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1.1 Homework 1

Let A be a 3-dimensional associative algebra over C, and let A~ denote the Lie algebra with
the same underlying vector sapce and bracket [z,y] £ zy—yx. Prove that A~ is not isomorphic

to the Lie algebra sly(C).

IEH. RE, &A™ = sl(C). WX a e A, FATE XERRT L, : A— A, Ly(x) = ax. M
L:A— Endc(A),a— L, & MaaMRBAZE, BIWMER a0 € A A Ly = Lav—va = LaLy—
LyL, = [La, Ly). #tr(Ly) = tr([La, Le]) = 0. TRIMMEE 2 € [A4,A], #H tr(L,) =0. FH—
DT, AT 2 sly(C) &1 [A, A] 2 [sly(C), s1,(C)]. Ti B Example 2.5 713 [s15(C), s15(C)] = sly(C).
WA A A = A REWTERE2 € A, #E tr(L,) = 0. X¥e, f,h € AN T sly(C) FIARHER,
W2 [hye] = 2e. Mitr Ly =tr Lye = tr Lys = 0, HAltr Ly, = tr L2 = tr L} = 0. Fk Ly, B =AM
TEE A0, ML, "%, FfKerL ={z € A:24=0}2A M Lie . HT A" =sl(C)
e Lie QM HKer L # A, FrllKer L = 0. $¢ilHh L, # 0. fH[Ly, L] = Lipg = 2Lc. 47 Ly
T, WM T — [Ly, T BRATEN, ARG E L W MAFERME2, TH. O

1.2 Homework 2

Definition 1.1 (Witt algebra)

The Witt algebra, denoted by W, is an infinite-dimensional Lie algebra over C with basis
{L, | n € Z}. The Lie brackets are defined by [L,,, L,] = (n — m)L,,,, for all m,n € Z. We
have the Lie algebra isomorphism W 2 Der(C[t,t71]).

.
Exercise 1.2 -

For the Witt algebra W, find Inn(W) and Der(W).

&, HHRBANEH Der(W) = Inn(W). % D € Der(W). %4 D(Lo) = 3y ailis HHHEHR
A a; EE. MAEEn € Z, W [Lo, L] = nL, W18 nD(L,) = [D(Ly), L,) + [Lo, D(L,)]. #

Mirage | A e R R PR 1



Chapter 1. 2026 HAENVARZ 1.3. Homework 3

THREL D(Ly) = Y pen bug L. MITTH [Li, L) = (0 — i) Litn 5 [Lo, L] = kLy, BATAT LIS H
[D(Lo), Ln) = Y ep ai(n — i) Lisn, [Lo, D(Ly)] = Y pep kbnpLy. T NEBIIEERIE LA Ly 19
RETR (n—k)bp = ar_n(2n—k). Hk£nb, AT i=k—n, Wb, i = —ai(n—1i)/i. T4
k=nht, ERALAN agn, 7390, MiTag = 0. #D(Ln) = cnln — 22, 20(aifi)(n — 0) Loy
Hbe, =by,. MEL U= > izolai/i) Lis M adu(Ly) = [u, Ln) = 37, 0(ai/i)(n — i) Loy Sji®a)
Dy :=D +adu, A Dy(L,) = coLy W n € ZRAL. #BATAT AL BE D(L,) = c,Ly.

X [ Ly L) = (n — m) Ly BTN D. #m # ns WA (n — m)emanLmin = D([Lim, Ly]) =
[D(Ly), Ln) + [Lin, D(Ly)] = (¢ + cn)(n—m) Ly W Cnan = e +cnym #n. WAfR ¢, +c,, =
co=0,Yn€Z ey =cote,n#l TRNn>2Hc,=n—2)cy+co. ey =cotcyr W
co = 2c1, MIIG1S ¢, = ney,Vn € Z. THRH v = ¢ Ly, Wadv(L,) =nc L, =c,L,, 8D =adv
NFT. HkENFTHRZANTT, Bl Der(W) = Inn(W).

ML W — Inn(W), z — ad z & Lie fRJEUAZS, #adz =0, Wz, L,] =0,Vn € Z, NIH
Witt REE X G HRE v =0, BOXFRZRS, RN SREWE, WMW = Inn(W). XFEH
WERH T Der(W) = Inn(W) = W.

