < r < 1, we have
1—1? 1+
(1—7r)2 1-—r

Assignment 13.6 (Exercise 8.5.11)
Show that if f : D(0, R) — C is holomorphic, with |f(z)| < M for some M > 0, then

F& 1O |_
M2~ f(0)f(z)| ~ MR
[Hint: Use the Schwarz lemma.] [If f(z) = ¢, the quotient is defined only when |c| < M.] .

— t4ooasr — 1.

u(0,7r) =

Proof If f is constant, the result is immediate. Assume that f is not constant. Then by the maximum

modulus principle, |f(z)| < M forall z € D(0, R). Define g : D — D by ¢g(¢) = f(R()/M. Let
Yo D =D, Yo(w) = —— where a € D.
1 —aw

Then 1)4(0) © g : D — D is holomorphic and 1/4(py(g(0)) = 0. By the Schwarz lemma, we have

—-g(0
9() —90) | .
1—9(0)g(¢)
Taking ( = z/R and substituting g({) = f(z)/M, we can obtain
M(f(2) = £(0) f(2) = £(0)
M2 — f(0)f(2) M? — f(0)f(2)

Assignment 13.7 (Exercise 8.5.13)

The pseudo-hyperbolic distance between two points z,w € D is defined by

|2|
S MR

<A
R

Z—Ww

plzw) = ||,

(a) Prove that if f : D — D is holomorphic, then
p(£(2), F(w)) < p(z,w) for all z,w € D.

Moreover, prove that if f is an automorphism of 1D then f preserves the pseudo-hyperbolic
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distance

p(f(2), f(w)) = p(z,w) for all z,w € D.
[Hint: Consider the automorphism 1, (z) = (z — «) /(1 — @z) and apply the Schwarz lemma
10 Yy © oyt
(b) Prove that
/"2l
1= [f(2)2 = 1|z
This result is called the Schwarz-Pick lemma. See Problem 3 for an important application of

forall z € D.

this lemma. Py

(a) For v € D, let ¢ (2) = (¢ — @) /(1 — @z). Fix w € D and consider h = 1), o f o ¢,
Hence we have / : D — D is holomorphic and 2(0) = 0. By the Schwarz lemma, |h(¢)| < |¢| for all
¢ € D. Taking ¢ = v (2) gives [ paw) (f(2))] < [¢w(2)]. This is exactly p(f(2), f(w)) < p(z, w). It
holds for all z,w € D. And if f is an automorphism of ID, applying the same inequality to f~! gives
the reverse inequality. Therefore p(f(2), f(w)) = p(z,w) for all z,w € D.
(b) From (a), for all z,w € D and z # w, we have
£(2) = fw)

Z—Ww

L—fw)f ()|

1 —wz

Letting w — z, we can obtain the desired inequality:

/(2]
L—[f(2)]? = 1=z

Assignment 13.8 (Problem 8.6.3)

The Schwarz-Pick lemma (see Exercise 13) is the infinitesimal version of an important classical

for all z € D.

observation in complex analysis and geometry.

For complex numbers w € C and z € D we define the hyperbolic length of w at z by
|w]

|wll = 1_—|Z|27

where |w| and |z| denote the usual absolute values. This length is sometimes referred to as the
Poincaré metric, and as a Riemann metric it is written as
|dz|”
(1 —1[212)*
The idea is to think of w as a vector lying in the tangent space at z. Observe that for a fixed w,

ds? =

its hyperbolic length grows to infinity as z approaches the boundary of the disc. We pass from
the infinitesimal hyperbolic length of tangent vectors to the global hyperbolic distance between
two points by integration.

(a) Given two complex numbers z, and z, in the disc, we define the hyperbolic distance between
them by

1
den, ) =int [ IOl
0
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where the infimum is taken over all smooth curves 7y : [0,1] — D joining z; and z,. Use the

Schwarz-Pick lemma to prove that if [ : D — D is holomorphic, then
d(f(21), f(22)) < d(21, 22) for any 21, 2, € D.

In other words, holomorphic functions are distance-decreasing in the hyperbolic metric.