1.3 Homework 3

For A € C, Let V), = C[t] and L = sl5(C) = Cz & Ch @ Cy such that
[h, 2] = 2z, [h,y] = =2y, [z,y] = h.
Define the action of L on V) as
ytt =Ptk = (N = 28)tF, o tP = k(N — E 4+ 1)tF !
for k € Z, then we have
(1) Vi is an L-module.
(2) V) is a highest weight L-module with the highest weight A.
(3) V) is irreducible if and only if A ¢ Z,.
(4) If A =m € Zs, then V,, has a unique nonzero proper submodule .J,,, such that
EB Ct' = Vo, Vi) Jm = V(m).
i=m+1
TE. (1) REGAIESE B = 4580 AT, 22 [h, 2], Bk =004 [h,2].1 =221 =0=h.(z.1)—2z.(h1).
MMk > 1A h(0t%) = k(A =k + 1A — 2k +2)t"1 2.(ht?) = (A — 2k)k(A — k + 1)tF~1, #
[h, ). t% = 2z.t% = 2k(\ — k + 1)t" 1 = h.(z.t%) — z.(h.t?).
FRE [hy], WEEE € Zoog B h.(y.tF) = ht*T = (N = 2k — 2)tF L y.(ht?) = (X — 2k)th+1,
Wb, y) tF = —2y.tF = =2tk = h.(y.t*) — y.(h.t*).
BIGE [2,y], WEREE € Zoo A x.(yt?) = o.t" = (k+ 1) A= E)t*, y.(o.t%) = k(A =k + 1)t*
W [, y] R = ht? = (X = 2k)tF = 2.(y.t*) — y.(2tF). TRV LB,
2) Wt =1F21=0, Hhl=X1, XHIFyth =", 3 1AMAER ¢ BEB Sk € Zo,
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Chapter 1. 2026 HAENVARZ 1.4. Chapter V %758

BPVA AT LA, Wl B — D am Bl &, BB A, TV, SR i By X B i AL LA

(3) 56N ¢ Zoog. XKML > 1, REEON -k +1) #0, #hatt B2 AEEGSE.
0%M@H&%?ﬁ,mf@eAL#§,ﬁ&gfzd?O,&Eﬁﬁx,#MMﬁ?%lﬂﬁﬁ
REALL N0, FILAIR1e M. Ml (2) F 1EREN VL, M=V, Il AT,

RZ, #FHX=m € Lz, Wat™ =m+1)(m—(m+1)+1)t" =0. T=&J, = P;,,., Ct'
fEofEH TRE, Hefty, hEA TR %&%E,ﬁj;m#$E¥E,WV”T% SER RO
(4) SEVE J,, 2ME—IAEREF B B (3) & J, = @5, Ctl R — N ERHEFH, %0 # M C
Vi AT —H AR, B0 # f(t)e M, Hdegf=d>0. #d<m, WkEMEH2AH1e M, iH
(2) 13 M = Vi, FJE. B M RN IEFEZBEREE > m + 1. BOL P REUR M AEF 2 0
g(t) € M. #degg >m+1, Wa.(g(t)) # 0 BixEp—, 5g(t) KEEDFE, 8d=m+ 1.
A g E—s Blg(t) =t + aut™ + -+ art + ag. K g(t) AT, (h — (m — 2k)), JI{FE
(2 TR AN T T m BT R B8 0, AU FIRECA 0. TRAR ! e M. FifE
Moy g emt2 em+3 CHAE M, W, © M. XH M PRA R < m FAREZ T, W M AT
BAEFLZHAMASE < m T, FWE et 42 o MRITFE. FTAM C J,,. Fik
M= Jy,. lAN=m € Zso B, V,, 1GAME—AERH T J,,.

FE T 2 Voo X G Vo g — Ty, tF e IR BARELRMEFIMY, UEHARFF LAEH
BIAT . BATE o(2.tF) = k(—m—2—k+1)t"* = —k(m+k+1)t"* = (m+1+k)(m—(m+1+k)+
Dt = 2.0(t%), FHH o(y.t*) = o(t"H1) =t = y.o(t*), LK ¢(ht*) = (—m—2-2k)t" 1 =
(m —2(m+ 1+ k)t = ho(th). T ¢ & LR, Bk, 2V, .

RIGERV, /T, EHO, . TR, WEB Am +1. HL = sl,(C) AR EREMAN
stk = stk Vs € L. % (v, vy, ,Um) 5& Lemma 7.4 7152 UV (m) (03, HAE v = vy =0,
éw“ﬁwwﬁlgk<m+Lmﬂmmm~wmﬂ%ﬁvwwmgoMﬁ%ﬁ@mwﬂ%ﬂh%
V(m), tF — wi,,0 < k < m. FHEBAFERLGERE LER, BATE o(@.0%) = k(m — k + Dwp_y =
ki (m—k+ v = z.0(tF), I Ho(yt*) = wipr = y.o(tF), LK @(ht%) = (m—2k)wy, = h. 90(
TR LR, FIV,,/J, =2V (m).

O

1.4 Chapter V #M7E il

EL:ax) WHERE N 2y, he B Q= dyx + (h+ 1) IEBU R 4518
(1) Qe ZWU(L)), BVt eU(L), Ot = t9Q.

(2) Z2U(L)) = C[Q). (Jlnl%erE)

(3) Q lvemy= (m + 1)* Idv(m)
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