(b) Prove that automorphisms of the unit disc preserve the hyperbolic distance, namely

d(p(z1),0(22)) = d(z1, 22), forany z1,2z, € D
and any automorphism . Conversely, if ¢ : D — D preserves the hyperbolic distance, then
either p or ¢ is an automorphism of D.
(c) Given two points z1, zo € D, show that there exists an automorphism ¢ such that p(z1) = 0
and p(zy) = s for some s on the segment [0, 1) on the real line.
(d) Prove that the hyperbolic distance between 0 and s € [0,1) is

1 1+s
d(0,s) = =1 .
0,5) = 5 log T—
(e) Find a formula for the hyperbolic distance between any two points in the unit disc. a

(a) Let 7y : [0, 1] — D be a smooth curve joining z; and z,. The Schwarz-Pick lemma gives
!/ t 1 1 !/ t 1 / t
L=[f(y@)F = 1= y(@)] o 1=1/(v@))l o 1=
Since f o : [0,1] — D is a smooth curve joining f(z;) and f(z), taking the infimum over all such
7, we can obtain d(f(z1), f(z2)) < inf, L(f o) < d(21, 22) for any 21, zo € D.
(b) If ¢ € Aut(DD), applying (a) to both ¢ and ¢! gives d(p(21), (22)) = d(21, 22). Conversely, we
suppose that ¢ : D — D preserves the hyperbolic distance. Then let C,.(29) = {z € D : d(z, 29) = 1}

be the hyperbolic circle centered at z, € D with radius » > 0. Since ¢,, € Aut(D), it preserves the
hyperbolic distance and hence induces a bijection from C..(zy) to C,(0), which is also a Euclidean
circle since d(0,w) > d(0, z) when |w| > |z] and d(0,w) = d(0, z) when |w| = |z|. And since 9!
is a Mobius transformation, C..(2g) is also a Euclidean circle if C,.(z9) # @. By composing ¢ with
1, (0) and a rotation, we can assume ¢(0) = 0 and ¢(1/2) = 1/2. Now consider the hyperbolic circles
centered at 0 and 1/2 passing through i/2, they intersect exactly at +i/2. Therefore, p(i/2) = i/2 or
©(1/2) = —i/2. By composing ¢ with conjugation if necessary, we can assume ¢(i/2) = i/2. Since
0, 1/2, 7/2 are not collinear, we have ¢(z) = 2. Undoing these compositions, we conclude that either
@ or  is an automorphism of . So we are done.

(c) We can compose 1),, with an appropriate rotation to get the desired automorphism .

(d) Let v(t) = x(t) + iy(¢) : [0, 1] — D be a smooth curve in D joining 0 to s € [0, 1). Then

1 ,t 1 lt 1 d t s d 1 1
/Lﬂﬂg/ L)Ith_/ Lﬂp/_uz__log +s
o 1= 7@ o 1—1z(t)] o 1—|z(t)] o 1—u2 2 °1—s

The equality holds if we take ~(t) = st. This proves the desired result.

(e) By (b), (¢), (d), and |t),, (22)| = p(z1, 22) = |21 — 22|/|1 — Z1 22|, we have
Lo 1+4p(e,22) 1. 1 —Ziz| 4|21 — 2

d — d(0, |4, — _log LT :
(21, 22) = d(0, [¢0=1(22)]) 2 Ogl—p(zl,zg) 2 8 11 —Z122| — |21 — 22
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Chapter 14 Homework 14

Assignment 14.1 (Exercise 8.5.17)

Ifba(z) = (o — 2) /(1 — @z) for |a| < 1, prove that
1 1 1— |af? 1
2] wtpasay = vana L [ potjaeay = S os —
T J/D T JJD |af? 1—|af?

where in the case a = 0 the expression on the right is understood as the limit as || — 0.

[Hint: The first integral can be evaluated without a calculation. For the second, use polar

coordinates, and for each fixed r use contour integration to evaluate the integral in 6. ] o

Proof Since ¢, € Aut(DD), by the change of variables formula we have

7w = Area(1), (D // dady = / ! |*dzdy.
a(]D)

This proves the first identity. For the second identity, we have [/, (2)| = (1 — |a|?)/|1 — @z|*. By the

rotational symmetry of the disc, we have

dxdy
Y |dady = o // .
/A P Tl

Using polar coordinates, we get

// dady /1 /27r pdfdp
[1—lalz*  Jo Jo 1—2[alpcost+ |al*p?

For fixed p, the inner integral is the integral of the Poisson kernel divided by 1 — |«|?p?, hence

/2” do o
o 1—2alpcost+[al?p? 1 |af?p?

, ! d (1 — |af? 1
[ 1wtdasay = 2n— o) [ 20 - T gy T
D 0 = |af

1= Jaf?p? |o? 1

After dividing by 7, we obtain the desired formula. When o = 0, the right-hand side is understood as

Therefore

the limit as || — 0, and this limit is 1.

Assignment 14.2 (Exercise 8.5.18)

Suppose that ) is a simply connected domain that is bounded by a piecewise-smooth simple

closed curve y (in the terminology of Chapter 1). Then any conformal map F of D to §2 extends

to a continuous bijection of D to Q). The proof is simply a generalization of the argument used

in Theorem 4.2. o

Proof Since 7 is piecewise smooth, €2 has finite area and is locally path-connected at every point of its
boundary. Therefore, the proofs of Lemmas 4.3-4.5 apply without change: the area estimate remains
valid, and the curves used in the proof of Lemma 4.4 can still be chosen inside {2 near each boundary
point. It follows that F' extends continuously to amap F : D — Q. Now we let G = F~!' : Q) — D.
The only geometric property of D used in the preceding argument is that, for every point zy € 0D, the

intersection of D with any sufficiently small circle centered at 2 is an arc. Since 02 = 7 is piecewise



smooth and simple, the same property holds at every point of 02, including the points at which two
smooth pieces meet. Thus the same argument applies to (&, and G extends continuously to a map
G : Q — D. If z € 9D, choose a sequence {z,} C D with z, — z. Since G(F(z,)) = z,, continuity
gives G(F(2)) = lim,_,0o G(F(2,)) = lim, o0 2, = 2. Similarly, F(G(w)) = w for every w € €.

Hence F' and G are inverses of each other, so F' is a continuous bijection from D onto €.

Assignment 14.3 (Exercise 8.5.20)

Other examples of elliptic integrals providing conformal maps from the upper half-plane to

rectangles are given below.
(a) The function

/0 \/C(g_l)(g_)\),wzth)\e]Rand)\#O,l

maps the upper half-plane conformally to a rectangle, one of whose vertices is the image of the
point at infinity.
(b) In the case A\ = —1, the image of

|, 7=

is a square whose side lengths are T'*(1/4)/(2v/2m).

)

Proof (a) This follows from the Schwarz-Christoffel formula. The singularities of the integrand are
at 0, 1, A\, and co. At each of these four points the corresponding interior angle is /2. Therefore the
image of the upper half-plane is a rectangle whose vertices are the images of 0, 1, A, and co.

(b) Let A = —1. The two adjacent side lengths of the rectangle are

[ T A NocE

For the second integral, using the substitution ( = 1/x, we obtain

o d¢ B ! dx
/ NIEESV / Vil =)
Thus the rectangle is a square. Its side length is
! dx
/o Va(l—a?)

Using = = sin #, we get

sin §)~/2df = %B(l/zl, 1/2) = g?gﬁ;

! dx B /2
/0 Va(l— %) /0 (
Since T'(1/4)T'(3/4) = /2, this side length is T'?(1/4)/(2v/27).

Assignment 14.4 (Exercise 8.5.21)

We consider conformal mappings to triangles.
(a) Show that

/0 CP(1 = ¢)PdC,
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with) < /1 < 1,0 < By < 1,and 1 < By + By < 2, maps H to a triangle whose vertices
are the images of 0, 1, and oo, and with angles am, aom, and asm, where o; + 3; = 1 and
Bi+ B2+ B =2
(b) What happens when 31 + o = 1?
(c) What happens when 0 < 31 + 35 < 12
(d) In (a), the length of the side of the triangle opposite angle o is

ST 1 )T () D (i), .

(a) This is a direct application of the Schwarz-Christoffel formula. The derivative of the
mapping is 2~ (1 — 2)7%2. Thus the prevertices 0, 1, and oo correspond to the vertices of a triangle.
The angles at the images of 0 and 1 are (1—/3; )7 and (1—f;)7. If we set o;+5; = 1 and 51+ o+ 3 =
2, then the third angle is ag7. Therefore the image is a triangle with angles a7, asm, and agr.

(b) If 51 + B2 = 1, then the image rays of (—oo, 0] and [1, 00) are parallel. Thus the limiting triangle
degenerates into a semi-infinite strip.

() If 0 < 81 + P2 < 1, then the image rays of (—oo, 0] and [1, co) meet only after being extended
in the opposite directions. Thus the image is an unbounded polygonal region rather than an ordinary
triangle.

(d) We compute the side lengths. The side opposite the angle a3 has length

/1 27'81<1 — Z)iBQdZ = B(l — 61, 1-— ﬁg) = B(Oél,CYQ).
0

Hence we have

[(a)T(ag)  sin(asm)
I'l-a3) 7
Similarly, using z = 1/« for the side adjacent to [1, c0), we get

/ 2Pz —1)7P2dz = B(ay, as) =
1

Using z = —x /(1 — x) for the side adjacent to (—oo, 0], we get

B(Oél,OéQ) = F(Oél)F(OéQ)F(Oég).

ST b D ()T (a).

™

0 sin(am

/ (—2)7(1 — 2)™Pdz = B(as,ay) = %F(al)l“(ag)f‘(ag).
Thus the side opposite the angle a;7 has length

F(al)F(ag)F(ag).

sin(a;)

Assignment 14.5 (Exercise 9.3.1)

Suppose that a meromorphic function f has two periods wy and ws, with wy/w, € R.

™

(a) Suppose ws/w, is rational, say equal to p/q, where p and q are relatively prime integers.
Prove that as a result the periodicity assumption is equivalent to the assumption that f is periodic
with the simple period wy = (1/q)w;.

[Hint: Since p and q are relatively prime, there exist integers m and n such that mq + np = 1
(Corollary 1.3, Chapter 8, Book I).]
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(b) If wo /w is irrational, then f is constant. To prove this, use the fact that {m — nt} is dense

in R whenever 1 is irrational and m,n range over the integers. a

Proof (a) Suppose wy/wy = p/q, where p and ¢ are relatively prime. Let wy = wy/q. Then quwy = w;
and pwy = wo, so if f has period wy, then it has periods w; and w,. Conversely, by Bezout’s identity,
there exist integers m and n such that mq+np = 1. Therefore mw; +nwy = (Mmqg+np)wy = wp. Since
integer linear combinations of periods are again periods, wy is a period of f. Thus the two periodicity
assumptions are equivalent.
(b) Suppose ws /w; is irrational. By Kronecker’s approximation theorem, the point set {m — nws /w; :
m,n € Z} is dense in R. Thus the set of periods {mw; — nws : m,n € Z} is dense on the real line
spanned by w;. In particular, there are non-zero periods tending to 0. A non-constant meromorphic
function cannot have non-zero periods tending to 0. Indeed, if 7; — 0 are periods, then at every point
z where f is holomorphic we have f(z + T;) = f(z) for all large j. Thus
. flz+T;) — f(z

fi(z) = lim ( %j )

Also, f cannot have a pole, since translating one pole by the periods 7} would produce infinitely many

= 0.

poles accumulating at that pole. Hence f is entire and satisfies f' = 0, so f is constant.

Assignment 14.6 (Exercise 9.3.3)

In contrast with the result in Lemma 1.5, prove that the series

1
g ———— whereT € H
n 4+ mr|?

n+mreA*
does not converge. In fact, show that
1
Z ——— =2wlog R+ O(1) as R — oo.

2 2
n m
1<n2+m2<R? T ‘

1/2

Proof Since 7 € H, the two norms |(n, m)| = (n? +m?)¥? and |n + m7| are comparable on R?. So

1 1
E <00 = E — < Q.
2 2 2
n+mreN* n+ m7-| (n,m)#(0,0) nem

Since the RHS diverges, so does the LHS. So it remains to prove the stated asymptotic. Compare the
1

sum with the integral of (z? + y*)~! over the annulus 1 < 2?2 + 32 < R2. The usual unit-square
comparison gives an error bounded independently of R, because the gradient of (2% +y*) 1 is O(r—3)
on the circle of radius r, and summing over shells gives a convergent error. Therefore we have
1 dad
Z ——// — +O(1) =2rlog R+ O(1) as R — oc.
n? + m? I<a? 4y 2 4 y2

2 2 T
1<n2+m2<R? <R Ty

Assignment 14.7 (Exercise 9.3.5)

Let o(z) be the canonical product

2 =[] Bale/m),
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where T; is an enumeration of the periods {n + m7} with (n,m) # (0,0), and E»(z) = (1 —
z)ez+z2/2.

(a) Show that o (z) is an entire function of order 2 that has simple zeros at all the periods n+mr,
and vanishes nowhere else.

(b) Show that

= - —I—
(n,m)#(0,0)
and that this series converges whenever z is not a lattice point.

(c)Let L(z) = —0'(z)/0o(z). Then

o(z) 1 1 1 z
& o
z—n—m7 n+mr (n+m7)?

() | A

(a) Let K C C be compact. For z € K and |7;| sufficiently large, Chapter 5, Lemma 4.2 gives
|Ea(2/7;) — 1| < Ckl2?/|r;]*. Since 3, |7j|~* converges, the product [[7%, E5(z/7;) converges
uniformly on compact subsets. Hence o is entire. Its zeros are exactly the lattice points n + m7, and
they are simple. It remains to determine the order of 0. Let r = |z| > 2 and fix 0 < ¢ < 1. Since | 7|
is comparable to the Euclidean norm of the corresponding lattice point, summing over annuli gives

#15| <2} =00, 30 =00, 30 = = loar.
|7j|<2r 7i Irjl<er 'Y
We split the product according as |7;| < 2r or |r;| > 2r. If |7;| > 2r, then |z/7;| < 1/2, and the
power series for log Fy gives |Fy(w)| < exp(C|wl|?) for |w| < 1/2. Hence

H E, (EN <exp | Cr? Z 143 < exp (057“2+8)

T T
|7j1>2r J |7j|>2r 7]

where we used ) |7;| 7>~ < oo. For the remaining factors, we have

Ba(w)] < (1 e (ful + 5.

Therefore, we can obtain

H E, (i)‘ < exp Z |:10g (1 + L) + o + r? :| < eCrQIOgr < ngr2+5'
7 ) Il 20wl

|751<2r J |75|<2r

It follows that |o(2)| < A.exp (B.|z|*"). Since e > 0 is arbitrary, o has order at most 2. On the
other hand, if its order were p, < 2, we could choose py < p < 2, and Theorem 2.1 with s = 2 would
imply > |7j|~* < oo, a contradiction. Thus & has order exactly 2.

(b) Taking logarithms, we have locally uniformly away from the lattice

V4 z 22
1 1 1 1— .
08o(z) = ng+( g(oo)[og< n+m7)+n+m7+2(n+mr)2}

Thus we may differentiate term by term and obtain

a'(z) 1+ 1 N 1 N z
o(z) =z i Zog) LF T mT T (n+m7)?]|
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The same local uniform convergence also proves that this series converges whenever z is not a lattice
point, as desired.
(c) Let L(z) = —0'(z)/0(z). Differentiating the formula in (b), we get

1 1 1
L'(z)= =+ { -
2 o 2 2
z 00 (z—=n—m7)2  (n+m7)

(n,m
This is precisely the Weierstrass g-function. On the other hand, we have
Ly _ ) — o))
(0(2))

Therefore, the desired formula follows from the above discussion, and the proof is complete.

Assignment 14.8 (Exercise 9.3.8)

Let

1
(n,m)z;é(o,O) (n 4+ mr)4
be the Eisenstein series of order 4.

(a) Show that Ey(1) — 7*/45 as Tm(71) — oo.

(b) More precisely,
‘E4(7') — Z—; Sce ™ ifr =z +itandt > 1.
(c) Deduce that
‘E4(T) - 7_42—; et te™tifr =itand 0 < t < 1.

Proof (a) By Theorem 2.5 of the textbook, we have

Ey(1) =2¢(4) + 2(2) Z o3(r)e? ™.

|
3

Since ¢(4) = 7*/90 and e*™"™ — 0 as Im(7) — oo, and for Im(7) > 1, |o3(r)e?™ 7| < r*e ™, the

dominated convergence theorem gives

7.‘,4

Z o3(r)e*™ — 0as Im(7) = oo = lim  FEy(1) = —.
! Im(7)—o00 45

(b)Let 7 = z+itand ¢ > 1. From the formula above, we have | Ey(7)—7* /45| < C'Y 02 o3(r)e 2™,
Since o3(r) < Cr?, it follows that >, o3(r)e 2™ < C' 37 rie 2™ Also, we have

o0 o0 “ N )
4 _—ormrt —2mrt € ot
S-S50 oty
r=1 r=1

for t > 1. Thus we can obtain

7.[.4

E4(7') — E

(c) We use the transformation formula that Fy(7) = 77 *E4(=1/7). If 7 = it and 0 < ¢ < 1, then

—1/7 = i/t. Therefore, by (b), we have
47r4

Ey(r) — 74
(-7

—27t
< ce .
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